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Foreword 
 
 
 
 
        The volume you have in hand includes a number of contributions presented during 
the joint DIMACS - LAMSADE workshop on Voting Theory and Preference Model-
ling, Paris, 25-28 October 2006.   
 
    The workshop focused on recent advances on voting theory and preference model-
ling with particular emphasis to results relevant to modern computer science applica-
tions in particular where consensus and associated order relations are involved. The 
workshop follows a previous one organised in October 2004 (always in Paris) on Com-
puter Science and Decision Theory. The broad outlines concern connections between 
computer science and decision theory, development of new decision-theory-based 
methodologies relevant to the scope of modern CS problems, and investigation of their 
applications to problems of computer science and also to problems of the social sci-
ences which could benefit from new ideas and techniques. 
 
     The workshop has been organised within the DIMACS - LAMSADE project funded 
by the NSF and the CNRS aiming to promote join research around the above issues. 
We expect to extend further this cooperation in the future. 
 
     This initiative has been possible thanks to the contribution of NSF, the CNRS and 
Université Paris-Dauphine. Moreover the ESF (European Science Foundation) pro-
vided a grant helping young researchers to attend the workshop which is gratefully 
acknowledged.  
 
A special thanks goes to Sylvie Estivie, Bruno Escoffier, Wassila Ouerdane and Domi-
nique Quadri for their valuable help in organising the workshop. Wassila and Bruno 
took care of the editing of this volume a task accomplished excellently. 
 
 

 
Denis Bouyssou, Fred Roberts, Alexis Tsoukiàs 
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On enumerating the kernels in a
bipolar-valued outranking digraph

Raymond Bisdorff *

Abstract

In this paper we would like to thoroughly cover the problem of computing all
kernels, i.e. minimal outranking and/or outranked independent choices in a bipolar-
valued outranking digraph. First we introduce in detail the concept of bipolar-valued
characterisation of outranking digraphs, choices and kernels. In a second section we
present and discuss several algorithms for enumerating the kernels in a crisp digraph.
A third section will be concerned with extending these algorithms to bipolar-valued
outranking digraphs.

Key words : Graph Theory, Maximum Independent Sets, Enumerating Kernels, Out-
ranking Digraphs

∗Applied Mathematics Unit, University of Luxembourg, 162a, avenue de la Faı̈encerie, L-1511 Luxem-
borg,http://sma.uni.lu/bisdorff
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Introduction

Minimal independent and outranking or outranked choices, i.e. kernels, in valued out-
ranking digraphs are an essential formal tool for solving best unique choice problems
in the context of our multicriteria decision aid methodology [10]. It appears, following
recent formal results [8], that computing these kernels may rely on the enumeration of
all kernels observed in the associated crisp median cut outranking digraph. Knowing
these crisp kernels allows one to compute the associated bipolar-valued kernel via the
fixpoints of the kernel bipolar-valued characteristic equation systems. In this article we
shall therefore, first, present the bipolar-valued concepts of outranking digraphs and in-
dependent outranking and outranked choices, each associated with their corresponding
median cut crisp concept. In a second section, we shall then discuss general algorithms
for enumerating crisp outranking and/or outranked choices in a bipolar-valued digraph.
A third section will be devoted to extending these algorithms in order to compute the
corresponding bipolar-valued choices.

1 Kernels in bipolar valued directed graphs

In this first section we introduce the fundamental concepts and notations about bipolar-
valued outranking graphs and kernels.

1.1 Bipolar-valued credibility calculus

Let ξ be a propositional statement like –decision alternativea is a best choice– or –
decision alternativea is at least as good as decision alternativeb. In a decision process,
a decision maker may either accept or reject these statements following his degree of
confidence in their truth [6].

Definition 1 (Bipolar-valued credibility calculus)
The degree of confidence in the truth – thecredibility – of a statement may be represented
with the help of a rational credibility scaleL = [−1, 1] supporting the following truth-
denotation semantics:

1. Letr ∈ L denote the credibility of a statementξ. If r = +1 (resp.r = −1) then it
is assumed thatξ is certainly true(resp.false). If 0 < r < +1 (resp.−1 < r < 0)
then it is assumed thatξ is more true than false(resp.more false than true). If r = 0
thenξ is logically undetermined, i.e. ξ could be either true or false;

3
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2. Let ξ andψ be two propositional statements to which are associated credibilitiesr
ands ∈ L. If r > s > 0 (resp.r < s < 0) then it is assumed that thetruth (resp.
falsity) of ξ is more credible than that ofψ;

3. Let ξ andψ be two propositional statements to which are associated credibilitiesr
ands ∈ L. The truthfulness of thedisjunctionξ ∨ ψ (resp. theconjunctionξ ∧ ψ)
of these statements corresponds to the maximum of their credibilities:max(r, s)
(resp. the minimum of their credibilities:min(r, s)).

4. If r ∈ L denotes the degree of confidence in the truth of a propositional statement
ξ, then−r ∈ L denotes the degree of confidence in its untruth, i.e. the credibility
of thelogical negationof ξ (¬ξ).

The credibility degree associated with the truth of a propositional statementξ and defined
in a credibility domainL verifying properties (1) to (4), will be called abipolar-valued
characterisation ofξ.

A consequence of Definition 1 is that the graduation of confidence degrees concerns nec-
essarily at the same time theaffirmationas well as thenegationof a propositional state-
ment [30]. Starting from+1 (certainly true) and−1 (certainly false) one can approach
the central undetermined degree of credibility0 by a gradual weakening of the degrees of
confidence. This central point inL is a so-callednegational fixpoint[6; 7].

Definition 2
The degree of logical determination(determinatenessfor short)D(ξ) of a propositional
statementξ is given by the absolute value of its bipolar-valued characterisation:D(ξ) =
|r|.

For both a certainly true and a certainly false statement, the determinateness will be1. On
the contrary, for an undetermined statement, this determinateness will be0.

This clearly establishes the central degree0 as an importantneutralvalue in the bipolar
credibility calculus. Propositions characterised with this degree0 may be seen, either as
suspended, or asmissingstatements[7]. This situation corresponds to what we call a
suspension of judgment. It is a temporary delay in characterising the actual truth or falsity
of a propositional statement, which may become eventually determined, either as a more
true than false, or as a more false than true statement, in a later stage of the decision aiding
process.

We will now define the concept of bipolar-valued outranking digraph.
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1.2 The bipolar-valued outranking digraph

Our starting point is a decision aiding problem on a finite setX = {x, y, z, . . .} of deci-
sion objects (or alternatives), evaluated on a finite, coherent familyF = {1, . . . , p} of p
criteria. To each criterionj of F is associated its significance represented by a rational
numberwj from the open interval]0, 1[ such that

∑p
j=1 wj = 1. Besides, to each criterion

j is connected a rational (normalised) preference scale in[0, 1] which allows to compare
the performances of the decision objects on the corresponding preference dimension.

Let gj(x) andgj(y) be the performances of two alternativesx andy of X on criterion
j. The difference of the performancesgj(x) − gj(y) is written∆j(x, y). Each preference
scale for each criterionj supports a rational indifference thresholdhj ∈ [0, 1[, a weak
preference thresholdqj ∈ [hj, 1[, a weak veto thresholdwvj ∈ [qj, 1] ∪ {2} and a strong
veto thresholdvj ∈ [wvj, 1] ∪ {2}, where the complete absence of veto is modelled via
the value2.

Classically, an outranking situationx S y between two decision alternativesx andy
of X is assumed to hold if there is a sufficient majority of criteria which support an “at
least as good” preferential statement and there is no criterion which raises a veto against
it [24]. As we are going to show, this definition leads quite naturally to a bipolar-valued
characterisation of binary outranking statements.

Indeed, in order to characterise a local “at least as good” situation between alterna-
tives x and y of X on each criterionj ∈ F , we use the following criterion-function:
Cj : X × X → {−1, 0, 1} such that:

Cj(x, y) =





1 if ∆j(x, y) > −hj ;

−1 if ∆j(x, y) ≤ −qj ;

0 otherwise.

Following the truth-denotation semantics of the bipolar-valued characterisation, deter-
minateness0 is assigned toCj(x, y) in case it cannot be determined whether alternativex
is at least as good as alternativey or not (see Subsection 1.1).

Similarly, the local veto situation on each criterionj ∈ F is characterised via a crite-
rion based veto-function:Vj : X × X → {−1, 0, 1} where:

Vj(x, y) =





1 if ∆j(x, y) ≤ −vj ;

−1 if ∆j(x, y) > −wvj ;

0 otherwise.

According again to the semantics of the bipolar-valued characterisation, the veto function
Vj renders a logically undetermined response when the loss in performances between two
alternatives lies in between the weak and the strong veto thresholdswvj andvj.

5
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The global outranking index̃S, defined between all pairs of alternativesx, y ∈ X,
conjunctively combines a global concordance index – aggregating all local “at least as
good” statements –, and the absence of a veto observed on an individual criterion.

S̃(x, y) = min{C̃(x, y),−V1(x, y), . . . ,−Vp(x, y)}, (1)

where the global concordance indexC̃(x, y) is defined as follows:

C̃(x, y) =
∑

j∈F

(
wj · Cj(x, y)

)
∀x, y ∈ X. (2)

The min operator in Formula (1) translates the conjunction between the global concor-
dance indexC̃(x, y) and thenegatedcriterion based veto indexes−Vj(x, y) (∀j ∈ F ).
in the case of absence of veto, the resulting outranking indexS̃ equals the global con-
cordance index̃C. Following Formulas (1) and (2),̃S is a function fromX × X to L
representing the degree of confidence in the truth of the outranking situation observed
between each pair of alternatives.S̃ will be called the bipolar-valued characterisation of
the outranking situationS, or for short abipolar-valued outranking relation.

The maximum possible value of the valuationS̃(x, y) = +1 is reached in the case of
unanimous concordance, whereas the minimum valueS̃(x, y) = −1 is obtained either in
the case of unanimous discordance, or if we observe a veto situation on some criterion.
The median situation0 represents a case of indeterminateness: either there are neither
enough arguments in favour nor against a given outranking statement or, a potentially
sufficient majority in favour of the outranking is outbalanced by an undetermined, i.e.
potential veto situation.

We can easily recover the truth-denotation semantics from the previous Subsection (1.1).
For any two alternativesx andy of X,

– S̃(x, y) = +1 signifies that the statement “xS y” is certainly true;

– S̃(x, y) > 0 signifies that statement “xS y” is more true than false. A sufficient
majority of criteria warrants the truth of the outranking;

– S̃(x, y) = 0 signifies that statement “xS y” is logically undetermined, i.e. could be
either true or false;

– S̃(x, y) < 0 signifies that assertion “xS y” is more false than true. There is only a
minority of the criteria which warrants the truth of the outranking. This is equivalent
to saying that a sufficient majority of criteria warrants the truth of the negation of
the outranking;

– S̃(x, y) = −1 signifies that assertion “xS y” is certainly false.

6
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Definition 3
The setX associated to a bipolar-valued characterisationS̃ of the outranking relation

S ∈ X × X is called abipolar-valued outranking digraph, denotedG̃(X, S̃).

From the truth-denotation semantics of a bipolar-valued characterisation it results that we
can recover thecrisp outrankingS characterised viãS as the set of pairs(x, y) such that
S̃(x, y) > 0. We writeG(X, S) the corresponding so-calledstrict 0-cut crisp outranking
digraphassociated tõG(X, S̃).

Example 1
In order to illustrate the concept of bipolar-valued outranking graph, we consider a set
X1 = {a, b, c, d, e} of five decision alternatives evaluated on a coherent familyF1 =
{1, . . . , 5} of five criteria of equal significance. On each criterion we observe a rational
preference scale from0 to 1 with an indifference threshold of0.1, a preference thresh-
old of 0.2, a weak veto threshold of0.6, and a veto threshold of0.8. Table 1 shows a
randomly generated performance table [11]. Based on the performances of the five al-

decision coherent family of criteria
objects 1 2 3 4 5

a 0.52 0.82 0.07 1.00 0.04
b 0.96 0.27 0.43 0.83 0.32
c 0.85 0.31 0.61 0.41 0.98
d 0.30 0.60 0.74 0.02 0.02
e 0.18 0.11 0.23 0.94 0.63

Table 1: Example 1: Random performance table

ternatives on each criterion, we compute the bipolar-valued outranking relationS̃1 shown
in table 2. Thestrict 0-cutcrisp digraphG1(X1, S1) associated to the bipolar-valued

S̃1 a b c d e

a 1.0 -0.2 -1.0 0.6 0.4
b 0.4 1.0 0.2 0.2 0.4
c 0.2 0.4 1.0 0.4 0.6
d -1.0 -1.0 -1.0 1.0 -1.0
e 0.2 0.2 -0.4 0.0 1.0

Table 2: Example 1: Bipolar-valued outranking relation

7
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? e

b

d

a

c

Figure 1: Example 1: Associated strict 0-cut digraph and undetermined arc

outranking digraph̃G1(X1, S̃1) is shown in figure 1. We have also represented the unde-
termined arc from alternativee to d which represents an undetermined outranking. This
situation is not expressible in a standard Boolean-valued characterisation of the outrank-
ing. Consequently, the (‘positive’) negation of the generalS̃ relation is not identical with
the complement ofS in X × X.

Let us finish this subsection by introducing some concepts which will be used in the
sequel.

A bipolar-valued digraph̃G(X, S̃) such that̃S(x, y) > 0 for all x, y in X will be called
determined. If̃S(x, y) = 0 for some pairs(x, y), we callG̃ partly determined.

Theordern of the digraphG̃(X, S̃) is given by the cardinality ofX, whereas thesize
m of G̃ is given by the cardinality ofS. As X is a finite set ofn alternatives, the sizem
of the digraphG̃ is also finite. Thearc densityδ of G̃ is given by the ratio of the size over
the maximal number of possible arcs in the graph:

δ =
m

n × n
(3)

In example 1, the order of̃G1 equals 5 and its size 13, such that its arc density is 52%.

A digraphG̃(X, S̃) is said to beemptyif the size ofG(X, S) equals0, i.e. S = ∅. On
the opposite, a digraph̃G(X, S̃) is said to becompleteif G(X, S) = Kn, i.e. S = X ×X.
A digraph G̃(X, S̃) of order n is said to beconnectedif the symmetric and transitive
closure ofG(X, S) equalsKn.

A path of orderm ≤ n in G̃(X, S̃) is a sequence(xi)
m
i=1 of alternatives ofX such

that S̃(xi, xi+1) > 0, ∀i ∈ {1, . . . ,m − 1}. A circuit of orderm ≤ n is a path of order
m such that̃S(xm, x1) ≥ 0. An cordless circuit(xi)

m
i=1 is a circuit of orderm such that

S̃(xi, xi+1) > 0, ∀i ∈ {1, . . . ,m−1}, S̃(xm, x1) > 0 andS̃(xi, xj) < 0 otherwise. A path
or circuit will be calledweakwhen it contains one or more zero-valued arcs.

Following a result by Bouyssou [12; 13] it appears that, apart from certainly being
reflexive, the bipolar-valued outranking digraphs do not necessarily possess any special

8
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relational properties such as transitivity or complete comparability. Indeed, with a suf-
ficient number of criteria, it is always possible to define an ad hoc performance table
such that the associated crisp 0-cut outranking digraph renders any given reflexive binary
relation. This rather positive result from a methodological point of view – the outrank-
ing based methodology is universal – bears however a negative algorithmic consequence.
Enumerating all kernels in a bipolar-valued outranking digraph becomes a non trivial al-
gorithmic problem in case of non-transitive and partial outrankings, as we will show in
the next section.

Before tackling this main topic of this work, let us, first, finish this section with intro-
ducing bipolar-valued choices and kernels.

1.3 On choices and kernels in bipolar-valued outranking digraphs

A choice in a given bipolar-valued outranking digraph is a non-empty subset of decision
objects.

Definition 4
1. A choiceY in G̃(X, S̃) is said to beoutranking(resp. outranked) if and only if

x 6∈ Y ⇒ ∃y ∈ Y : S̃(y, x) > 0 (resp.S̃(x, y) > 0);

2. Y is said to beindependent(resp. weakly independent) if and only if for allx 6= y
in Y we havẽS(x, y) < 0 (resp.S̃(x, y) 6 0;

3. An outranking (resp. outranked) and independent choice will be called anoutrank-
ing (resp.outranked) kernel;

4. An outranking (resp. outranked) and weakly independent choice will be called a
weakoutranking (resp. outranked)kernel.

Example 2 (Example 1 continued)
In the strict0-cut crisp digraphG1 (see Figure 1) we can observe two outranking kernels,
namely the single choices{b} and {c}. The digraph also contains a weak outranked
kernel, namely the pair{d, e}. Indeed, alternativesd ande are only weakly independent
one from the other.

Let us finish this first section with presenting some interesting properties that ker-
nels in their quality as independent outranking, resp. outranked, choices do possess. To
illustrate this part, we use the following example.

Example 3 (B. Roy (2005), private communication)
Let G̃2(X, S̃1) be the bipolar-valued digraph where:X2 = {a, b, c, d, e} andS̃2 is given
as follows:

9
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S̃2 a b c d e
a - 0.6 -1.0 -0.7 -0.9
b -0.8 - 0.9 1.0 0.0
c -1.0 -1.0 - 0.6 0.9
d 0.8 -0.8 -1.0 - -0.7
e -1.0 -0.9 -0.7 -0.8 -

?
b

a

d

c e

The associated strict 0-cut digraph

b

a

d

c e

{a, b, d, e} is an outranking choice.

b

a

d

c e

{b, d, e} is an outranked choice.

In example (3), we may notice that the outranking choice{a, b, d, e} in G̃2 (see exam-
ple 3) may be reduced without loosing the property of being outranking. The outranked
choice in the same example (3) may not however be reduced without loosing its out-
rankedness property. Minimal or maximal cardinality of choices with respect to a given
qualification is formally captured in the following definition.

Definition 5 (Qualified choices of minimal or maximal cardinality)
A choiceY in G̃, verifying a propertyP , is minimal with this property whenever,∀Y ′ ∈

G̃ which verify the same propertyP , we haveY ′ 6⊆ Y . Similarly, a choiceY in G̃,
verifying a propertyP , is maximalwith this property whenever,∀Y ′ ∈ G̃ which verify
propertyP , we haveY ′ 6⊇ Y .

Example 4 (Minimal qualified choices inG̃2)

b

a

d

c e

{a, c} is a minimal outranking choice.

b

a

d

c e

{b, d, e} is a minimal outranked choice

10
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Comparing the outranking choice{a, b, d, e} in example (3) with the minimal out-
ranking choice{a, c} in example (4) we may notice that minimality of outrankingness,
resp. outrankedness, is related to the neighbourhoods of the nodes of the digraph.

We denoteN+(x) = {y ∈ X / S̃(x, y) > 0} theopen outranked neighbourhoodof a
nodex ∈ X. We denoteN+[x] = N+(x) ∪ {x} theclosedoutranked neighbourhood of
x. We denoteN−(x) = {y ∈ X / S̃(y, x) > 0} the openoutrankingneighbourhood of a
nodex. We denoteN−[x] = N−(x) ∪ {x} the closed outranking neighbourhood ofx.

The neighbourhood concept may easily be extended to a choice. The closed and open
outranked neighbourhoodof a choiceY in G̃ are given by the union of the respective
neighbourhoods of the members of the choice:

N+[Y ] =
⋃

x∈Y

N+[x], N+(Y ) =
⋃

x∈Y

N+(x). (4)

The closed and openoutranking neighbourhoodof a choiceY in G̃ are similarly given by
the union of the respective elementary outranking neighbourhoods:

N−[Y ] =
⋃

x∈Y

N−[x], N−(Y ) =
⋃

x∈Y

N−(x). (5)

Definition 6 (Private neighbourhood)
The (closed)private outranked neighbourhoodN+

Y [x] of a nodex in a choiceY contain-
ing x is defined as follows:N+

Y [x] = N+[x] − N+[Y − {x}]. Similarly, the (closed)
privateoutrankingneighbourhoodN−

Y [x] of a nodex in a choiceY is defined as follows:
N−

Y [x] = N−[x] − N−[Y − {x}]. In case of a single choice, both the outranked and the
outranking neighbourhood are considered to be private by convention.

In the outranking choiceY = {a, b, d, e} of example (3), we may notice that actiona
for instance has no private outranked neighbourhood. IndeedN+

Y [a] = N+[a]−N+[Y −
{a}] whereN+[a] = {a, b} andN+[Y − {a}] = X. Action b however has actionc
as private outranked neighbourhood. The concept of private neighbourhoods leads us
naturally to the notion of irredundant choices.

Definition 7 (±-irredundant choice)
An outranking choiceY in G̃ is called+irredundantif and only if all its members have
a non empty private outranked neighbourhood, i.e.∀x ∈ Y : N+

Y [x] 6= ∅. Similarly,
an outranked choiceY in G̃ is called -irredundantif and only if all its members have a
private outranking neighbourhood, i.e.∀x ∈ Y : N−

Y [x] 6= ∅.

In example (4), the outranking choice{a, c} is +irredundant asN+
{a,c}[a] = {a, b}

and N+
{a,c}[c] = {c, d, e}. Similarly the outranked choice{b, d, e} is -irredundant as

N−
{b,d,e}[b] = {a, b}, N−

{b,d,e}[d] = {c} andN−
{b,d,e}[e] = {e}.

11
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Minimality of outrankingness (resp. outrankedness) and maximality of±-irredundancy
are evidently linked.

Proposition 1
(i) An outranking (resp. outranked) choiceY in G̃ is minimal outranking (resp. out-
ranked) if and only if it is outranking (resp. outranked) and +irredundant (resp. -irredundant)
(Cockayne, Hedetniemi, Miller 1978).

(ii) Every minimal outranking (resp. outranked) choiceY in G̃ is maximal +irredundant
(resp. -irredundant) (Bollob́as, Cockayne, 1979).

Proof: Property (i) following easily from property (2), we demonstrate only the latter
one.

[⇒] Let us suppose thatY is minimal outranking but not maximal +irredundant. This
implies that there exists a nodex ∈ X −Y such thatY ∪{x} is +irredundant, i.e.N+(Y )
is a proper subset ofN+(Y ∪{x}). This contradicts however the fact thatY is outranking.

[⇐] The other way round, let us suppose thatY is maximal +irredundant but not
minimal outranking. This implies that there must exist any ∈ Y such thatY − {y}
still remains outranking, i.e. thisy cannot have a private outranked neighbourhood with
respect toY . This contradicts however the hypothesis thatY is +irredundant.

A similar reasoning is valid for outranked and -irredundant choices.2

Similarly, maximal independence and minimal outrankingness or outrankedness are
tightly related.

Proposition 2 (Berge, 1958)
Let G̃(X, S̃) be adeterminedbipolar-valued digraph. (i) Every kernel is a minimal out-
ranking (resp. outranked) choice. (ii) Every minimal outranking (resp. outranked) and
independent choice is maximal independent.

Proof: (1) Let us suppose that an outranking kernelY is indeed not a minimal outrank-
ing (respectively outranked) choice. This implies that there exists an outranking (respec-
tively outranked) choiceY ′ ⊂ Y such thatY ′ is still outranking (respectively outranked).
This implies that∀y ∈ Y − Y ′ there must exist somey′ ∈ Y ′ such that(y, y′) ∈ S
(respectively(y′, y) ∈ S. This is contradictory with the fact thatY is independent. (2)
Let us suppose that an outranking kernelY is indeed not a maximal independent choice.
This implies that there must exist aY ′ ⊃ Y such thatY ′ is still independent. ButY is by
hypothesis an outranking (respectively outranked) choice, i.e.∀y′ ∈ Y ′ − Y there must
exist somey ∈ Y such that(y, y′) ∈ S (respectively(y′, y) ∈ S. Hence there appears
again a contradiction.2

12
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Not all minimal outranking (resp. outranked) choices are independent, i.e. kernels. In
digraphG̃2 of example 3, for instance, we observe the following four minimal outranking
choices, of which only choice{a, c} is independent and therefore an outranking kernel.

b

a

d

c e

minimal outranking choice,

b

a

d

c e

minimal outranking choice.

b

a

d

c e

outranking kernel,

b

a

d

c e

minimal outranking choice.

Kernels and minimal choices however coincide in determined and transitive digraphs.

Proposition 3
Let G̃(X, S̃) be a transitive and determined digraph, i.e. the associated crisp graphG(X,S)

supports a transitive outranking relationS. A choiceY in G̃ is an outranking (resp. out-
ranked) kernel if and only ifY verifies one of the following equivalent conditions:

1. Y is minimal outranking (resp. outranked);

2. Y is outranking (resp. outranked) and independent;

3. Y is outranking (resp. outranked) and +(-)irredundant;

4. Y is maximal +(-)irredundant.

Proof: (1) ⇔ (3) ⇔ (4) are covered by proposition 1, and (2)⇒ (1) is covered by
proposition 2. We only need to prove that (1)⇒ (2).

Let us therefore suppose that a minimal outranking (respectively outranked) choiceY
is indeed not independent. As̃G is determined, this implies that there exists some proper
subsetY ′ ⊂ Y such that fory ∈ Y − Y ′ andy′ ∈ Y ′ we observe(y, y′) ∈ S (respectively
(y′, y) ∈ S. As Y is a minimal outranking (respectively outranked) choice, each action
in Y must have a private outranked (resp. outranking) neighbourhood and in particular
all actions inY ′. By transitivity of S, the private neighbourhoodsN+

Y (y′) andN−
Y (y′)

13
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of an actiony′ ∈ Y ′ are transferred toy ∈ Y − Y ′. And Y − Y ′ remains therefore an
outranking (resp. outranked) choice. This is however contradictory with the hypothesis
thatY is minimal with this quality.2

It is worthwhile noticing that proposition (3) only applies to determined digraphs. In case
we observe a partially determined graph, it may happen that a minimal outranking (resp.
absorbent) choice is only weakly independent, and vice-versa, it may indeed happen that
a maximal independent choice is neither outranking nor outranked. All depends upon the
particular presence of undetermined relations.

We have not the space in this paper to present all existence results for kernels in
a digraph (see for instance [19]). Relevant properties for our purpose are summarized
below, where we generally suppose that the bipolar-valued digraph is determined.

Proposition 4 (Existence of qualified choices)
1. Every digraph supports minimal outranking (resp. outranked), as well as maximal

independent and/or +irredundant (resp. -irredundant) choices.

2. A transitive digraph always supports an outranking (resp. outranked) kernel and all
its kernels are of same cardinality (König, 1950 [22]).

3. A symmetric digraph always supports a conjointly outranking and outranked kernel
(Berge, 1958 [1]).

4. An acyclic digraph always supports a unique outranking (resp. outranked) kernel
(Von Neumann, 1944 [29]).

5. If a digraph does not contain any cordless circuit of odd length, it supports an out-
ranking (resp. outranked) kernel (Richardson, 1953 [23]).

1.4 Bipolar-valued characterisation of choice classes

In the previous sections we have worked with different kinds of choices, namely out-
ranking, outranked, independent,±-irredundant ones. Similarly to the bipolar-valued
characterisation of the digraph, we may now define a bipolar-valued characterisation of
these kinds or classes on the power setP(X) of all possible choices we may define iñG.

As these classes are all defined with logical conditions applied on bipolar-valued bi-
nary outranking statements, we first need to extend the bipolar-valued credibility calculus
to well formed logical expressions.

Definition 8 (Well formed logical expressions)
LetG denote a set of ground atomic logical statements. We define inductively the setE of
well formed logical expressions in the following way:

14
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1. ∀p ∈ G we havep ∈ E ;

2. ∀x, y ∈ E we have(x ∨ y) ∈ E , (x ∧ y) ∈ E , and¬x ∈ E

3. all p ∈ E result of finite construction.

In order to avoid any problem with precedence of operators, we shall always use brackets
to delimit the scope of the logical operatorsmax, min and¬ in an expression. Here our
ground atomic logical expressions are the binary outranking assertionsx S y of the given
digraphG̃(X, S̃). Our well formed logical expressions concern formulas involving these
binary outranking assertions.

As the atomic outranking assertions are evaluated in the given digraphG̃(X, S̃), fol-
lowing the truth-denotation semantics of Definition 1, we are now able to evaluate any
well formed logical expression involving these evaluationsS̃(x, y). We start by defining
the degree of±-irredundancy of a choice iñG.

Definition 9 (Bipolar-valued ±-irredundance of choices)
Let G̃(X, S̃) be a bipolar-valued digraph. The credibility of (outranking) +irredundancy

of actionx with respect to choiceY in G̃ is given by:

∆+irr
Y (x) =

{
+1.0 when Y = {x},

max(z,y)∈X×Y −{x} min
(

S̃(x, z),−S̃(y, z)
)

otherwise.
(6)

Similarly, the credibility of (outranked)−irredundancyof actionx with respect to choice
Y in G̃ is given by:

∆-irr
Y (x) =

{
+1.0 when Y = {x},

max(z,y)∈X×Y −{x} min
(

S̃(z, x),−S̃(z, y)
)

otherwise.
(7)

The credibility of +irredundancyof choiceY in G̃ is given by:

∆+irr(Y ) = min
x∈Y

∆+irr
Y (x) (8)

The credibility of -irredundancyof choiceY in G̃ is given by:

∆-irr(Y ) = min
x∈Y

∆-irr
Y (x) (9)

Proposition 5
Y in G̃ is a +irredundant outranking (resp. -irredundant) choice if and only if∆+irr(Y ) > 0
(resp.∆-irr(Y ) > 0).

15



On enumerating the kernels in a bipolar-valued outranking digraph

Proof: (⇒) Suppose∆+irr(Y ) < 0. Then∃x ∈ Y such that∆+irr
Y (x) < 0. This implies

thatY ⊂ X and∀(z, y) ∈ X × Y − {x} we havemin
(

S̃(x, z),−S̃(y, z)
)

< 0. In other
terms:∀z ∈ N+[x] : ∃y ∈ Y − {x} such thatz ∈ N+[y]. Hencex is redundant andY
cannot be +irredundant.

(⇐) Let us suppose the other way round thatx in choiceY is redundant. This implies
thatNY + [x] = ∅. In other terms:N [x] − N+[Y − {x}] = ∅. This is exactly the case
when for allz ∈ X such that̃S(x, z) > 0, we find ay ∈ Y − {x} such that̃S(y, z) > 0.
In this casemax(z,y)∈X×Y −{x}(S̃(z, x),−S̃(z, y)) < 0 and∆+irr

Y (x) < 0.

A same development applies for the outranked case.2

Definition 10 (Bipolar-valued qualification of choices)
Let G̃(X, S̃) be a bipolar-valued digraph. The credibility ofoutrankingnessof a choiceY

in G̃ is given by:

∆dom(Y ) =

{
+1.0 when Y = X,

minx6∈Y maxy∈Y

(
S̃(y, x)

)
otherwise.

(10)

The credibility ofoutrankednessof a choiceY in G̃ is given by:

∆abs(Y ) =

{
+1.0 when Y = X,

minx6∈Y maxy∈Y

(
S̃(x, y)

)
otherwise.

(11)

The credibility of independenceof a choiceY in G̃ is given :

∆ind(Y ) =

{
+1.0 if Y = {x},

miny 6=x
y∈Y minx∈Y

(
− S̃(x, y)

)
otherwise.

(12)

Proposition 6
Let G̃(X, S̃) be an bipolar-valued outranking graph.

1. Y in G̃ is an independent (resp. weakly independent) choice if and only if∆ind(Y ) >
0 (resp.∆ind(Y ) > 0).

2. Y in G̃ is an outranking (resp. outranked) choice if and only if∆dom(Y ) > 0 (resp.
∆abs(Y ) > 0).

Proof: Property (1) follows immediately from definition (2) which states that a choice
Y is indeed independent (weakly independent) if and only ifS̃(x, y) > 0 (S̃(x, y) 6 0)
for all x, y ∈ Y .
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Property (2), similarly, follows immediately from definition (1), as a choiceY is out-
ranking (resp. outranked) if and only if∀x ∈ Y : ∃y ∈ Y such that̃S(y, x) > 0 (resp.
S̃(y, x) > 0). 2

Corollary 1
Let G̃(X, S̃) be an bipolar-valued outranking graph andG(X,S) its associated strict 0-cut

crisp digraph. The minimal outranking (resp. outranked) choices ofG̃ correspond to the
minimal outranking (resp. outranked) choices ofG.

Proof: Y in G̃ is a minimal outranking (resp. outranked) choice if and only if∆+irr(Y ) >
0 and∆dom(Y ) > 0 (resp.∆-irr(Y ) > 0 and∆abs(Y) > 0). 2

This important result from an operational point of view allows to determine the bipolar-
valued minimal outranking (resp. outranked) choices in a bipolar-valued digraphG̃ as
follows:

1. Compute the minimal outranking (resp. outranked) crisp choices in the associated
strict 0-cut digraphG, and

2. Compute the credibility of their qualification.

Corollary 2 (Kitainik 1993)
The set of outranking (resp. outranked) kernels ofG̃ is a subset of the set of outranking
(resp. outranked) kernels of the associated strict 0-cut crisp digraphG.

Proof: Let G̃(X, S̃) be a bipolar-valued outranking graph.Y in G̃ is an outranking (resp.
outranked) kernel if and only if∆ind(Y ) > 0 and∆dom(Y ) > 0 (resp.∆abs(Y) > 0). 2

It is worthwhile noting, that the actual set of kernels in the associated strict 0-cut digraph
G may be larger than than that of the original bipolar-valued digraphG̃. It may con-
tain, the case given, some outranking or outranked choices, that are indeed only weakly
independent. These weak kernels correspond to partly determined choices.

Kitainik’s result allows us to determine all possible outranking or outranked (weak)
kernels in a bipolar-valued digraph̃G as follows:

1. We extract all crisp kernels and weak kernels from the associated strict 0-cut crisp
graphG and,

2. for each such crisp kernel or weak kernel inG, we compute iñG its bipolar-valued
credibility.
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Enumerating in a bipolar-valued digraph all outranking and outranked crisp kernels
will actually be the purpose of the next section.

2 Enumerating crisp kernels

Enumerating kernels necessarily relies on general techniques for enumerating qualified
choices, like minimal outranking or maximal independent ones. We start this section
with the presentation of a general framework for enumerating such minimal or maximal
qualified choices. After the discussion of their complexity and performance, we present
and discuss specific algorithms for enumerating outranking as well as outranked crisp
kernels.

2.1 Enumerating minimal and maximal qualified choices

Definition 11 (Hereditary properties)
A propertyP of choices is said to behereditary0 if whenever a choiceY has property
P , so does every proper subchoiceY ′ ⊂ Y . A propertyP of choices is said to be
superhereditaryif whenever a choiceY has propertyP , so does every proper superchoice
Y ′ ⊃ Y .

Proposition 7
Being outranking or outranked are superhereditary properties of choices inG̃. Similarly,

independence as well as±-irredundancy are hereditary properties of choices inG̃.

Proof: Hereditary follows immediately from the definition of an independent, an +ir-
redundant, and an -irredundant choice. Superhereditary follows again readily from the
definition being outranking or outranked.2

Inheritance of being outranking makes it possible to implement the search for minimal
outranking choices as a path algorithm in the outranking choices graph associated with
G̃.

Definition 12 (P-choices graphs)
Let G̃(X, S̃) be an outranking graph. LetP(X) represent the powerset of choices inG̃
with propertyP . The coupleH(P(X), P ) is called theP choices-graphassociated with
G̃. Two choices are linked inH(P(X), P ) if they have some common action.

0The ideas and results concerning hereditary and superhereditary properties of choices are taken
from [20, see Chapter 3].
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Proposition 8
1. The outranking and outranked choices graphs associated withG̃ contain the greedy

choiceX and are each one strongly connected,

2. The±-irredundant and independent choices graphs associated withG̃ are composed
of a set of strongly connected components such that each singleton choice belongs
to exactly one component.

Proof: Ad 1. As outrankingness and outrankedness are superhereditary properties, there
necessarily exists a path from every possible minimal outranking (resp. outranked) choice
to X, the largest outranking (resp. outranked choice) and vice versa.

Ad 2. Both irredundancies as well as the independence property being hereditary,
there necessarily exists a path in the corresponding choices-graphs from a maximal±-
irredundant (resp. independent) choice to each of its single choice members and vice
versa.2

Following proposition 8, enumerating all minimal outranking or outranked choices
may be implemented as a graph traversal algorithm in the corresponding choices graphs,
where we try to explore all paths from the largest outranking (resp. outranked) choice –
the greedy choiceX – to the first subchoices which are±-irredundant.

Algorithm 1 (Enumerating minimal outranking choices)
global Hist
Hist ← ∅ # initialise the history
Y0 ← X # start with the greedy choice
K+

0 ← ∅ # initialise the result
K+ ← MinimalOutrankingChoices (Y0, K

+
0 )

def MinimalOutrankingChoices (In: Yi outranking,K+
i ; Out: K+

i+1)
K+ ← ∅
IRRED ← True
for [x ∈ Yi : N+

Yi
[x] = ∅]: # Retract in turn all redundant nodes

IRRED ← False
Yi+1 ← Yi − {x} # Yi+1 remains outranking !
if Yi+1 6∈ Hist:

K+ ← K+ ∪MinimalOutrankingChoices (Yi+1, K
+):

Hist ← Hist ∪ {Yi+1}
if IRRED:

K+
i+1+ ← K+

i ∪ Y # Y is +irredundant (and outranking)
else:

K+
i+1+ ← K+

i ∪ K+

return K+
i+1
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Proof: The algorithm starts with the greedy choiceY = X which is always outranking
and an empty set of minimal outranking choices.
The procedureMinimalOutrankingChoices collects all minimal outranking choices
that may be reached from the initial outranking choiceY .

The call invariants of procedureMinimalOutrankingChoices are that the choice
Yi is outranking andK+

i is a set of minimal outranking choices collected so far.

If Yi is outranking, thenYi+1 = Yi−{x} is constructed only ifN+
Yi

[x] = ∅, i.e. in case
x is a +redundant action andYi+1 remains outranking. If no more +redundant actions may
be found, the procedure stops the walk. AsY0 = X is outranking, the algorithm walks
therefore only on paths of the outranking choices-graph.

Let us suppose that at calli, K+
i contains only minimal outranking choices. Two sit-

uations may happen. Either the current choiceYi is irredundant or all redundant actions
have been removed in turn. In the first case, we are in the presence of a maximal irre-
dundant and dominating choice, i.e. a minimal outranking choice which is added to to
the current setK+

i . In the second case, all minimal outranking choices when reducing the
current choice are first added up in a local resultK+ to be at the end added up toK+

i .
This way,K+

i+1 can only contain minimal outranking choices. As we start with an empty
initial collection K+

0 , it is verified that in the endK+, if not empty, may only contain
minimal outranking choices.

Finally, that we algorithm collects all existing minimal outranking choices inG̃ fol-
lows from the fact that the outranking choices-graph is strongly connected and that there-
fore, starting from the greedy choiceX, the algorithm walks necessarily through all out-
ranking choices inG̃. The global history we use keeps track of the visited outranking
choices and avoids to explore several times the same outranking choice.2

The same algorithm delivers the minimal outranked choices when replacing in the
loop the private outranked neighbourhood with the corresponding private outranking neigh-
bourhood. This way, we only walk on outranked choices and collect all minimal out-
ranked choices instead.

Based again on proposition (8), we may design a similar graph traversal algorithm
in the irredundant choices graph. This time, we try to explore all paths from the small-
est +irredundant (resp. -irredundant) choices – the single choices – to all outranking or
outranked choices we may find on our way.

Algorithm 2 (Enumerating maximal irredundant choices)
global Hist
Hist ← ∅ # initialise the history
K+ ← ∅ # initialise the result
for x ∈ X:

Y0 ← {x} # each singleton is irredundant
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K+ ← K+ ∪ MaxIrredOutrankingChoices (Y0, K
+, Hist)

def MaxIrredOutrankingChoices (In: Yi +irredundant,K+
i ; Out: K+

i+1):
if (Yi − X) − N+(Yi) = ∅:

K+
i+1 ← K+

i ∪ Yi # Yi is outranking
else:

K+
i+1 ← K+

i # initialise the result
for [x ∈ X − Yi : N+

Yi
[x] 6= ∅]: # add all +irredundant actions

Yi+1 ← Yi ∪ {x}
if Yi+1 6∈ Hist:

K+
i+1 ← K+

i+1 ∪ MaxIrredOutrankingChoices (Yi+1, K
+
i+1):

Hist ← Hist ∪ {Yi+1}
return K+

i+1

Proof: The algorithm starts with an empty history and an empty set of minimal out-
ranking choices. The procedureMaxIrredOutrankingChoices then collects all
minimal outranking choices that may be reached in turn from each initial single choice
Y0 = {x},∀x ∈ X

The call invariants of iterationi are that the current choiceYi is +irredundant andK+
i

contains the minimal outranking choices collected so far.

If Yi is -irredundant, thenYi+1 = Yi ∪ {x} is constructed only ifN+
Yi

[x] 6= ∅, i.e. in
casex is a +irredundant action with respect to current choiceYi. Yi+1 remains therefore
+irredundant. As eachY0 is in turn +irredundant, the algorithm walks only on paths of
the +irredundant choices graph.

Let us suppose that at iterationi, K+
i is either empty or contains only minimal out-

ranking choices. Two situations may happen. First, the current choiceYi is outranking
and we have found a maximal irredundant, i.e. a minimal outranking choice, and we add
it to the current setK+

i . In the second case, we gather all minimal outranking choices
from the union of the current choiceYi with all possible +irredundant actions, i.e. such
that N+

Yi
[x] 6= ∅. This way,K+

i+1 can only contain minimal outranking choices or stay
empty. As we start with an empty initial collectionK+

0 , it is verified that in the endK+

may only contain minimal outranking choices.

Finally, that the algorithm collects all existing minimal outranking choices inG̃ fol-
lows from the fact that the +irredundant choices-graph is composed of strongly connected
components. Starting in turn from each single choice, the algorithm walks necessarily
through all +irredundant choices existing inH(P(X), +irredundant). In order to avoid
visiting the same +irredundant choices several times in turn from each member single
choice, we keep a history of visited +irredundant choices, and only proceed recursively
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with the next choiceYi+1 in case it has not been visited already before.2

The same algorithm delivers again the minimal outranked choices when replacing the
outranked with the outranking neighbourhoods. This way, we only walk on -irredundant
choices and collect all minimal outranked choices instead.

2.2 Complexity and performance

The problem of finding a minimal outranking or outranked choice of a certain cardinality
k, is known to be NP-complete [18], so that there is little hope to find efficient algorithms
for enumerating all minimal outranking or outranked choices in general digraphs of high
orders.

Indeed, the complexity is directly linked to the size of theP -choices graphs. In case
a bipolar-valued digraph is empty, only the greedy choice will actually be an outranking
choice. The outranking choices graph reduces here to a single node and algorithm 1 will
deliver immediately this unique possible solution. As every possible choice inP(X) will
be irredundant, the corresponding±-irredundant choices-graph will be of order2n − 1
(wheren is the order ofG̃) and of size(2n−1)2− (2n−1). Algorithm 2 therefore rapidly
gets totally inefficient.

Similarly, in caseG̃ is complete, i.e.G is a complete graphKn, the irredundant
choices-graph reduces ton isolated single choices. This time, algorithm 2 delivers imme-
diately then solutions, whereas the corresponding outranking choices-graph is again of
order2n − 1 and so of huge size(2n − 1)2 − (2n − 1). Similarly, algorithm 1 this time is
totally inefficient.

A stated before, we are mainly interested in dense digraphs where the second algo-
rithm is more efficient in general, except for very low arc densities (see Figure 2.2). We
have implemented both algorithms in the Python language (version 2.4) using the opti-
mized inbuiltset class, which delivers constant time access to members of sets (indepen-
dent of the cardinalities), and which offers optimized set operators like union, intersec-
tion, and difference with linear time in the cardinality of the operands [11]. In figure (2.2)
we have illustrated run time statistics for random digraphs of order 15 with arc densities
varying from 10 to 90%.

It is obvious that theMaxIrredOutrankingChoices algorithm is doing much
better except for arc densities below 15 %.

Let us now consider a special kind of outranking and outranked choices, namely those
where the chosen actions are incomparable with respect to theS relation.
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Figure 2: Run time statistics for randomly filled digraphs of order 15

2.3 Qualified choices graph traversal algorithms for kernel enumer-
ation

We have seen in the first section, that the independence property is computed from the
false part of̃S. In order to implement path algorithms in the corresponding independent-
choices graph, we cannot, as usual rely on the false by failure principle, i.e. the comple-
ment of the neighbourhoods, for representing independence. We need to introduce the
logically positive concept ofdisconnects.

Definition 13 (Disconnects)
Let G̃ be an irreflexive digraph. We calldisconnectof a nodex, denotedD(x) = {y ∈

X : (S̃(y, x) < 0) ∨ (S̃(x, y) < 0)}, the set of nodesdisconnectedfrom x. We call
disconnectof a choiceY , the intersection of disconnects of the members ofY :

D(Y ) =
⋂

x∈Y

D(x).

Proposition 9
A choiceY in G̃ is an outranking (respectively outranked) kernel if and only if:

Y ⊆ D(Y ) (independent)

∀x 6∈ Y : N−(x) ∩ Y 6= ∅ (outranking)

(resp.∀x 6∈ Y : N+(x) ∩ Y 6= ∅ (resp. outranked) )

Proof: It is readily seen that a choiceY is indeed independent if and only if the dis-
connects of the choice members contain the otherwise chosen actions. Similarly, a choice
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Y is outranking (resp. outranked) if and only if all not members of the choice are in the
respective choice neighbourhood.2

2.3.1 Reducing outranking choices

The previous result allows us to implement an outranking-choices graph traversal algo-
rithm for enumerating all outranking kernels in a bipolar-valued outranking digraph.

Algorithm 3 (Enumerating outranking kernels: variant 1)
Y0 ← X # start with the greedy choice
K+ ← OutrankingKernels-1 (Y0)

def OutrankingKernels-1 (In: Y outranking;Out: K+)
if Y ⊆ D(Y ):

K+ ← Y # Y is independent
else:

K+ ← ∅
for [x ∈ Y : N+

Y [x] = ∅]: # Retract in turn all +-redundant nodes
Y1 ← Y − {x} # Y 1 remains outranking !
K+ ← K+ ∪OutrankingKernels-1 (Y1)

return K+

Proof: Similar in its design to algorithm 1, this algorithm starts again with the greedy
choiceY = X which is always outranking by convention and an empty set of mini-
mal outranking kernels. The procedureOutrankingKernels collects all independent
outranking choices that may be reached from this initial outranking choiceY .

The call invariants of iterationi are that the choiceYi is outranking andK+
i is a set of

outranking kernels collected so far.

If Yi is outranking, thenYi+1 = Yi−{x} is constructed only ifN+
Yi

[x] = ∅, i.e. whenx
is a +irredundant action, so thatYi+1 remains outranking. If no more +irredundant actions
may be found, the procedure stops the walk. AsY0 = X is outranking, the algorithm only
walks on paths of the outranking choices-graph.

Let us suppose that at iterationi, K+
i contains only outranking kernels. Two situations

may happen. Either the current choiceYi is independent or all redundant actions have been
removed in turn. In the first case, we are in the presence of an outranking kernel which
is added to to the current setK+

i . In the second case, all outranking kernels potentially
reached when reducing the current choice are first added up in a local resultK+ to be at
the end added up toK+

i . This way,K+
i+1 can only contain outranking kernels. As we start
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with an empty initial collectionK+
0 , it is verified that in the endK+ may only contain

minimal outranking choices.

Finally, that we algorithm collects all existing independent outranking choices inG̃
follows from the fact that the outranking-choices graph is strongly connected and that
therefore, starting from the greedy choiceX, the algorithm walks necessarily through all
outranking choices iñG. 2

Replacing in this algorithm the +redundancy with the -redundancy test will enumer-
ates simmilarly all outranked kernels. Furthermore, using a weak version of the dis-
connect concept, allows one to extract, with the same algorithm, all outranking (resp.
outranked) kernels and weak kernels.

2.3.2 Extending independent choices

We have noticed from the discussion of the cmplexity of the minimal outranking choices
extraction that the outranking digraphs are rather dense digraphs in general such that the
outranking-choices graph is generally of very large order. Therefore is it more interesting
to implement the kernel enumeration as an independent-choices graph traversal.

Algorithm 4 (Enumerating outranking kernels variant 2)
K+ ← ∅ # initialise the result
for x ∈ X:

Y ← {x} # each singleton is independent
K+ ← K+ ∪ OutrankingKernels-2 (Y,K+)

def OutrankingKernels-2(In: Y independent,K+
0 ; Out: K+):

if N+(Y ) − (Y − X) = ∅:
K+ ← K+

0 ∪ Y # Y is outranking
else: # try adding all independent singletons

K+ ← K+
0 # initialise the result

for [x ∈ X − Y : Y − {x} ⊆ D(x)]:
Y1 ← Y ∪ {x} # Y1 remains independent !
K+ ← K+ ∪ OutrankingKernels-2 (Y1, K

+)
return K+

Before going to prove algorithm 4, we may notice that the independence property
in the recursive call invariant here, contrary to the±-irredundancy properties, is a non
oriented concept. This allows to enumerate in the same run, both the outranking and the
outranked kernels.
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2.3.3 Outranking and outranked kernels in the same run

Algorithm 5 (Enumerating outranking and outranked kernels)
global Hist
Hist ← ∅ # initialise the history
K+ ← ∅ # initialise the outranking result
K− ← ∅ # initialise the outranked result
for x ∈ X:

Y ← {x}
(K+, K−) ← (K+, K−) ∪ AllKernels (Y , (K+, K−))

def AllKernels (In: Y independent,(K+
0 , K−

0 ); Out: (K+, K−)):
if N+(Y ) − (Y − X) = ∅:

K+ ← K+
0 ∪ Y # Y is outranking

if N−(Y ) − (Y − X) = ∅:
K− ← K−

0 ∪ Y # Y is outranked
# try adding all independent singletons
(K+, K−) ← (K+

0 , K−
0 )

for [x ∈ D(Y )]:
Y1 ← Y ∪ {x}
if Y1 6∈ Hist:

(K+, K−) ← (K+, K−)∪ AllKernels (Y1, (K
+, K−))

Hist ← Hist ∪ Y1

return (K+, K−)

Proof: The algorithm starts with an empty history and empty sets of outranking and out-
ranked kernels. The procedureAllKernels then collects all outranking and outranked
kernels that may be reached in turn from each initial single choiceY0 = {x},∀x ∈ X.

The call invariants of procedureAllKernels are that the current choiceYi is strictly
independent, and that the current setK+

i (resp. K−
i ) of results contains the outranking

(respectively outranked) kernels collected so far.

If Yi is independent, thenYi+1 = Yi∪{x} is constructed only ifx ∈ D(Yi), i.e. in case
Yi+1 remains independent. As eachY0 is in turn independent by convention, the algorithm
walks only on paths of the independent choices-graph.

Let us suppose that at recursive calli, K+
i andK−

i are either empty or contain only
outranking or outranked kernels. Three situations may happen. First, the current choice
Yi is outranking and we have found a new outranking kernel that we add to the current set
K+

i . In the second case, the current choiceYi is outranked and we have found a new out-
ranked kernel that we add again to the current setK−

i . Thirdly, we gather all outranking
and outranked kernels from the union of the current choiceYi with all possible actions
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Figure 3: Run time statistics for theAllKernels procedure (Algorithm 5)

x contained in its disconnect. This way,K+
i+1 andK−

i+1 can only contain outranking, re-
spectively outranked kernels or stay empty. As we start with empty initial collectionsK+

0

andK−
0 , it is verified that in the endK+, respectivelyK−, if not empty, may only contain

outranking, respectively outranked, kernels.

Finally, that the algorithm collects all existing determined outranking and outranked
kernels inG̃ follows from the fact that the strictly-independent-choices graph is strongly
connected. Starting in turn from each single choice, the algorithm walks necessarily
through all strictly independent choices existing inG̃. In order to avoid visiting the same
strictly independent choices several times in turn from each member single choice, we
keep a history of visited choices and only proceed recursively with the next choiceYi+1

in case it has not yet been visited.2

Again, using a weak version of the disconnect concept, allows one to extend this algorithm
to both, the completely determined as well as the weak kernels.

2.4 Complexity and computational performance

In figure 2.4 we show run times statistics for kernel extractions from randomly filled
bipolar-valued digraphs of order 35. Similar to the previous statistics, we find that the
extraction of kernels is computationally easy (run times less than a second) when the arc
density is 20% and more. Again, the performance is directly related to the order of the
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Figure 4: General performance of Algorithm 5

independent-choices graph. Indeed, the higher the arc density, the lower is the order of
this choices graph. With an arc density of 50% for instance, we observe an average of
only 200 independent choices. We may collect on this choices graph the outranking and
outranked kernels in an average of 15 milliseconds on a standard desktop PC.

This run time performance is even better supported in general (see figure 2.4) when
considering that almost all digraphs of ordern contain only kernels such thatCn − 1.43
≤ |K| ≤ Cn +2.11 whereCn = ln(n)− ln(ln(n)) (Tomescu [28]). For a randomly filled
digraph of order 900 and 50% arc density, we may thus observe kernels of average cardi-
nalities of 7. Thus we are able to extract in less than a minute all kernels from digraphs
of orders up to 900 and an arc density of 50% and more, under the condition of disposing
of a sufficiently large CPU memory. This general performance is most satisfactory, as the
particular outranking graphs we are interested in generally represent more or less tran-
sitive weak orderings. As empiric studies of random outranking digraphs is confirming,
the corresponding digraphs show arc densities always superior to 50% [9]. Nevertheless
some digraphs, even of modest order (less than 30), may potentially represent difficult
instances. Indeed, as shown in figure 2.4, where we have artificially limited the run time
to 10 seconds, a brutal combinatorial explosion appears with digraphs of very low arc
density. Here we may easily observe independent choices-graphs of huge exponential
size coupled with kernels of cardinalities up ton/2. This definitely limits the practical
performance for extracting all kernels from these kinds of digraphs.

But the independent-choices graph traversal approach is not the only possible strategy
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for computing kernels in a digraph. Very recently, Alain Hertz1 has proposed a pivoting
algorithm which, starting from an arbitrary initial maximal independent choice, visits di-
rectly all other existing maximal independent sets in the digraph. This algorithm belongs
to the family of reverse searching algorithms such as the simplex algorithm in linear
algebra. The pivoting from one maximal independent choice to the other is done in a
polynomialO(n) step, such that performances in fact only depend on the actual number
of kernels observed in the digraph. Even if this last algorithm is not as efficient as the
AllKernels procedure for dense digraps of large orders, it however delivers all kernels
for difficult digraphs such as cordlessn-circuits, andn-paths.

All the preceding discussion only concerns the computation of crisp kernels. In the
next section we propose an algebraic approach to the same problem via bipolar-valued
membership characterisations of choices, which will deliver the necessary algorithms for
solving the general bipolar-valued case.

3 Algebraic approach

In this last section we use an early observation by Berge [1, see Chapter 5] concern-
ing the fact that kernels in a digraph may be characterised with a specific characteristic
functional equation. We extend this idea to the bipolar-valued case with the objective to
immediately determine bipolar-valued kernels from the admissible algebraic solutions of
these caracteristic equations.

3.1 The kernel characteristic equations

A choiceY in G̃(X, S̃) may be characterised with the help of bipolar-valued membership
assertions̃Y : X → L, denoting the credibility of the fact thatx ∈ Y or not, for all
x ∈ X. Ỹ is called a bipolar-valued characterisation ofY , or for short a bipolar-valued
choice inG̃(X, S̃).

Based on the truth-denotation semantics of the bipolar-valued characterisation domain
L (see Subsection 1.1), we obtain the following properties:

– Ỹ (x) = +1 signifies that assertion “x∈ Y ” is certainly true;

– Ỹ (x) > 0 signifies that assertion “x∈ Y ” is more true than false;

– Ỹ (x) = 0 signifies that assertion “x∈ Y ” is logically undetermined, i.e. could be
either true or false;

1Private communication, April 2006
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– Ỹ (x) < 0 signifies that assertion “x∈ Y ” is more false than true;

– Ỹ (x) = −1 signifies that assertion “x∈ Y ” is certainly false. Equivalently, one
can say that assertionx /∈ Y is certainly true.

In the following paragraphs, we recall useful results from [8]. They allow us to es-
tablish a formal relation with the previous classical subset-based definitions of qualified
choices.

Let Ỹ be a bipolar valued characteristaion of a choice inG̃(X, S̃). We noteỸ ◦

S̃ (resp. Ỹ ◦ S̃
−1

) the bipolar-valued matrix productmaxy 6=x[min(Ỹ (y), S̃(y, x))] (resp.
maxy 6=x[min(S̃(x, y), Ỹ (y))]) for all x, y in X.

Proposition 10
The outranking (resp. outranked) kernels ofG̃(X, S̃) are among the bipolar-valued choices

Ỹ satisfying the respective following bipolar-valued kernel caracteristic equation systems:

Ỹ ◦ S̃ = −Ỹ , (resp. Ỹ ◦ S̃
−1

= −Ỹ ). (13)

Proof: Early proofs of this proposition for the Boolean-valued outranked case may be
found in [2] and [26; 27]. The classic fuzzy-valued case is tackled in [21], while the
bipolar-valued outranking case is thoroughly discussed and proved in [8].2

It is worthwhile noting from the beginning, that certain bipolar-valued kernel charac-
terisations, despite being different in values, may characterise in fact a same crisp choice.
To cope with this phenomena, we introduce the following congruence relation onY, the
set of possible characterisations of choices inG̃.

We say that two bipolar-valued characterisationsỸ1 and Ỹ1 of choices inG̃ arenon
contradictory, denoted̃Y1

∼= Ỹ2 if and only if Ỹ1(x) > 0 ⇔ Ỹ2(x) > 0 and Ỹ1(x) < 0

⇔ Ỹ2(x) < 0. Every choiceY in G̃ determines a congruence class of non contradictory
bipolar-valued characterisations denotedY/∼=Y .

Furthermore, it is useful to compare bipolar-valued charaterisations with respect to
thesharpnessof their charateristic determination.

Definition 14 (Sharpness of bipolar-valued characterisations)
Let Ỹ1, Ỹ2 ∈ Y characterise choicesY in G̃. We say thatỸ1 is sharper thañY2, denoted
Ỹ1 < Ỹ2 if and only if for all x ∈ X, eitherỸ1(x) ≤ Ỹ2(x) ≤ 0, or 0 ≤ Ỹ2(x) ≤ Ỹ1(x).

The sharpness relation< determines a partial order onY, the set of possible bipolar-
valued characterisations of choices inG̃ (see [5]). The all 0-valued vector̃Y (x) = 0,∀x ∈
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X acts as bottom, the least sharpest characterisation and all2n crisp, i.e. {−1.0, 1.0}-
valued choice characterisations give the sharpest possible characterisations. In a given
congruence class of non-contradictory characteristaions of a given choiceY , the sharp-
ness relation actually gives a lattice with the all 0-valued vector as bottom element and
the{−1, 1}-valued characterisation ofY (see [5]).

Theorem 1 (Bisdorff, Pirlot, Roubens, 2005)
1. To each maximal sharp solution of the kernel characteristic equation systems (13)

is associated an outranking (resp. outranked) kernel or weak kernel inG̃.

2. A choiceY is an outranking (resp. outranked) kernel inG̃ if and only if there ex-
ists a corresponding bipolar-valued characteristic vectorỸ that is a maximal sharp
determined solution of the kernel characteristic system (13).

Proof:
Ad 1.) (⇐) If Ỹ is a maximal sharp (not trivially undetermined) solution of equation sys-
tem (13), then the so characterised choiceY will be independent or weakly independent
and outranking iñG as a direct consequence of Proposition (10). From [8, see Theroem
2] if follows that in caseỸ is only partially determined, the associated crisp choice will
be necessarily weakly independent only.

Ad 2.) (⇐) With the same argument as before, we see that in case the choiceỸ is actually
determined, the associated crisp choice will necessarily be independent and outranking,
i.e. an outranking kernel. (⇒) IfY is an outranking kernel iñG we show that there exists
a unique solutioñY ∈ Y/∼=Y of the fixpoint equation system:

T (Ỹ ) = −(Ỹ ◦ S̃) = Ỹ . (14)

that is a maximal sharp and determined solution of equation system (13).

Indeed, it is readily seen that the fixpoints of equation (14) verify in fact the outranking
kernel characteristic equation system (13).

TransformationT gives furthermore a non-contradictory transformation of kernel
characterisations, i.e.̃Y ∈ Y/∼=Y ⇒ T (Ỹ ) ∈ Y/∼=Y . Indeed,y ∈ Y ⇒ S̃(y, x) < 0

so that∀x ∈ Y , min(Ỹ (x), S̃(x, y)) = S̃(x, y) < 0, and,∀x 6∈ Y , min(Ỹ (x), S̃(x, y)) ≤
Ỹ (x) < 0. The combination of both cases shows thatT (Ỹ )(y) > 0. Similarly,x 6∈ Y ⇒

∃y ∈ Y : S̃(y, x) > 0. For such any, min(Ỹ (x), S̃(x, y)) > 0 and henceT (Ỹ ) < 0.

We may also show that the transformationT is isotone with respect to the sharpness
ordering<, i.e. if Ỹ1, Ỹ2 ∈ Y/∼=Y are such that̃Y1 < Ỹ2 thenT (Ỹ1) < T (Ỹ2). Indeed,
y ∈ Y ⇒ Ỹ1(y) > Ỹ2(y) ⇒ T (Ỹ1)(y) > T (Ỹ2)(y), andy 6∈ Y ⇒ Ỹ1(y) < Ỹ2(y) ⇒
T (Ỹ1)(y) < T (Ỹ2)(y) since the functionsmax andmin are non decreasing.
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If we start now the resolution of the fixpoint equation withỸ0(x) = 1.0 whenx ∈ Y ,
and Ỹ0(x) = −1.0 whenx 6∈ Y , i.e. the maximal possible sharp characterisation, we
necessarily get̃Yi < T (Ỹi−1) for i = 1, 2, . . .. As G̃ is of finite order, the bipolar-valued
credibility calculus, involving onlymin, max and signs inversions, is a finite algebra
generated by the finite set of additions and subtractions of the weightswj of the individual
criteria j as appearing in the bipolar-valued characterisation of the outranking relation..
Therefore there exists a finite numberk ≤ n(n − 1) such that̃Yk = T (Ỹk).

This fixpoint solutionỸn is unique, determined and maximal sharp (see [8, proof of
theorem 1]).

The outranked case is canonically obtained by taking the reversed outranking relation

S̃
−1

.2

3.2 Solving the kernel characteristic equation system

3.2.1 Smart enumeration with a finite domain solver

It is possible to directly enumerate all maximal sharp solutions from the bipolar-valued
kernel characteristic equation systems with the help of a finite domain solver as provided
by some Prolog programming environments such as GNU-Prolog [15; 16] or the com-
mercial Prolog software CHIP. Implementation details of such a solving approach may be
found in Bisdorff [4].

In Figure 3.2.1, we show average performance using the GNU-Prolog FD solver.
Contrary to ourAllKernels Python implementation, better performances are obtained
here with smaller arc densities. This is due to the order of the arc-constraints graph which
is indeed proportional to the actual size of the outranking digraph. The sparser the out-
ranking digraph, the smaller the order of the constraints graph, the quicker the constraints
propagation algorithm will help enumerating all kernels in the graph.

However, empiric computing studies reveal that these enumeration techniques get in-
efficient for dense bipolar-valued outranking digrahs of order 30 and more. It quickly
appears that specially adapted fixpoint approaches are much more efficient (see Bis-
dorff [5]).

3.2.2 Fixpoint based solving approaches

The proof of Theorem 1 reveals indeed a possibility to find a maximal sharp bipolar-
valued characterisation of an outranking (resp. outranked) kernel under the condition that
we already precisely know the associated strict 0-cut choice.
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Figure 5: Average performance using the GNU-Prolog FD solver

Algorithm 6 (Pirlot 2004)
Let G̃(X, S̃) be a bipolar-valued outranking digraph.

1. With the help of theAllKernels procedure, extract all crisp outranking and out-
ranked kernelsK1, K2, . . . , Kj from G̃;

2. For each outrankingKj:
With Ỹ0(x) = +1.0 for all x ∈ Kj andỸ0(x) = −1.0 for all x 6∈ Kj, the iteration
Ỹi = T (Ỹi−1) for i = 1, 2, . . . converges to a fixpoint which is̃Kj = T (K̃j);

3. We repeat the preceding step for the outranked kernels with a reversed fixpoint

operatorT −1(Ỹ ) = −(Ỹ ◦ S̃
−1

) = Ỹ ..

Proof: From Proposition 10 we know that the set of bipolar-valued kernels of a given
outranking digraphG̃(X, S̃) is a subset of the set of crisp kernels we may find in the
associated 0-cut crisp digraphG(X,S). For all determined bipolar-valued kernels, we
know from Theorem 1 that the fixpoint euqation delivers the unique, maximal sharp,
bipolar-valued kernel characterisation.2

But we may also find a similar way to compute the weak kernels ofG̃. Before tackling
this general bipolar-valued case, we may consider the following result.
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Theorem 2
Let G̃(X, S̃) be a bipolar-valued outranking digraph such that their exists a unique (may

be partial) kernelK in G̃ with an associated maximal sharp (not trivially undetermined)
K̃ characterisation. LetT 2 : Y → Y be the following dual transformation of a bipolar-
valued choice characterisation:

T 2(Ỹ ) = −
(
− (Ỹ ◦ S̃) ◦ S̃

)
. (15)

With Ỹ0(x) = −1.0 for all x ∈ X, the iterationỸi = T 2(Ỹi−1) for i = 1, 2, . . . converges
to the unique fixpoint̃K = T 2(K̃).

Proof: A classic Boolean-valued restriction of this theorem is attributed to von Neu-
mann (1944) [27, see A3, p. 284].

The proof of the bipolar-valued case will follow a scheme first set out in Berge [1] and
thoroughly enlarged in Schmidt and al. [27]. For any bipolar caracterised choiceỸ in Y,
let us denoteπ(Ỹ ) the crisp choice inX associated with̃Y .

We may first notice that the singleT transformation of bipolar-valued choices is anti-
tone with respect to the subchoice-inclusion relation defined onX through theπ function.
As a consequence, the dual transformationT 2 will be isotone wrt to the same subchoice-
inclusion relation inX. i.e. for Ỹ1, Ỹ2 ∈ Y:

π(Ỹ1) ⊆ π(Ỹ2) ⇒ π(T 2(Ỹ1)) ⊆ π(T 2(Ỹ2)).

As the subset-inclusion relation gives a finite poset onπ(Y), we know from general fix-
point theory that Equation 15 admits necessarily a smallest fixpointỸ∧ = inf{Ỹ |Ỹ =

T 2(Ỹ )} and a largest fixpoint̃Y∨ = sup{Ỹ |Ỹ = T 2(Ỹ )}. For each possible kernel char-
acterisationK̃ of a kernel inG̃, Ỹ∧ andỸ∨ deliver its bipolar-valued characteristic limits
(see [27]:

π(−(Ỹ∨ ◦ S̃)) = π(Ỹ∨) ⊆ K ⊆ π(Ỹ∧) = π(−(Ỹ∧ ◦ S̃)).

As G̃ admits by assumption a unique kernelK, it is necessarily a progressively finite
digraph such that the upper fixpoint must also verifyπ((S̃∧ ◦ S̃)) ⊆ π(−Ỹ∨). It fol-
lows immediately thatπ(Ỹ∧) = π(K̃) = π(Ỹ∨). As a consequence, the iterations of
Equation 15 will necessarily end up in the sharpness congruence classY/∼=K of the given
unique kernelK.

Now, from the proof of Theorem 1 we know that these iterations, starting from both,
the all 0-valued bottom element in the sharpness lattice, and from the all{−1, 1}-valued
characterisation ofK – in fact the top element in the same sharpness lattice –, will
converge to a lower fixpoint̃K∧ showing the sharpest possible negative credibilities of
those actions that are excluded from the kernelK, and an upper fixpoint̃K∨ showing the
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sharpest possible positive credibilities of those actions that are definitively included in the
kernelK. Combining both fixpoints with the corresponding sharpness lattice addition op-
erator⊕ (see [5]) –K̃∧⊕ K̃∨ – renders finally the required maximal sharp bipolar-valued
characterisation ofK.2

Based on this result, the following algorithm tackles the enumeration of all bipolar-
valued kernels in the general case:

Algorithm 7 (Bisdorff 1997)
Let G̃(X, S̃) be a bipolar-valued outranking digraph.

1. With the help of theAllKernels procedure, extract all outranking and out-
ranked (weak) kernelsK1, K2, . . . , Kj (if they exist) from the associated 0-cut
graphG(X,S).

2. Associate with each outrankingKj a partially defined graph̃GKj
(X, S̃/Kj

) support-
ing exactly this unique kernelKj.

3. Use the v. Neummann dual fixpoint iterationT 2 for computing in turnK̃j in each
partial graphG̃Kj

.

4. Repeat steps 2 and 3 above for the outrankedKj with the reversed dual transforma-
tion (T −1)2.

A detailed description of this algorithm may be found in Bisdorff [5].

3.3 Complexity

Both Pirlot’s and Bisdorff’s algorithm involve a first step which enumerates the crisp
kernels and/or weak kernels observed inG̃.

For each such crisp choice, the fixpoint based algorithms compute the corresponding
maximal sharp bipolar-valued characterisation in at mostn3 − n2 steps, where each case
mainly involves two Boolean products of dimensionn × 1 and equality tests. Thus they
operate in polynomialO(n) time, once the crisp kernels and weak kernels are available.

Main complexity remains thus definitely in the first step, i.e. enumerating all (weak)
kernels in a general crisp digraph.

Concluding remarks

This paper compiles our work on studying and computing kernels in valued digraphs
from roughly the last ten years. Summer 1995, we indeed obtained the very first valued
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outranking kernel from a classic example digraph of order 8 (!) well known in the multi-
criteria decision aid context . The computation was done with the help of a commercial
finite domain solver. It took several seconds on a CRAY 6412 superserver with 12 pro-
cessors operating in a nowadays ridiculous CPU speed of 90 Mhz. In our present Python
implementation, such an example is solved with any of the beforehand discussed algo-
rithms in less than a thousandth of a second on a common low budget desktop computer.
And this remains practically the same for any relevant example of outranking digraph
observed in a real decision aid problem.

Several times we have written in our personal journal that there is certainly now no
more potential for any substantial improvement of this computational efficiency; Only
to discover, shortly later, that following a new theoretical idea or choosing a more effi-
cient implementation – using for instance the amazing instrument of itorator generators
in Python –, execution times could well be divided by 20.

This nowadays available computational efficiency confers the kernel concept a method-
ological premium for solving specific choice decision problems on the basis of a bipolar-
valued outranking digraph.

But it also opens new opportunities for verifying and implementing kernel extraction
algorithms for more graph theoretical purposes. New results concerning for instance un-
labelled kernels in symmetric graphs have been recently obtained. And, exploring the
kernels of known difficult graph instances like then-cycle becomes possible.

But this is the beginning of a new paper.
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In a recent paper (European Journal of Operational Research,158, 271–292,
2004), S. Greco, B. Matarazzo and R. Słowiński have stated without proof a result
characterizing binary relations on product sets that can be represented using a dis-
crete Sugeno integral. To our knowledge, this is the first result about a fuzzy integral
that applies to non-necessarily homogeneous product sets and only uses a binary
relation on this set as a primitive. This is of direct interest to MCDM. The main pur-
pose of this note is to propose a proof of this important result. Thereby, we study the
connections between the discrete Sugeno integral and a non-numerical model called
the noncompensatory model. We also show that the main condition used in the result
of S. Greco, B. Matarazzo and R. Słowiński can be factorized in such a way that
the discrete Sugeno integral model can be viewed as a particular case of a general
decomposable representation.
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1 Introduction and motivation

In the area of decision-making under uncertainty, the use of fuzzy integrals, most no-
tably the Choquet integral and its variants, has attracted much attention in recent years.
It is a powerful and elegant way to extend the traditional model of (subjective) expected
utility. Indeed, integrating with respect to a non-necessarily additive measure allows to
weaken the independence hypotheses embodied in the additive representation of prefer-
ences underlying the expected utility model that have often been shown to be violated
in experiments (see the pioneering experimental findings of Allais, 1953 and Ellsberg,
1961). Models based on Choquet integrals have been axiomatized in a variety of ways
(see Gilboa, 1987, Schmeidler, 1989 or Wakker, 1989, Ch. 6. For related works in the
area of decision-making under risk, see Quiggin, 1982 and Yaari, 1987). Recent reviews
of this research trend can be found in Chateauneuf and Cohen (2000), Schmidt (2004),
Starmer (2000) and Sugden (2004).

More recently, still in the area of decision-making under uncertainty, Dubois et al.
(2000b) have suggested to replace the Choquet integral by a Sugeno integral, the latter
being a kind of “ordinal counterpart” of the former, and provided an axiomatic analysis of
this model (special cases of the Sugeno integral are analyzed in Dubois et al., 2001b. For
a related analysis in the area of decision-making under risk, see Hougaard and Keiding,
1996). Dubois et al. (2001a) offer a nice survey of these developments.

Unsurprisingly, people working in the area of multiple criteria decision making (hence-
forth, MCDM) have considered following a similar path to build models weakening the
independence hypotheses embodied in the additive value function model that underlies
most of existing MCDM techniques. The work of Grabisch (1995, 1996) has widely pop-
ularized the use of fuzzy integrals in MCDM. Since then, there has been many develop-
ments in this area. They are well surveyed in Grabisch and Roubens (2000) and Grabisch
and Labreuche (2004) (an alternative approach to weaken the independence hypotheses
of the traditional model that does not use fuzzy integrals is suggested in Gonzales and
Perny, 2005).

It is well known that decision-making under uncertainty and MCDM are related ar-
eas. When there is only a finite number of states of nature, acts may indeed be viewed as
elements of a homogeneous Cartesian product in which the underlying set is the set of all
consequences (this is the approach advocated and developped in Wakker, 1989, Ch. 4). In
the area of MCDM, a Cartesian product structure is also used to model alternatives. How-
ever, in MCDM the product set is generally not homogeneous: alternatives are evaluated
on several attributes that do not have to be expressed on the same scale.

The recent development of the use of fuzzy integrals in the area of MCDM should not
obscure the fact that there is a major difficulty involved in the transposition of techniques
coming from decision-making under uncertainty to the area of MCDM. In the former area,
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any two consequences can easily be compared: considering constant acts gives a straight-
forward way to transfer a preference relation on the set of acts to the set of consequences.
The situation is vastly different in the area of MCDM. The fact that the underlying product
set is not homogeneous invalidates the idea to consider “constant acts”. Therefore, there is
no obvious way to compare consequences on different attributes. Yet, such comparisons
are a prerequisite for the application of models based on fuzzy integrals.

Traditional conjoint measurement models (see, e.g., Krantz et al., 1971, Ch. 6 or
Wakker, 1989, Ch. 3) lead to comparepreference differencesbetween consequences. It
is indeed easy to give a meaning to a statement like “the preference difference between
consequencesxi andyi on attributei is equal to the preference difference between conse-
quencesxj andyj on attributej” (e.g., because they exactly compensate the same prefer-
ence difference expressed on a third attribute). These models donot lead to comparing in
terms of preference consequences expressed on distinct attributes. Indeed, in the additive
value function model a statement like “xi is better thanxj” is easily seen to be meaning-
less (this is reflected in the fact that, in this model, the origin of the value function on each
attribute may be changed independently on each attribute).

In order to bypass this difficulty, most studies involving fuzzy integrals in the area
of MCDM postulate that the attributes are somehow “commensurate”, while the precise
content of this hypothesis is difficult to analyze and test (see, e.g., Dubois et al., 2000a).
Less frequently, researchers have tried to build attributes so that this commensurability
hypothesis is adequate. This is the path followed in Grabisch et al. (2003) who use the
MACBETH technique (see Bana e Costa and Vansnick, 1994, 1997, 1999) to build such
scales. Such an analysis requires the assessment of a neutral level on each attribute that
is supposed to be “equally attractive”. In practice, the assessment of such levels does
not seem to be an easy task. On a more theoretical level, the precise properties of these
commensurate neutral levels are not easy to devise.

A major breakthrough for the application of fuzzy integrals in MCDM has recently
been done in Greco et al. (2004) who give conditions characterizing binary relations
on product sets that can be represented using a discrete Sugeno integral, using this bi-
nary relation as the only primitive. This is an important result that paves the way to a
measurement-theoretic analysis of fuzzy integrals in the area of MCDM (Greco et al.,
2004 also relate the discrete Sugeno integral model to models based on decision rules that
they have advocated in Greco et al., 1999, 2001). It allows to analyze the discrete Sugeno
integral model without any commensurateness hypothesis, which is of direct interest to
MCDM.

Given the importance of the above result, it is a pity that Greco et al. (2004) offer no
proof of it 3. The purpose of this note is to propose such a proof, in the hope that this will

3 To our knowledge, Greco, Matarazzo, and Słowiński have never presented or published their proof.
It should be mentioned that a related result for the case of ordered categories is presented without proof

41



A conjoint measurement approach to the discrete Sugeno integral

contribute to popularize this result. In doing so, we will also study the relations between
the discrete Sugeno integral model and a non-numerical model called the noncompen-
satory model that is inspired from the work of Bouyssou and Marchant (2006) in the area
of sorting methods in MCDM. We will also show that the main condition used in the result
in Greco et al. (2004) can be factorized in such a way that the discrete Sugeno integral
model can be viewed as a particular case of a general decomposable representation.

This note is organized as follows. The result of Greco et al. (2004) is presented in Sec-
tion 2. The following two sections present our proof: Section 3 is devoted to some inter-
mediate results and Section 4 completes the proof. Section 5 presents examples showing
that the conditions used in the main result are independent. Section 6 briefly concludes
with the mention of some directions for future research.

2 The main result

2.1 Background on the discrete Sugeno integral

Let β = (β1, β2, . . . , βp) ∈ [0, 1]p. Let (·)β be a permutation onP = {1, 2, . . . , p} such
thatβ(1)β

≤ β(2)β
≤ · · · ≤ β(p)β

.

A capacity onP is a functionν : 2P → [0, 1] such that:

• ν(∅) = 0,

• [A,B ∈ 2P andA ⊆ B] ⇒ ν(A) ≤ ν(B).

The capacityν is said to be normalized if, furthermore,ν(P ) = 1.

The discrete Sugeno integral of the vector(β1, β2, . . . , βp) ∈ [0, 1]p w.r.t. the normal-
ized capacityν is defined by:

Sν [β] =

p∨

i=1

[
β(i)β

∧ ν(A(i)β
)
]
,

whereA(i)β
is the element of2P equal to{(i)β, (i + 1)β, . . . , (p)β}.

We refer the reader to Dubois et al. (2001a) and Marichal (2000a,b) for excellent
surveys of the properties of the discrete Sugeno integral and its several possible equivalent

in Słowiński et al. (2002). This result is a particular case of the one presented in Greco et al. (2004) for
weak orders with a finite number of distinct equivalence classes. A complete and quite simple proof for this
particular case was proposed in Bouyssou and Marchant (2006), using comments made on an early version
of the latter paper by Greco, Matarazzo, and Słowiński.
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definitions. Let us simply mention here that the reordering of the components ofβ in order
to compute its Sugeno integral can be avoided noting that we may equivalently write:

Sν [β] =
∨

T⊆P

[
ν(T ) ∧

(
∧

i∈T

βi

)]
.

2.2 The model

Let % be a binary relation on a setX =
∏n

i=1 Xi with n ≥ 2. Elements ofX will
be interpreted as alternatives evaluated on a setN = {1, 2, . . . , n} of attributes. The
relations≻ and∼ are defined as usual. We denote byX−i the set

∏
j∈N\{i} Xj. We

abbreviateNot [ x % y ] asx 6% y.

We say that% has a representation in thediscrete Sugeno integral modelif there are a
normalized capacityµ onN and functionsui : Xi → [0, 1] such that, for allx, y ∈ X,

x % y ⇔ S〈µ,u〉(x) ≥ S〈µ,u〉(y),

whereS〈µ,u〉(x) = Sµ[(u1(x1), u2(x2), . . . , un(xn))].

2.3 Axioms and result

A weak orderis a complete and transitive binary relation. The setY ⊆ X is said to be
dense inX for the weak order% if for all x, y ∈ X, x ≻ y impliesx % z andz % y, for
somez ∈ Y . We say that the weak order% onX satisfies theorder-denseness condition
(conditionOD) if there is a finite or countably infinite setY ⊆ X that is dense inX for
%. It is well-known (see Fishburn, 1970, p. 27 or Krantz et al., 1971, p. 40) that there is a
real-valued functionv onX such that, for allx, y ∈ X,

x % y ⇔ v(x) ≥ v(y),

if and only if % is a weak order onX satisfying the order-denseness condition.

Remark 1
Let % be a weak order onX. It is clear that∼ is an equivalence and that the elements of
X/∼ are linearly ordered. We often abuse terminology and speak of equivalence classes
of % to mean the elements ofX/∼. WhenX/∼ is finite, we speak of the first equivalence
class of% to mean the elements ofX/∼ that precede all others in the induced linear
order. •
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The relation% on X is said to be strongly 2-graded on attributei ∈ N (condition
2∗-gradedi) if, for all x, y, z, w ∈ X and allai ∈ Xi,

x % z
and

y % w
and

z % w





⇒





(ai, x−i) % z
or

(xi, y−i) % w,
(2∗-gradedi)

where (ai, x−i) denotes the element ofX obtained fromx ∈ X by replacing itsith
coordinate byai ∈ Xi. The binary relation will be said to bestrongly 2-graded(condition
2∗-graded) if it is strongly 2-graded on all attributesi ∈ N .

Consider the particular case of condition2∗-gradedi in which z = w. Suppose that
(xi, y−i) 6% w. Since(yi, y−i) % w and (xi, y−i) 6% w, we know that the levelxi is
worse thanyi (with respect to the alternativew). In this case,(xi, x−i) % w implies that
(ai, x−i) % w, for all ai ∈ Xi. This means that, once we know that some levelyi is
better thanxi, there does not exist any level inXi that could be worse thanxi, so that
if (xi, x−i) % w the same will be true replacingxi by any element inXi. This roughly
implies that, for eachw ∈ X, we can partition the elements ofXi into at most two cate-
gories of levels: the “satisfactory” ones and the “unsatisfactory” ones with respect tow.
Condition2∗-gradedi implies these twofold partitions are not unrelated when considering
distinct elementsz andw in X. We have named this condition following Bouyssou and
Marchant (2006).

Greco et al. (2004) state the following:

Theorem 2 (Greco et al., 2004, Th. 3, p. 284)
Let% be a binary relation onX. This relation has a representation in the discrete Sugeno
integral model if and only if (iff) it is a weak order satisfying the order-denseness condition
and being strongly 2-graded.

It is clear that if% has a representation in the discrete Sugeno integral model, then it must
be a weak order satisfyingOD. It is not difficult to show that it must also satisfy2∗-graded.
Indeed, suppose that condition2∗-gradedi is violated, so that, for somex, y, z, w ∈ X and
someai ∈ Xi, we havex % z, y % w, z % w, (ai, x−i) 6% z and(xi, y−i) 6% w. Using
y % w and(xi, y−i) 6% w, we obtainui(xi) < S〈µ,u〉(w). Becausez % w, we know that
S〈µ,u〉(z) ≥ S〈µ,u〉(w), so thatS〈µ,u〉(z) > ui(xi). Sincex % z andS〈µ,u〉(z) > ui(xi),
there is someI ∈ 2N such thati /∈ I, µ(I) ≥ S〈µ,u〉(z) anduj(xj) ≥ S〈µ,u〉(z), for all
j ∈ I. This impliesS〈µ,u〉((ai, x−i)) ≥ S〈µ,u〉(z), so that(ai, x−i) % z, a contradiction.

The rest of this note is mainly devoted to a proof of the converse assertion.
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3 Preliminary results

3.1 Factorization of2∗-gradedi

Let us first show how condition2∗-gradedi can be factorized using two conditions.

Let% be a binary relation onX. We say that% satisfiesAC1i if, for all x, y, z, w ∈ X,

x % y
and

z % w



 ⇒





(zi, x−i) % y,
or

(xi, z−i) % w.
(AC1i)

We say that% satisfiesAC1 if it satisfiesAC1i for all i ∈ N . ConditionAC1 was pro-
posed and studied in Bouyssou and Pirlot (2004). It plays a central rôle in the characteriza-
tion of binary relations (that may be incomplete or intransitive) admitting a decomposable
representation of the type:

x % y ⇔ G[u1(x1), . . . , un(xn), u1(y1), . . . , un(yn)] ≥ 0,

with G being nondecreasing (resp. nonincreasing) in its first (resp. last)n arguments (see
Bouyssou and Pirlot, 2004, Theorem 2). We refer to Bouyssou and Pirlot (2004) for a
detailed interpretation of this condition. Let us simply mention here that conditionAC1i,
independently of any transitivity or completeness properties of%, allows to order the
elements ofXi in such a way that this ordering is compatible with% (see Lemma 5
below).

We say that% is 2-graded on attributei ∈ N (condition2-gradedi) if, for all x, y, z, w ∈
X and allai ∈ Xi,

x % z
and

(yi, x−i) % z
and

y % w
and

z % w





⇒





(ai, x−i) % z
or

(xi, y−i) % w.
(2-gradedi)

We say that% is 2-graded(condition 2-graded) if it is 2-graded on all attributesi ∈
N . Condition2-graded weakens condition2∗-graded adjoining it the additional premise
(yi, x−i) % z. It has a similar interpretation. We have:

Lemma 3
Let % be a weak order on the setX. Then% satisfiesAC1i and2-gradedi iff it satisfies
2∗-gradedi.
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PROOF

[AC1i & 2-gradedi ⇒ 2∗-gradedi]. Suppose thatx % z, y % w z % w. UsingAC1i,
x % z and y % w implies either(yi, x−i) % z or (xi, y−i) % w. In the latter case,
one of the two conclusions of2∗-gradedi holds. In the former case, we havex % z,
(yi, x−i) % z, y % w andz % w, so that2-gradedi implies either(ai, x−i) % z, for all
ai ∈ Xi or (xi, y−i) % w, which is the desired conclusion.

[2∗-gradedi ⇒ AC1i & 2-gradedi]. It is clear that2∗-gradedi implies2-gradedi since
2-gradedi is obtained from2∗-gradedi by adding to it an additional premise. Suppose that
x % y andz % w. Since% is complete, we have eithery % w or w % y. If y % w, we
havex % y, z % w andy % w, so that2∗-gradedi implies(xi, z−i) % w or (ai, x−i) % y,
for all ai ∈ Xi. Takingai = zi shows thatAC1i holds in this case. The proof is similar if
it is supposed thatw % y. 2

Remark 4
When% is a weak order, conditionAC1i is equivalent to supposing that, for allxi, yi ∈ Xi

and allz−i, w−i ∈ X−i (xi, z−i) ≻ (yi, z−i) ⇒ (xi, w−i) % (yi, w−i), i.e., that attributei
is weakly separable, using the terminology of Bouyssou and Pirlot (2004).

Indeed suppose that% satisfiesAC1i and is such that attributei is not weakly sepa-
rable. Therefore there arexi, yi ∈ Xi andz−i, w−i ∈ X−i such that(xi, z−i) ≻ (yi, z−i)
and (yi, w−i) ≻ (xi, w−i). Since% is reflexive, we have(xi, z−i) % (xi, z−i) and
(yi, w−i) % (yi, w−i). UsingAC1i, we have eitheryi %i xi or xi %i yi, so that either
(yi, z−i) % (xi, z−i) or (xi, w−i) % (yi, w−i), a contradiction.

Conversely, suppose that% is complete and transitive and that attributei is weakly
separable. Suppose thatAC1i is violated so that, since% is complete,(xi, x−i) % y,
(zi, z−i) % w, y ≻ (zi, x−i) andw ≻ (xi, z−i), for somex, y, z, w ∈ X. Since% is a
weak order, we obtain(xi, x−i) ≻ (zi, x−i) and(zi, z−i) ≻ (xi, z−i), which violates the
weak separability of attributei.

We say that a weak order% is weakly separableif, for all i ∈ N , it is weakly separable
for attributei.

Hence, combining Lemma 3 with Theorem 2 shows that a relation has a representation
in the discrete Sugeno integral model iff it is a weakly separable weak order satisfyingOD
and2-graded.

Bouyssou and Pirlot (2004, Propositions 8 and B.3) have shown that, for weak orders
satisfyingOD, weak separability is a necessary and sufficient condition to obtain a general
decomposable representation in which, for allx, y ∈ X,

x % y ⇔ F [u1(x1), . . . , un(xn)] ≥ F [u1(y1), . . . , un(yn)],

with F being nondecreasing in all its arguments (see also Greco et al., 2004, Theorem 1).
Hence, condition2-graded is exactly what must be added to go from this general decom-
posable representation to a representation in the discrete Sugeno integral model.•
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3.2 Traces

Consider an attributei ∈ N . We define theleft marginal traceon attributei ∈ N letting,
for all xi, yi ∈ Xi, all a−i ∈ X−i and allz ∈ X,

xi %i yi ⇔ [(yi, a−i) % z ⇒ (xi, a−i) % z].

Similarly, givena ∈ X, we define the left marginal trace on attributei ∈ N with respect
to a ∈ X, letting, for allxi, yi ∈ Xi and allz−i ∈ X−i,

xi %
a
i yi ⇔ [(yi, z−i) % a ⇒ (xi, z−i) % a].

The symmetric and asymmetric parts of%i (resp.%a
i ) are denoted∼i and≻i (resp.∼a

i

and≻a
i ). It is clear that%i and%a

i are always reflexive and transitive. They may be
incomplete however.

We note a few useful obvious connections between%a
i , %i and% in the following

lemma.

Lemma 5
We have, for alli ∈ N , all z, w ∈ X and allxi, yi ∈ Xi,

1. xi %i yi ⇔ [xi %a
i yi, for all a ∈ X],

2. [z % w, xi %i zi] ⇒ (xi, z−i) % w.

3. Furthermore, if% is reflexive then,[zj ∼j wj, for all j ∈ N ] ⇒ z ∼ w.

4. The relation%i is complete iffAC1i holds.

PROOF

Parts 1 and 2 easily follow from the definitions. Part 3 follows from Part 2 and the fact
thatw % w. It is obvious that negating the completeness of%i is equivalent to negating
AC1i. 2

The following lemma makes precise the structure of the relations%a
i when% is a weak

order satisfyingAC1i and2-gradedi.

Lemma 6
Let% be a weak order onX satisfyingAC1i and2-gradedi. Then

1. %a
i is complete for alla ∈ X,

2. xi ≻
a
i yi ⇒ [xi %b

i yi for all b ∈ X],

3. %a
i has at most two distinct equivalence classes, for alla ∈ X,
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4. [xi ∼
a
i zi andxi ≻

a
i yi] ⇒ xi ∼

b
i zi, for all b ∈ X such thata % b.

5. If a % b and both%a
i and%b

i are nontrivial then the first equivalence class of%a
i is

included in the first equivalence class of%b
i .

PROOF

Parts 1 and 2 follow from Lemma 5 sinceAC1i implies that%i is complete.

Part 3. Suppose that%a
i has at least three distinct equivalence classes. This implies

that(xi, c−i) % a, (yi, c−i) 6% a, (yi, d−i) % a and(zi, d−i) 6% a, for somexi, yi, zi ∈ Xi,
somec−i, d−i ∈ X−i and somea ∈ X. Using AC1i, (xi, c−i) % a, (yi, d−i) % a
and(yi, c−i) 6% a imply (xi, d−i) % a. Using2-gradedi, (yi, d−i) % a, (xi, d−i) % a,
(xi, c−i) % a anda % a imply (yi, c−i) % a or (zi, d−i) % a, a contradiction.

Part 4. Suppose thatxi ∼a
i zi, xi ≻a

i yi, a % b andxi ≻b
i zi (the proof for the

casezi ≻b
i xi being similar). By construction, we have(xi, w−i) % b, (zi, w−i) 6% b,

(xi, t−i) % a and(yi, t−i) 6% a. Sincexi ∼
a
i zi, we must have(zi, t−i) % a. UsingAC1i,

(xi, w−i) % b, (zi, t−i) % a and (zi, w−i) 6% b imply (xi, t−i) % a. Using 2-gradedi,
(zi, t−i) % a, (xi, t−i) % a, (xi, w−i) % b anda % b imply (zi, w−i) % b or (yi, t−i) % a,
a contradiction.

Part 5. Suppose thata % b, xi ≻a
i yi andzi ≻b

i xi. Using Part 2, we know that
zi %a

i xi. Because we know from Part 3 that%a
i has at most two equivalence classes,

we must havezi ∼
a
i xi. Using Part 4,a % b, zi ∼

a
i xi andxi ≻

a
i yi imply zi ∼

b
i xi, a

contradiction. 2

Let % be a weak order onX satisfyingAC1i and2-gradedi. Let i ∈ N . For alla ∈ X, we
know that either%a

i is trivial or %a
i has two distinct equivalence classes. DefineBa

i ⊂ Xi

as the empty set in the first case and as the elements in the first equivalence class in the
second case. DefineCa

i letting:

Ca
i =

⋃

{x∈X:x%a}

Bx
i .

The following lemma studies the properties of the setsCa
i .

Lemma 7
Let% be a weak order onX satisfyingAC1 and2-graded. For allx, y, z, w ∈ X and all
i ∈ N ,

1. z % w ⇒ Cz
i ⊆ Cw

i ,

2. {j ∈ N : yj ∈ Cz
j } ⊆ {j ∈ N : xj ∈ Cz

j } ⇒ [xi %z
i yi for all i ∈ N ],

3. Cx
i ( Xi.
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PROOF

Part 1. We havexi ∈ Cz
i iff xi ∈ Ba

i , for somea % z. Becausez % w and% is a weak
order, we havea % z. Hence,xi ∈ Ba

i , for somea % w, so thatxi ∈ Cw
i .

Part 2. If%z
i is trivial, we have by definitionxi ∼

z
i yi. If %z

i is not trivial, it follows
from Part 5 of Lemma 6 thatCz

i is equal to the first equivalence class of%z
i . If yi ∈ Cz

i ,
we havexi ∈ Cz

i , so thatxi ∼
z
i yi. If yi /∈ Cz

i , then we havezi %z
i yi, for all zi ∈ Xi.

Part 3. By construction,By
i is strictly included inXi. As the setCx

i is obtained by
taking the union of setsBy

i , the conclusion follows. 2

Lemma 8
Let % be a weak order onX satisfyingAC1i and2-gradedi. Define, for allx ∈ X, the
setGx ⊆ 2N letting I ∈ Gx whenever we have{i ∈ N : zi ∈ Cx

i } ⊆ I, for somez ∈ X
such thatz % x. We have, for allx, y ∈ X,

1. x % y ⇔ {i ∈ N : xi ∈ Cy
i } ∈ Gy,

2. [I ∈ Gx andI ⊆ J ] ⇒ J ∈ Gx,

3. x % y ⇒ Gx ⊆ Gy.

PROOF

Part 1. By construction, ifx % y then{i ∈ N : xi ∈ Cy
i } ∈ Gy. Let us show that the

reverse implication is true. Suppose that{i ∈ N : xi ∈ Cy
i } ∈ Gy. This implies that

{i ∈ N : zi ∈ Cy
i } ⊆ {i ∈ N : xi ∈ Cy

i }, for somez ∈ X such thatz % y. Using Part 2
of Lemma 7,{i ∈ N : zi ∈ Cy

i } ⊆ {i ∈ N : xi ∈ Cy
i } impliesxi %

y
i zi, for all i ∈ N .

Hence,z % y impliesx % y.

Part 2 follows from the definition of the setsGx.

Part 3. Suppose thatx % y and letI ∈ Gx. Let us show that we must haveI ∈ Gy.
By construction,I ∈ Gx implies that{i ∈ N : zi ∈ Cx

i } ⊆ I, for somez ∈ X such that
z % x. Consider the alternativew ∈ X defined in the following way.

• If zi ∈ Cx
i , let wi = zi. We havewi ∈ Cx

i . Using Part 1 of Lemma 7, we know that
this implieswi ∈ Cy

i .

• If zi /∈ Cx
i . Using Part 3 of Lemma 7, we know thatCy

i ( Xi. We takewi to be any
element inXi \ Cy

i . Because, we know thatCx
i ⊆ Cy

i , we havewi /∈ Cx
i .

By construction we have, for alli ∈ N , zi ∈ Cx
i ⇔ wi ∈ Cx

i ⇔ wi ∈ Cy
i . Hence, we

have{i ∈ N : zi ∈ Cx
i } = {i ∈ N : wi ∈ Cx

i } = {i ∈ N : wi ∈ Cy
i }. The first equality

impliesw % x. Using the fact that% is a weak order, we obtainw % y. Hence, we have
{i ∈ N : wi ∈ Cy

i } ⊆ I andw % y. This impliesI ∈ Gy. 2
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3.3 The noncompensatory model for weak orders

The following model is used as an intermediary step in the construction of the discrete
Sugeno integral model. It may be viewed as a kind of “non-numerical version” of the
discrete Sugeno integral model.

Definition 9
A weak order% on X has a representation in thenoncompensatory modelif for all
x ∈ X, there are sets

1. Ax
i ⊆ Xi, for all i ∈ N ,

2. F x ⊆ 2N such that

[I ∈ F x andI ⊆ J ∈ 2N ] ⇒ J ∈ F x, (1)

that are such that, for allx, y ∈ X,

x % y ⇒





Ax
i ⊆ Ay

i

and
F x ⊆ F y

(2)

and
x % y ⇔ {i ∈ N : xi ∈ Ay

i } ∈ F y. (3)

We often writeA(x, y) instead of{i ∈ N : xi ∈ Ay
i }.

The noncompensatory model for weak orders4 is inspired from the work of Bouyssou
and Marchant (2006) in the area of sorting model in MCDM. The results in Bouyssou and
Marchant (2006) may be viewed as dealing with the noncompensatory model for weak
orders that have a finite number of equivalent classes (this is in Bouyssou and Marchant
(2006) phrased in the language of “ordered categories”).

The noncompensatory model can be interpreted as follows. For eachx ∈ X we isolate
on each attribute a subsetAx

i ⊆ Xi containing the levels on attributei that are satisfactory
for x. In order for an alternative to be at least as good asx, it must have evaluations that
are satisfactory forx on a subset of attributes belonging toF x. The subsets of attributes
belonging toF x are interpreted as subsets that are “sufficiently important” to warrant
preference onx.

4 The noncompensatory model for weak orders must not be confused with “noncompensatory prefer-
ences” as introduced in Fishburn (1976). Noncompensatory preferences in the sense of Fishburn (1976) are
preferences that result form an “ordinal aggregation” in the context of MCDM that is quite close from the
type of aggregation studied in social choice theory in the vein of Arrow (1963). For a recent analysis of
such preferences, see Bouyssou and Pirlot (2005).

50



Annales du LAMSADE n˚6

With this interpretation in mind, the constraint (2) means that ifx is at least as good
asy then every level that is satisfactory forx must be satisfactory fory. Furthermore,
subsets of attributes that are “sufficiently important” to warrant preference onx must also
be “sufficiently important” to warrant preference ony. Given the above interpretation of
F x, the constraint (1) simply says that any superset of a set that is “sufficiently important”
to warrant preference onx must have the same property.

Suppose thatx 6% y and thatxi ∈ Ay
i , for somei ∈ N . In the noncompensatory

model, we have(zi, x−i) 6% y, for all zi ∈ Xi. It is therefore impossible, starting fromx,
to obtain an alternative that would be at least as good asy by modifying the evaluation of
x on theith attribute. In other terms, the fact thatA(x, y) /∈ F y cannot be compensated by
improving the evaluation ofx on an attribute inA(x, y). Hence, our name for this model.

A weak order having a representation in the noncompensatory model must satisfy
AC1 and2-graded. We have:

Lemma 10
If weak order% onX has a representation in the noncompensatory model, then it satisfies
AC1 and2-graded.

PROOF

[AC1i]. Suppose thatx % y, z % w, (zi, x−i) 6% y and(xi, z−i) 6% w. It is easy to see that
x % y and(zi, x−i) 6% y imply xi ∈ Ay

i andzi /∈ Ay
i . Similarly, z % w and(xi, z−i) 6% w

imply zi ∈ Aw
i andxi /∈ Aw

i . Because% is complete, we have eithery % w or w % y.
Hence, we have eitherAy

i ⊆ Aw
i or Aw

i ⊆ Ay
i , a contradiction.

[2-gradedi]. Suppose that2-gradedi is violated, so that, for somex, y, z, w ∈ X and
someai ∈ Xi, (xi, x−i) % z, (yi, x−i) % z, (yi, y−i) % w, z % w, (ai, x−i) 6% z and
(xi, y−i) 6% w. Using the definition of the noncompensatory model,(yi, y−i) % w and
(xi, y−i) 6% w imply yi ∈ Aw

i andxi /∈ Aw
i . Similarly, (xi, x−i) % z and(ai, x−i) 6% z

imply xi ∈ Az
i andai /∈ Az

i . Sincez % w, we haveAz
i ⊆ Aw

i , a contradiction. 2

The main result of this section says that, for weak orders, the noncompensatory model is
fully characterized by the conjunction ofAC1 and2-graded. Notice that we may equiv-
alently replace the conjunction ofAC1 and2-graded either by condition2∗-graded or by
the conjunction of weak separability and2-graded.

Proposition 11
If a weak order onX satisfiesAC1 and 2-graded then it has a representation in the
noncompensatory model.

PROOF

DefineAx
i = Cx

i andF x = Gx. The proof follows from combining Lemmas 7 and 8.2
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4 Completion of the proof

The main result in this section says that if a weak order has a representation in the non-
compensatory model and has a numerical representation, then it has a representation in
the discrete Sugeno integral model.

Proposition 12
Let% be a weak order onX. Suppose that% can be represented in the noncompensatory
model and that there is a real functionv onX such that, for allx, y ∈ X,

x % y ⇔ v(x) ≥ v(y). (4)

Then% has a representation in the discrete Sugeno integral model.

PROOF

Let % be a weak order representable in the noncompensatory model and such that there
is a real-valued functionv satisfying (4). We may assume w.l.o.g. that, for allx ∈ X,
v(x) ∈ [0, 1]. Furthermore, if there are minimal elements inX for %, we may assume
w.l.o.g. thatv gives the value0 to these elements. We consider now any such functionv.

For all i ∈ N , defineui letting, for allxi ∈ Xi,

ui(xi) =





sup
{w∈X:xi∈Aw

i
}

v(w) if ∃w : xi ∈ Aw
i ,

0 otherwise.
(5)

Defineµ on2N letting, for allI ∈ 2N ,

µ(I) =





sup
{w∈X:I∈F w}

v(w) if ∃w : I ∈ Fw,

0 otherwise.
(6)

SinceI ∈ Fw andJ ⊇ I entailsJ ∈ Fw, we have thatµ(J) ≥ µ(I). Hence,µ is a
nondecreasing set function.

Let us show thatµ(∅) = 0. If there is now ∈ X such that∅ ∈ Fw, then we have,
by construction,µ(∅) = 0. Suppose thatX∅ = {w ∈ X : ∅ ∈ Fw} 6= ∅. From the
definition of the noncompensatory model, it follows that, for allx ∈ X and allw ∈ X∅,
we havex % w. Hence, for allw ∈ X∅, w is minimal for%. We therefore havev(w) = 0,
for all w ∈ X∅ and, hence,µ(∅) = 0. This shows thatµ defined by (6) is a capacity on
2N . It is not necessarily normalized, i.e., we may not have thatµ(N) = 1.

Independently of the normalization ofµ, we can compute, for allx ∈ X, Sµ,u(x)
letting:

S〈µ,u〉(x) =
∨

I⊆N

[
µ(I) ∧

(
∧

i∈I

ui(xi)

)]
. (7)
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It is clear that, for ally ∈ X, S〈µ,u〉(y) ∈ [0, 1]. Let us show that, for ally ∈ X,
S〈µ,u〉(y) = v(y), which will complete the proof ifµ happens to be normalized.

Let x, y ∈ X be such thatx % y. This impliesA(x, y) = {i ∈ N : xi ∈ Ay
i } ∈ F y.

Hence, for alli ∈ A(x, y), y ∈ {w ∈ X : xi ∈ Aw
i }, so thatui(xi) ≥ v(y). Similarly,

y ∈ {w ∈ X : A(x, y) ∈ Fw}, so thatµ(A(x, y)) ≥ v(y). Hence, forI = A(x, y), we
have

µ(I) ∧

(
∧

i∈I

ui(xi)

)
≥ v(y).

In view of (7), this impliesS〈µ,u〉(x) ≥ v(y). Since% is reflexive, this shows that, for all
y ∈ X, S〈µ,u〉(y) ≥ v(y).

We now prove that, for ally ∈ X, S〈µ,u〉(y) ≤ v(y). If y is maximal for% (i.e.,y % x,
for all x ∈ X), we havev(y) ≥ v(x), for all x ∈ X. The definition ofui andµ obviously
implies that they cannot exceed the maximal value ofv on X. Hence, in this case, we
haveS〈µ,u〉(y) ≤ v(y).

Suppose henceforth thaty ∈ X is not maximal for%, so thatx ≻ y, for somex ∈ X.
This implies thatA(y, x) = {i ∈ N : yi ∈ Ax

i } 6∈ F x. DefineAy =
⋃

z≻y A(y, z).
BecauseA(y, z) ⊆ N , N is a finite set, andz′ % z impliesA(y, z′) ⊆ A(y, z), there is
an elementz0 ∈ X with z0 ≻ y that is such thatA(y, z0) = Ay andA(y, z) = Ay, for all
z ∈ X such thatz0 % z ≻ y.

We claim the following:

Claim 1: for allj 6∈ Ay, uj(yj) ≤ v(y),

Claim 2: for allI ⊆ Ay, µ(I) ≤ v(y).

Proof of Claim 1.Let j 6∈ Ay, so thatyj /∈ Az0

j . If the set{w ∈ X : yj ∈ Aw
j } is empty, we

haveuj(yj) = 0 and the claim trivially holds. Otherwise, letw ∈ X such thatyj ∈ Aw
j .

If w ≻ z0, we haveAw
j ⊆ Az0

j , so thatyj ∈ Aw
j implies yj ∈ Az0

j , a contradiction. If
z0 % w ≻ y, we know thatA(y, w) = A(y, z0). This is contradictory sinceyj ∈ Aw

j and
yj 6∈ Az0

j . Hence, whenj 6∈ Ay, we must havey % w, for all w ∈ X such thatyj ∈ Aw
j .

This implies thatuj(yj) = sup{w∈X:yj∈Aw
j
} v(w) ≤ v(y), for all j 6∈ Ay.

Proof of Claim 2.Let I ⊆ Ay. If the set{w ∈ X : I ∈ Fw} is empty, we haveµ(I) = 0
and the claim follows. Otherwise, letw ∈ X such thatI ∈ Fw. Suppose thatw ≻ z0.
This impliesFw ⊆ F z0, so thatI ∈ F z0. BecauseI ⊆ Ay, we obtainAy ∈ F z0. This
is contradictory sincez0 ≻ y implies thatAy = A(y, z0) 6∈ F z0. Suppose now that
z0 % w ≻ y. We haveA(y, w) = Ay /∈ Fw. But, sinceI ∈ Fw andI ⊆ Ay, we obtain
Ay ∈ Fw, a contradiction. Hence, for allw ∈ X such thatI ∈ Fw, we havey % w. This
impliesµ(I) = sup{w∈X:I∈F w} v(w) ≤ v(y).
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Using Claims 1 and 2, we establish thatS〈µ,u〉(y) ≤ v(y) for anyy ∈ X that is not
maximal. LetI ⊆ N . We distinguish two cases in order to compute

µ(I) ∧

(
∧

i∈I

ui(xi)

)
.

1. If I is not included inAy, we know that there isj ∈ I such thatj 6∈ Ay. Hence,
using Claim 1,uj(yj) ≤ v(y) so thatµ(I) ∧

(∧
i∈I ui(yi)

)
≤ v(y).

2. If I is included inAy, using Claim 2, we haveµ(I) ≤ v(y). Hence, we know that
µ(I) ∧

(∧
i∈I ui(yi)

)
≤ v(y).

Hence, for allI ⊆ N , we haveµ(I) ∧
(∧

i∈I ui(yi)
)
≤ v(y), so thatS〈µ,u〉(y) ≤ v(y).

This proves that, for ally ∈ X, S〈µ,u〉(y) = v(y).

It remains to show that we may always build a representation in the discrete Sugeno
integral model using anormalizedcapacity, i.e., a capacityν such thatν(N) = 1.

Using the above construction, the value ofµ(N) is obtained using (6). We have
µ(N) = supw∈X v(w), since for allw ∈ X, N ∈ Fw. If the weak order% is not
trivial, we haveµ(N) > 0. In order to obtain a representation leading to a normalized
capacity, it suffices to apply the above construction to the functionu obtained by dividing
v by µ(N). If the weak order% is trivial, it is easy to see that it has a representation in the
noncompensatory model such that, for allx ∈ X and alli ∈ N , Ax

i = Xi andF x = {N}.
Defining, for all i ∈ N and allxi ∈ Xi, ui(xi) = 1, µ(N) = 1 andµ(A) = 0, for all
A ( N , leads to a representation of this trivial weak order in the discrete Sugeno integral
model. 2

The sufficiency proof of Theorem 2 follows from combining Lemma 3 with Proposi-
tions 11 and 12. This amounts to characterizing the discrete Sugeno integral model by the
conjunction of any of the following three equivalent sets of conditions:

• completeness, transitivity,OD, AC1 and2-graded,

• completeness, transitivity,OD, weak separability and2-graded,

• completeness, transitivity,OD and2∗-graded.

The examples in the following section show no condition in the first set is redundant.

Remark 13
Consider a nontrivial weak order% on X that satisfies the hypotheses of Proposition 12.
The proof of this proposition establishes thatany functionv : X → [0, 1] satisfying (4)
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and giving a value0 to the minimal elements inX for % (if any) can be used to define
a representation in the Sugeno integral model. The functionsui and the (non necessarily
normalized) capacityµ used in this representation can be defined on the basis ofv using
(5) and (6). Furthermore, as shown in this proof, (5) and (6) can be viewed asinversion
formulasfor the discrete Sugeno integral model in the following sense. If we know the
value ofS〈µ,u〉(x), for all x ∈ X, without knowing the functionsµ andui, it is possible
to use (5) and (6) to build functionsuj and a capacityµ that allow to reconstruct all these
values using the discrete Sugeno integral formula (7). •

5 Independence of conditions

Proposition 14
Let% be a binary relation onX. The following conditions are independent:

1. % is complete,

2. % is transitive,

3. % satisfiesAC1,

4. % is 2-graded.

PROOF

We provide the required four examples.

Example 15
Let X = {x1, y1} × {x2, y2}. Let % be identical to the weak order

(y1, y2) ≻ [(x1, y2), (y1, x2)] ≻ (x1, x2), 3

except that we have removed two arcs from%, so as to have(x1, y2) 6% (y1, x2) and
(y1, x2) 6% (x1, y2). It is clear that% is transitive but is not complete. SinceX1 andX2

have only two elements, condition2-graded trivially holds. It is not difficult to check that
we havey1 ≻1 x1 andy2 ≻2 x2, so thatAC1 holds.

Example 16
Let X = {x1, y1} × {x2, y2}. Let % be identical to the trivial weak order except that we
have removed one arc from%, so as to have(x1, x2) 6% (y1, y2). It is not difficult to see
that the resulting relation is complete but not transitive (it is a semi-order). SinceX1 and
X2 have only two elements, condition2-graded trivially holds. It is not difficult to check
that we havey1 ≻1 x1 andy2 ≻2 x2, so thatAC1 holds.
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Example 17
X = {x1, y1, z1} × {x2, y2} × {x3, y3}. Let % be the weak order such that:

[(x1, x2, x3), (y1, x2, x3)]

≻

[(x1, x2, y3), (x1, y2, x3), (y1, x2, y3), (y1, y2, x3),

(y1, y2, y3), (z1, x2, x3), (z1, x2, y3), (z1, y2, x3)]

≻

[(z1, y2, y3), (x1, y2, y3)].

We havey1 ≻1 x1 ≻1 z1, x2 ≻2 y2 andx3 ≻3 y3, which shows thatAC1 holds. Con-
ditions 2-graded2 and2-graded3 are trivially satisfied. Condition2-graded1 is violated
since(x1, x2, x3) % (y1, x2, x3), (y1, x2, x3) % (y1, x2, x3), (y1, y2, y3) % (x1, x2, y3) and
(y1, x2, x3) % (x1, x2, y3) but (z1, x2, x3) 6% (y1, x2, x3) and(x1, y2, y3) 6% (x1, x2, y3). 3

Example 18
Let X = {x1, y1} × {x2, y2} × {x3, y3}. Let % be the weak order such that:

[(x1, x2, x3), (x1, y2, x3), (y1, y2, x3)]

≻

[(y1, y2, y3), (y1, x2, x3)]

≻

[(x1, x2, y3), (x1, y2, y3), (y1, x2, y3)].

Condition2-graded trivially holds. We havey2 ≻2 x2 andx3 ≻3 y3, so that conditions
AC12 andAC13 hold. Since(x1, x2, x3) % (y1, y2, x3) and(y1, y2, y3) % (y1, x2, x3) but
(y1, x2, x3) 6% (y1, y2, x3) and(x1, y2, y3) 6% (y1, x2, x3), conditionAC11 is violated. 3

2

Remark 19
It is easy to check that the weak order in Example 18 satisfies the following condition

x % y
and

z % y



 ⇒





(zi, x−i) % y,
or
(xi, z−i) % y,

for all x, y, z ∈ X. This condition is a weakening ofAC1i obtained by requiring that
y = w in the expression ofAC1i (it is equivalent to requiring that all relations%a

i are
complete). It is therefore not possible to weakenAC1i in this way.

Similarly, it is easy to check that the weak order in Example 17 satisfies the weakening
of 2-gradedi obtained by requiring thatz = w in the expression of2-gradedi (and, hence,
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removing the last redundant premise), i.e., for allx, y, z ∈ X and allai ∈ Xi,

x % z
and

(yi, x−i) % z
and

y % z





⇒





(ai, x−i) % z
or

(xi, y−i) % z,

Hence, condition2-gradedi cannot be weakened in this way. •

Finally, as shown by the following example, there are weak orders satisfyingAC1 and
2-graded but violatingOD.

Example 20
Let X = 2R × {0, 1}. We consider the weak order onX such that(x1, x2) % (y1, y2)
if [x2 = 1] or [x2 = 0, y2 = 0 andx1 ≥∗ y1], where≥∗ is any linear order on2R. It is
easy to see that% is a weak order. It violatesOD since the restriction of% to 2R × {0}
is isomorphic to≥∗ on 2R and≥∗ violatesOD. The relation% has a representation in
the noncompensatory model. Indeed, for allx = (x1, 1), takeAx

1 = ∅, Ax
2 = {1} and

F x = {{2}, {1, 2}}. For allx = (x1, 0), takeAx
1 = {y1 ∈ 2R : y1 ≥

∗ x1}, Ax
2 = {1} and

F x = {{1}, {2}, {1, 2}}. It is easy to check that this defines a representation of the weak
order% in the noncompensatory model. Using Lemma 10, this implies that% satisfies
AC1 and2-graded. 3

6 Discussion

This note has proposed a proof of Greco et al. (2004, Theorem 3), in the hope that this
will contribute to popularize this useful result. By the same token, we have analyzed the
relations between the discrete Sugeno integral model and the noncompensatory model
as well as proposed a factorization of the main condition used in Greco et al. (2004,
Theorem 3). Many questions are nevertheless left open. Let us briefly mention here what
seem to us the most important ones.

The result in Greco et al. (2004) is a first step in the systematic study of models using
fuzzy integrals in MCDM. A first and major open problem is to derive a similar result
for the discrete Choquet integral. This appears very difficult and we have no satisfac-
tory answer at this time. A second open problem is to use the above result as a building
block to study particular cases of the discrete Sugeno integral. This was started in Greco
et al. (2004) who showed how to characterize ordered weighted minimum and maximum.
There are nevertheless many other particular cases of the discrete Sugeno integral that
would be worth investigating. A third problem is to investigate assessment protocols of
the various parameters of the discrete Sugeno integral model using the above result and
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conditions. This will clearly require to investigate the uniqueness properties of a represen-
tation in the discrete Sugeno integral model. This will allow to understand better the type
of commensurateness that is implied by the noncompensatory model for weak orders and
the discrete Sugeno integral model5. Finally, it should be mentioned that we have mainly
used here the noncompensatory model for weak orders as a tool for obtaining a proof of
the result of Greco et al. (2004). The noncompensatory model that we introduced can be
extended in many possible directions. This will be the subject of a subsequent paper.
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Better Ways to Cut a Cake 
 

Steven J. Brams∗, Michael A. Jones#, Christian Klamler+ 

 

Abstract 

Procedures to divide a cake among n people with n-1 cuts (the minimum 
number) are analyzed and compared.  For 2 persons, cut-and-choose, while envy-
free and efficient, limits the cutter to exactly 50% if he or she is ignorant of the 
chooser’s preferences, whereas the chooser can generally obtain more.  By 
comparison, a new 2-person surplus procedure (SP), which induces the players to 
be truthful in order to maximize their minimum allocations, leads to a 
proportionally equitable division of the surplus—the part that remains after each 
player receives 50%—by giving each person exactly the same proportion of the 
surplus as he or she values it.  

For n ≥ 3 persons, a new equitable procedure (EP) yields a maximally 
equitable division of a cake.  This division gives all players the highest common 
value that they can achieve, but it may not be envy-free.  (In the 2-person case, this 
division is vulnerable to manipulation.)  The applicability of SP and EP to the fair 
division of a heterogeneous, divisible good, like land, is briefly discussed. 
 

Key words: fair division, maximin, envy-freeness, Pareto-optimality, equitability. 
 

1 Introduction 
 

In this paper, we show how mathematics can illuminate the study of cake-cutting 
in ways that have practical implications.  Specifically, we analyze cake-cutting 
algorithms that use a minimal number of cuts (n-1 if there are n people), where a cake is 
a metaphor for a heterogeneous, divisible good, whose parts may be valued differently 
by different people.  
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These algorithms not only establish the existence of fair divisions—defined by the 
properties described below—but also specify a procedure for carrying them out.  In 
addition, they give us insight into the difficulties underlying the simultaneous 
satisfaction of certain properties of fair division, including strategy-proofness, or the 
incentive for a person to be truthful about his or her valuation of a cake. 

As is usual in the cake-cutting literature, we postulate that the goal of each person 
is to maximize the value of the minimum-size piece (maximin piece) that he or she can 
guarantee, regardless of what the other person does.  Thus, we assume that each person 
is risk-averse: He or she will never choose a strategy that may yield a more valuable 
piece of cake if it entails the possibility of getting less than a maximin piece.             

In section 2, we analyze the well-known 2-person, 1-cut cake-cutting procedure, 
“I cut, you choose,” or cut-and-choose.  It goes back at least to the Hebrew Bible 
(Brams and Taylor, 1999, p. 53) and satisfies two desirable properties:  

1. Envy-freeness: Each person thinks that he or she receives at least a tied-for-
largest piece and so does not envy the other person. 

2. Efficiency (Pareto-optimality): There is no other allocation that is better for 
one person and at least as good for the other person. 

But cut-and-choose does not satisfy a third desirable property: 

3. Equitability. Each person’s subjective valuation of the piece that he or she 
receives is the same as the other person’s subjective valuation.  

To bypass this problem, we propose in section 3 a new 2-person cake-cutting 
procedure that, while it does not satisfy equitability in an absolute sense, does satisfy it 
in a relative sense, which we call proportional equitability: After ensuring that each 
person receives exactly 50% of the cake, it gives each person the same proportion of the 
cake that remains, called the surplus, as he or she values it.  Thereby this procedure, 
which we call the surplus procedure (SP), gives each person at least 50% of the entire 
cake and generally more.  By contrast, cut-and-choose limits the cutter to exactly 50% if 
he or she is ignorant of the chooser’s preferences. 

Remarkably, maximin strategies under SP require that each person be truthful 
about his or her preferences for different parts of the cake, rendering SP strategy-proof.  
This is because if a person is not truthful, he or she cannot guarantee at least a 50% 
share or, even if he or she does, may decrease the proportion of the surplus that a 
truthful strategy guarantees.  By comparison, giving each person the same absolute 
amount of the surplus is strategy-vulnerable, because each person will have an incentive 
to lie about his or her preferences.  

In section 4 we give a 3-person example that proves that if there are n ≥ 3 persons, 
envy-freeness and equitability may be incompatible.  We then describe in section 5 a 
new n-person equitable procedure (EP) that gives all persons the maximal equal value 
that they all can achieve.  Like SP, it is strategy-proof. 
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In section 6, we discuss trade-offs in cake division.  Whereas SP does not limit 
one person to exactly 50% of the cake, as does cut-and-choose, it is more information-
demanding, requiring that both persons report their value functions over the entire cake, 
not just indicate their 50-50 points.   

While EP is equally information-demanding in the n-person case, it may create 
envy, which SP never does.  We conclude by briefly discussing the applicability of both 
SP and EP to real-world problems and cite related literature on pie-cutting, in which 
radial cuts are made from the center of a disk, and on fair-division procedures 
applicable to multiple divisible and indivisible goods. 

 

2 Cut-and-Choose 
 

Assume that two players, A and B, value a cake along a line that ranges from x = 
0 to x = 1.  More specifically, we postulate that the players have continuous value 
functions, vA(x) and vB(x), where vA(x) ≥ 0 and vB(x) ≥ 0 for all x over [0, 1], and their 
measures are finitely additive, nonatomic probability measures.  Finite additivity 
ensures that the value of a finite number of disjoint pieces is equal to the value of their 
union.  It follows that no subpieces have greater value than the larger piece that contains 
them.  Nonatomic measures imply that a single cut, which defines the border of a piece, 
has no area and so contains no value.  In addition, we assume that the measures of the 
players are absolutely continuous, so no portion of cake is of positive measure for one 
player and zero measure for another player.   

Like probability density functions (pdfs), the total valuations of the players—the 
areas under vA(x) and vB(x)—are 1.  We assume that only parallel, vertical cuts, 
perpendicular to the horizontal x-axis, are made, which we will illustrate later. 

Under cut-and-choose, one player cuts the cake into two portions, and the other 
player chooses one.  To illustrate, assume a cake is vanilla over [0, 1/2] and chocolate 
over (1/2, 1].  Suppose that the cutter, player A, values the left half (vanilla) twice as 
much as the right half (chocolate).  This implies that vA(x) = 4/3 on [0, 1/2], and vA(x) = 
2/3 on (1/2, 1].   

To guarantee envy-freeness when the players have no information or beliefs about 
each other’s preferences, A should cut the cake at some point x so that the value of the 
portion to the left of x is equal to the value of the portion to the right.1  The two portions 
will be equal when A’s valuation of the cake between 0 and x is equal to the sum of its 
valuations between x and 1/2 and between 1/2 and 1: 

(4/3)(x – 0) = (4/3)(1/2 – x) + (2/3)(1 – 1/2), 

                                                 
1 When the cutter does have information or beliefs about the chooser’s preferences, he or she may do 
better with a less conservative strategy (Brams and Taylor, 1996, 1999). 
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which yields x = 3/8.  In general, the only way that A, as the cutter, can ensure itself of 
getting half the cake is to give B the choice between two portions that A values at 
exactly 1/2 each. 

To show that cut-and choose does not satisfy equitability, assume B values vanilla 
and chocolate equally.  Thus, when A cuts the cake at x = 3/8, B will prefer the right 
portion, which it values at 5/8, and consequently will choose it.  Leaving the left portion 
to A, B does better in its eyes (5/8) than A does in its eyes (1/2), rending cut-and-choose 
inequitable. 

If the roles of A and B as cutter and chooser are reversed, the division remains 
inequitable.  In this case, B will cut the cake at x = 1/2.  A, by choosing the left half (all 
vanilla), will get 2/3 of its valuation, whereas B, getting the right half, will receive only 
1/2 of its valuation.  Because cut-and-choose selects the endpoints of the interval of 
envy-free cuts (3/8 for A, 1/2 for B), any cut strictly between 3/8 and 1/2 will be envy-
free. 

 

3 The Surplus Procedure (SP) 
 

The rules of SP ensure that both A and B will obtain at least 50% of the cake, as 
they value it, and generally give each more:  

1.  Independently, A and B report their value functions, fA(x) and fB(x), over [0, 1] 
to a referee.  These functions may be different from the players’ true value functions, 
vA(x) and vB(x). 

2.  The referee determines the 50-50 points, a and b, of A and B—that is, the 
points on [0, 1] such that each player reports that half the cake, as it values it, lies to the 
left and half to the right (these points are analogous to the median points of pdfs).2   

3.  If a and b coincide, the cake is cut at a = b.  One player is randomly assigned 
the piece to the left of this cutpoint and the other player the piece to the right.  The 
procedure ends.   

4.  Assume that a is to the left of b, as illustrated below: 

0---------------------a----------------b---------------------1. 

Then A receives the portion [0, a], and B the portion [b, 1], which each player 
values at 1/2 according to its reported value function.  

                                                 
2 We could assume that the referee asks the players first to indicate their 50-50 points and then to submit 
their pdfs for the half of the cake that includes the 50-50 point of the other player, which the referee 
would identify.  This procedure would be somewhat less information-demanding than asking the players 
to submit their pdfs for the entire cake, but it would require the extra step of the referee’s informing the 
players, after they have indicated their 50-50 points, of which half, as each player defines it, it needs to 
provide information on its value function. 
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5.  Let c (for cutpoint) be the point in [a, b] at which the players receive the same 
proportion p of the cake in this interval, as each values it:  

0---------------------a----------c-------b---------------------1. 

Then A receives the portion [a, c], and B the portion (c, b], so the players’ 
combined portions are piece [0, c] for A and piece (c, 1] for B. 

To determine c, we set the proportion p that A receives from subinterval [a, c] 
equal to the proportion that B receives from subinterval (c, b]: 

p=
fA(x)dx

a

c

∫

fA(x)dx
a

b

∫
=

fB(x)dx
c

b

∫

fB(x)dx
a

b

∫
.                                                                                  (1)  

In our earlier example, in which a = 3/8 and b = 1/2 and the pdfs are as given in 
section 2,  

p =
(4 /3)dx

3 / 8

c

∫

(4 /3)dx
3 / 8

1/ 2

∫
=

dx
c

1/ 2

∫

dx
3 / 8

1/ 2

∫
               

p = (4 /3)(c − 3/8)
(4 /3)(1/2 − 3/8)

=
(1/2 − c)

(1/2 − 3/8)
, 

which yields c = 7/16, the midpoint of the interval [3/8, 1/2] between the players’ 50-50 
points.   

Whenever the players have uniform densities over the interval between their 50-
50 points, as they do in our example, they will receive the same proportions of the 
interval at all points in it equidistant from a and b.  In particular, at c = 7/16,  

p = (1/2 − 7 /16)
(1/2 − 3/8)

=
1
2

, 

so each player obtains 1/2 the value it places on the entire interval, [a, b]. 

Note that giving A and B the same proportion of the interval does not ensure 
equitability, because A and B value the interval differently.  A values it at (1/8)(4/3) = 
1/6 (and obtains 1/12 at c), and B values it at (1/8)(1) = 1/8 (and obtains 1/16 at c).   
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To ensure that A and B obtain exactly the same value from the interval rather than 
the same proportion of value, we set equal the numerators of equation (1).  Substituting 
e (for equitable point) for c in the limits of integration in our example, we have   

(4 /3)dx = dx
e

1/ 2

∫
3 / 8

e

∫   

(4/3)(e – 3/8) = (1/2 – e), 

which yields e = 3/7.  At this cutpoint, A and B each obtain 1/14 from the interval. 

There are conflicting arguments for cutting the cake at c (proportional 
equitability) and at e (equitability).  An argument for cutting it at c is that the player that 
values the interval more (A in our example) should derive more value from it.  The 
opposite argument reflects the egalitarian view that the players, in addition to the 50% 
portions they receive outside the interval, should get exactly the same value from the 
interval.  

We will not try to resolve these conflicting claims for proportional equitability 
versus (absolute) equitability.  Instead, we introduce a new property that only 
proportional equitability satisfies.  

Define a procedure to be strategy-vulnerable if a maximin player can, by 
misrepresenting its value function, assuredly do better, whatever the value function of 
the other player (or, as we will discuss later, other players).  A procedure that is not 
strategy-vulnerable is strategy-proof, giving maximin players always an incentive to let 
fA(x) = vA(x) and fB(x) = vB(x).    

Theorem 1.  SP is strategy-proof, whereas any procedure that makes e the cut-
point is strategy-vulnerable. 

Proof.  To show that maximin players will be truthful when they submit their 
value functions to a referee, we show that A or B may do worse if they are not truthful 
in reporting: 

1. Their 50-50 points, a and b, based on their value functions.   
Assume B is truthful and A is not.  If A misrepresents a and causes it to crisscross 

b, as illustrated by the location of a’ below, 

0---------------------------a---b-- a’-------------------------1. 

then A will obtain [a’, 1] and, in addition, get some less-than-complete portion of (b, 
a’).  But this is less than 50% of the cake for A and, therefore, less than what A would 
obtain under SP if it was truthful.  

2.  Their value functions over [a, b]. 
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Assume, again, B is truthful.  Assume A considers misrepresenting its value 
function in a way that moves c rightward, as shown below: 

0---------------------a----------c -----b---------------------1. 

It can do this by (i) decreasing the value of , the numerator on the left side of 

equation (1), or (ii) increasing the value of the denominator, .  But in order 

for A to misrepresent in this manner, it would have to know f

fA(x)dx
a

c

∫

fA(x)dx
a

b

∫
B(x) and therefore b, which 

c depends on.  But A does not know fB(x) and b and, consequently, cannot determine c.  
Hence, it cannot assuredly reduce its value of the interval [a, c] relative to [a, b] in order 
to make this proportion less than its true proportion and so move c rightward.  Indeed, 
A’s attempted misrepresentation could backfire by moving c leftward rather than 
rightward, which would give A a smaller proportion of [a, b].   

To be sure, if A knew the location of b, it could concentrate its value just to the 
left of b, which would move c rightward.  But we assumed that A is ignorant of the 
location of b, and even which side of a (left or right) it is on.  Hence, A cannot 
misrepresent its value function and assuredly do better, which makes SP strategy-proof. 

On the other hand, assume the cake is cut at e, so its division is equitable rather 
than proportionally equitable (at c). When the players are truthful so fA(x) = vA(x) and 
fB(x) = vB(x), one player will receive [0, e] and the other player will receive (e, 1], which 
they will value equally and at least as much as 1/2; point e will be unique when the 
players’ measures are absolutely continuous with respect to Lebesgue measure (Jones, 
2002).  

We next show that A can submit a value function different from vA(x) that moves 
e to a position favorable to it regardless of (i) player B’s value function and (ii) whether 
or not player A receives the left or the right piece of the cake.  Because A is unaware of 
whether e is to the left or to the right of its 50-50 point, a, A should submit a value 
function that has the same 50-50 point as vA(x), as discussed in (1) above.   

But to increase the value of its piece beyond 50%, A should submit a value 

function, fA(x), that decreases the value of  if a is to the left of b, and 

decreases the value of  if a is to the right of b.  The former strategy will move 

e rightward, whereas the latter strategy will move e leftward, of its true value.   

fA(x)dx
a

e

∫

fA(x)dx
e

a

∫
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Clearly, A can effect both movements of e by decreasing the value of . 

Because A does not know the value of b, however, and even whether it is to the left or 
to the right of a, A can best minimize its value over [a, b] by concentrating almost 1/2 
its value near 0 and almost 1/2 near 1—the endpoints of the cake—while ensuring that  

fA(x)dx
a

b

∫

  fA(x)dx =
0

a

∫ fA(x)dx =
a

1

∫ 1/2

so that its 50-50 point is truthful.  Thereby A decreases its value around its 50-50 point, 
which will move e toward B’s 50-50 point—whichever side of a that b is on—and so 
help A.  (Optimally, A should let the value strictly between its 50-50 point and the 
edges of the cake, where its value is concentrated, approach 0 in the limit.)  Thereby any 
procedure that makes e the cut-point is strategy-vulnerable.  Q.E.D. 

Because both A and B receive at least 50% of their valuations under SP, the 
resulting division is not only proportionally equitable but also envy-free.  If there are 
more than two players, however, an envy-free allocation may be neither equitable nor 
proportionally equitable. 

 

4 Three or More Players: Equitability and Envy-
Freeness May Be Incompatible 

 

To show that it is not always possible to divide a cake among three players into 
envy free and equitable portions using 2 cuts, assume that A and B have (truthful) 
piecewise linear value functions that are symmetric and V-shaped, 

vA(x) =
−4x + 2 for x ∈[0,1 / 2]
4x − 2 for x ∈(1 / 2,1]

 
 
 

vB(x) =
−2x + 3 / 2 for x ∈[0,1/ 2]
2x −1 / 2 for x ∈(1 / 2,1]

.
 
 
 

 

Whereas both functions have maxima at x = 0 and x = 1 and a minimum at x = 1/2, A’s 
function is steeper (higher maximum, lower minimum) than B’s, as illustrated in Figure 
1.  In addition, suppose that a third player, C, has a uniform value function, vC(x) = 1, 
for x  [0, 1].    ∈
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Figure 1.  Impossibility of Envy-Free and Equitable Cuts for Three 
Players 

In this example, every envy-free allocation of the cake will be one in which A gets 
the portion to the left of x, B the portion to the right of 1–x (A and B could be 
interchanged), and C the portion in the middle.  If the horizontal lengths of A’s and B’s 
portions are not the same (i.e., x), the player whose portion is shorter in length will envy 
the player whose portion is longer.  But such an envy-free allocation will not be 
equitable, because A will receive a larger portion in its eyes than B receives in its eyes, 
violating equitability.  Thus, an envy-free allocation is not equitable in this example, nor 
an equitable allocation envy-free, though both these allocations will be efficient with 
respect to parallel, vertical cuts.3  

Two envy-free procedures have been found for 3-person, 2-cut cake division.  
Whereas one of the envy-free procedures requires four simultaneously moving knives 
(Stromquist, 1980), the other requires only two simultaneously moving knives 
(Barbanel and Brams, 2004).  Although there are no known 4-person, 3-cut procedures 
for dividing a cake into envy-free pieces, Barbanel and Brams show that no more than 5 
cuts are needed to ensure 4-person envy-freeness.  Brams, Taylor, and Zwicker (1997) 
previously showed that a maximum of 11 cuts is needed, based on an arguably simpler 

                                                 
3 Not all equitable divisions need by efficient.  If C were given an end piece and A or B the middle piece 
in the example, cutpoints could be found such all the players receive, in their own eyes, the same value.  
However, this value would be less than what another equitable allocation, in which C gets the middle 
piece and A and B the end pieces, yields.  By contrast, an envy-free allocation that uses n–1 parallel, 
vertical cuts is always efficient (Gale, 1993; Brams and Taylor, 1996, pp. 150-151).  
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4-person, envy-free procedure (for chores, a maximum of 16 cuts may be needed; see 
Peterson and Su, 2002).  

Beyond 4 players, no procedure is known that yields an envy-free division of a 
cake unless an unbounded number of cuts is allowed (Brams and Taylor, 1995, 1996; 
Robertson and Webb, 1998).  While this number can be shown to be finite, it cannot be 
specified in advance—this will depend on the specific cake being divided.  The 
complexity of what Brams and Taylor call the “trimming procedure” makes it of 
dubious practical value. 

We next show, it is always possible to find an equitable division of a cake among 
three or more players that is efficient (see note 2).  In fact, the equitability procedure 
(EP) enables n ≥ 3 players to achieve an equitable and efficient division of a cake that is 
also strategy-proof. 

 

5 The Equitability Procedure (EP) 
 

The rules of EP are as follows: 

1.  Independently, A, B, C, . . . report their value functions fA(x), fB(x),  fC(x), . . . 
over [0, 1] to a referee.  These functions may be different from the players’ true value 
functions, vA(x), vB(x), vC(x). 

2.  The referee determines the cutpoints that equalize the common value that all 
players receive for each of the n! possible assignments of pieces to the players from left 
to right.   

3.  The referee chooses the assignment that gives the players their maximum 
common value. 

We next illustrate EP using the 3-person example in section 4.  It is evident that 
the ordering of players that will maximize the common value to the players is to give 
the left piece to A (or B), the middle piece to C, and the right piece to B (or A).   

Let the cutpoints be e1 and e2.  Assume A receives the piece defined by the 
interval [0, e1], C the piece defined by the interval (e1, e2], and B the piece defined by 
the interval (e2, 1].  The players’ values will be equal when 

(−4x + 2)dx = dx
e1

∫
0
∫

e 2e1

 

dx
e1

e 2

∫ = (2x −1/2)dx
e 2

1

∫ . 

After integration and evaluation, we have 
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-2e1
2 + 2e1 = e2 – e1 

e2 – e1 = 1/2 – e2
2 + e2/2. 

When solved simultaneously, these equations give e1 ≈ 0.269 and e2  0.662.  Players 
A, C, and B (from left to right, in that order) all value their pieces at 0.393, so each 
thinks it receives nearly 40% of the cake.     

≈

For n players, there will be n-1 cutpoints ei.  For each assignment of pieces to the 
players from left to right, solving simultaneously the n-1 equations that equalize the 
value functions of adjacent players will give the ei’s.   

Choosing the assignment that gives the players a maximum common value yields 
a division that is efficient.  This is because one player cannot get more value without 
another player’s getting less, which would, of course, destroy equitability.  

Theorem 2.  EP is strategy-proof. 

Proof.  Assume that some player X is not truthful under EP but that all other 
players are truthful.  For X to increase its allocation, it would have to know its borders 
in order to misrepresent its true value function and guarantee itself more.  But because 
X is ignorant of the reported value functions of the other players, it will not be able to 
determine these borders, nor even where its piece lies in the left-right assignment of 
pieces to players if it did know these borders.  Hence, X cannot ensure itself of a more 
valuable piece if it does not know the value functions of the other players.  Q.E.D. 

Assume that X, by misrepresenting its own value function, increases the value of 
its piece, as we showed was possible in the 2-person case of equitable division even 
with no information about the value functions of the other player.  But then X will have 
no assurance that it will receive this more valuable piece, because its misrepresentation 
may change the left-right assignment of piece to players.  This was not possible in the 2-
person case as long as X was truthful about its 50-50 point: By undervaluing the cake 
around its 50-50 point, X could increase its portion of the surplus while still retaining its 
50% portion on the left or right side.   

However, when there are additional players and there is no identifiable surplus to 
be divided among them—as in the 2-person case between A and B—X has no assurance 
that it will retain the piece that its misrepresentation might increase in size.  Indeed, X 
may end up with a piece that it values less than 1/n of the cake. 

Theorem 3.  If a player is truthful under EP, it will receive at least 1/n of the cake 
regardless of whether or not the other players are truthful; otherwise, it may not. 
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Proof.  Consider the moving-knife procedure, due to Dubins and Spanier (1961), 
in which a referee moves a knife slowly across a cake from left to right.4  A player that 
has not yet received a piece calls “stop,” and makes a mark, when the knife reaches a 
point that gives it 1/n of the cake rightward of the last point at which the knife was 
stopped by a player (or from the left edge for the first player to call stop).  It is easy to 
show that a truthful player will be able to get a 1/n piece, with some cake generally 
remaining near the right edge.5  By moving all players’ marks rightward (Shishido and 
Zeng, 1999), one can give each player an equal amount greater than 1/n, exhausting the 
remainder, because the players’ measures are nonatomic.  If a player is not truthful, it 
will appear that it received a piece that is at least 1/n under EP, but its true value may 
be less than 1/n.  Q.E.D.  

To illustrate a misrepresentation that may give a player less than 1/n, assume 
player C in the example given in section 4 knows the value functions of players A and 
B, but A and B do not C’s value function.  We first show how C can maximize its value 
function when it knows the value functions of A and B, which we will assume are 
truthful. 

Let c1 be the cutpoint on the left that defines A’s piece, starting from the left edge, 
and let c2 be the cutpoint on the right that defines B’s piece, starting from the right edge.  
Then C should undervalue the middle portion between c1 and c2 so that A and B receive 
exactly the same value from their pieces—as required by EP—  

 

(−4x + 2)dx =
0

c1

∫ (2x −1/2)dx
c 2

1

∫ , 

while C receives as much of the middle portion of the cake as possible.   

C can maximize the value of the middle portion by making B, which values the 
middle portion more than A does, indifferent between receiving this portion and 
obtaining the right portion:  

 

(−2x + 3/2)dx +
c1

1 / 2

∫ (2x −1/2)dx
1 / 2

c2

∫ = (2x −1/2)dx
c 2

1

∫ . 

                                                 
4 Moving-knife procedures are discussed in, among other places, Brams, Taylor, and Zwicker (1995), 
Brams and Taylor (1996), and Robertson and Webb (1998).  For nonconstructive results on cake-cutting, 
which address the existence but not the construction of fair divisions that satisfy different properties, see 
Barbanel (2005). 
5 Even though the Dubins-Spanier assignment gives each player at least 1/n, it may not be the assignment 
from left to right that gives the players the maximal equitable division.  Under EP, a different assignment 
of equal-valued pieces to players could give each more. 
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This “optimal” misrepresentation by C ensures that it obtains as physically large a 
middle piece as possible at the same time that it appears to receive the same-value 
pieces as A and B do on the left and right.6 

After integration and evaluation of the two foregoing equations, we have 

4c1
2 – 4c1 = 2c2

2 – c2 – 1 

2c1
2 – 3c1 = –4c2

2 + 2c2. 

Solving these equations simultaneously gives c1 = 0.230 and c2 = 0.707.  A and B 
receive the same value of 0.354 for the left and right pieces, respectively, whereas C 
appears to receive this value for the middle piece.  

But the true value for C of its now enlarged middle piece, c2 – c1 = 0.477, is 21 
percent greater than its value when it is truthful (0.393), so C clearly benefits from this 
misrepresentation   But had C undervalued the middle portion more, and consequently 
overvalued the left or right portions by a greater amount, it would have received one of 
the latter under EP, which would have given it a true value of less than 0.393.   

Thus, without information on the value functions of the other players, a player 
may misrepresent in a way that lowers its value over being truthful.  Indeed, such 
misrepresentation may give it less than 1/n of the cake, making truthfulness not only a  
maximin strategy but also one that gives a player a guarantee of at least 1/n (Theorem 
3). 

The guarantee of at least 1/n to the players under EP generalizes the guarantee of 
at least 1/2 to the two players under SP.7  The additional players under EP create greater 
uncertainty about their allocations, making EP more difficult to exploit than SP.  
Consequently, EP is able to ensure a maximal equitable allocation that is strategy-proof, 
whereas SP can only ensure a proportionally equitable allocation that is strategy-proof. 

 

                                                 
6 Just as C must lower its value of [c1, c2] to that which gives it the same value that B attaches to this 
middle portion, it must also raise its values of [0, c1) and  (c2, 1] to those of B as well.  Because this will 
allow either the middle or the right pieces to be assigned to either B or C, C should slightly perturb its 
values so that it is appears that it values the middle portion more, ensuring that it, rather than B, will 
receive it.  
7 A minimal-cut envy-free procedure also gives this guarantee, because a player cannot receive less than 
1/n without envying another player.  However, EP maximizes the minimum amount greater than 1/n that 
a player receives, whereas an envy-free procedure may give one player less than this amount.  In the 3-
person example in section 4, for instance, an envy-free allocation will give A a larger proportion of the 
cake than B receives, though both players will value the two (equal) envy-free pieces each gets exactly 
the same.  Under EP, by contrast, the players will value their pieces differently, causing A to envy B for 
getting a physically larger piece, though each player values its proportion of the cake exactly the same as 
the other player values its proportion.  
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6 Conclusions 
 

We have described a new 2-person, 1-cut cake-cutting procedure, called the 
surplus procedure (SP).  Like cut-and-choose, it is envy-free and efficient and also 
induces the players to be truthful when they have no information about each other’s 
preferences, rendering it strategy-proof.  But unlike cut-and-choose, SP produces a 
proportionally equitable division, whereas an analogous equitable procedure is strategy-
vulnerable. 

SP is more information-demanding than cut-and-choose, requiring that the players 
submit to a referee their value functions over an entire cake, not just indicate a 50-50 
point.  Practically, players might sketch such functions, or choose from a variety of 
different-shaped functions, to indicate how they value a divisible good like land.   

Thus, land bordering water might be more valuable to one person (A), whereas 
land bordering a forest might be more valuable to the other (B).  Even if players know 
these basic preferences of each other, and hence that a will be closer to the water and b 
will be closer to the forest, uncertainty about the other player’s 50-50 point makes it 
impossible for maximin players to exploit SP without knowledge of the other player’s 
value function.  

For three persons, there may be no envy-free division that is also equitable, so a 
choice may have to be made between these two properties.  For four or more persons, 
there is no known minimal-cut, envy-free procedure, whereas the equitability procedure 
(EP) ensures an equitable and efficient division that is strategy-proof for any n. 

It is pleasing to have strategy-proof procedures that yield efficient, envy-free, and 
proportionally equitable divisions in the case of two players, and efficient and equitable 
divisions in the case of more than two players.  If there are multiple divisible goods that 
must be divided, however, 2-person procedures like “adjusted winner” (Brams and 
Taylor, 1996, 1999) seem more applicable than cake-cutting procedures, though Jones 
(2002) shows that adjusted winner can be viewed as a cake-cutting procedure. 

The small literature on pie-cutting, in which radial cuts are made from the center 
of a disk instead of vertical cuts along a horizontal axis, raises new issues, including 
whether there always exists an envy-free and efficient division of a pie (Gale, 1993).  
Barbanel and Brams (2004) and Brams, Jones, and Klamler (2005) provide some 
positive as well as negative answers, but suffice it to say that several questions remain 
open. 

The fair division of indivisible goods poses significant new challenges that lead to 
certain paradoxes (Brams, Edelman, and Fishburn, 2001).  But recently progress has 
been made in finding ways of dividing such goods (Brams and Fishburn, 2000; 
Edelman and Fishburn, 2001; Brams, Edelman, and Fishburn, 2003; Herreiner and 
Puppe, 2002; Brams and King, 2004).  Procedures that work for both divisible and 
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indivisible goods have also recently been developed that have a number of practical 
applications, such as determining how roommates might share the rent of a house or 
how students might be assigned to courses as fairly as possible (Su, 1999; Brams and 
Kilgour, 2001; Haake, Raith, and Su, 2002; Potthoff, 2002; Abdulkadiroglu, Sönmez, 
and Unver, 2004). 

References 
Abdulkadiroglu, Attila, Tayfun Sönmez, and Utku Unver (2004).  “Room Assignment- 

Rent Division: A Market Approach.”  Social Choice and Welfare 22, no. 3 (June): 
515-538. 

Barbanel, Julius B. (2005).  The Geometry of Efficient Fair Division.  New York:  
Cambridge University Press. 

Barbanel, Julius B., and Steven J. Brams (2004).  “Cake Division with Minimal Cuts: 
Envy-Free Procedures for 3 Person, 4 Persons, and Beyond.”  Mathematical 
Social Sciences 48, no. 4 (November): 251-269.  

Brams, Steven J., Paul H. Edelman, and Peter C. Fishburn (2001).  “Paradoxes of Fair 
Division.”  Journal of Philosophy 98, no. 6 (June): 300-314. 

Brams, Steven J., Paul H. Edelman, and Peter C. Fishburn (2003).  “Fair Division of 
Indivisible Goods.” Theory and Decision 55, no. 2 (September): 147-180. 

Brams, Steven J., and Peter C. Fishburn (2000).  “Fair Division of Indivisible Items 
between Two People with Identical Preferences: Envy-Freeness, Pareto- 
Optimality and Equity.”  Social Choice and Welfare 17, no. 2 (February): 247-
267. 

Brams, Steven J., Michael A. Jones, and Christian Klamler (2005).  “Proportional Pie-
Cutting.”  Preprint. 

Brams, Steven J., and Daniel L. King (2004).  “Efficient Fair Division: Help the Worst 
Off or Avoid Envy?”  Rationality and Society 17, no. 4 (November): 387-421. 

Brams, Steven J., and Alan D. Taylor (1995).  “An Envy-Free Cake Division Protocol.”  
American Mathematical Monthly 102, no. 1 (January 1995): 9-18. 

Brams, Steven J., and Alan D. Taylor (1996).  Fair Division: From Cake-Cutting to 
Dispute Resolution.  Cambridge, UK: Cambridge University Press. 

Brams, Steven J., and Alan D. Taylor (1999).  The Win-Win Solution: Guaranteeing  
fair Shares to Everybody.  New York:  W.W. Norton. 

Brams, Steven J., Alan D. Taylor, and William S. Zwicker (1995).  “Old and New 
Moving-Knife Schemes.”  Mathematical Intelligencer 17, no. 4 (Fall): 30-35. 

   75



Better Ways to Cut a Cake 

76 

Brams, Steven J., Alan D. Taylor, and William S. Zwicker (1997).  “A Moving-Knife 
Solution to the Four-Person Envy-Free Cake Division Problem.”  Proceedings of 
the American Mathematical Society 125, no. 2 (February): 547-554. 

Dubins, Lester E., and E. H. Spanier (1961).  “How to Cut a Cake Fairly.”  American 
Mathematical Monthly 84, no. 5 (January): 1-17. 

Haake, Claus-Jochen, Matthias G. Raith, and Francis Edward Su (2002).  “Bidding for 
Envy-Freeness: A Procedural Approach to n-Player Fair-Division Problems.”  
Social Choice and Welfare 19, no. 4 (October ): 723-749. 

Herreiner, Dorothea, and Clemens Puppe (2002).  “A Simple Procedure  for Finding 
Equitable Allocations of Indivisible Goods.”  Social Choice and Welfare 19, no. 2 
(April): 415-430. 

Gale, David (1993).  “Mathematical Entertainments.”  Mathematical Intelligencer 15, 
no. 1 (Winter): 48-52. 

Jones, Michael A. (2002).  “Equitable, Envy-Free, and Efficient Cake Cutting for Two 
People and Its Application to Divisible Goods.”  Mathematics Magazine 75, no. 4 
(October): 275-283. 

Peterson, Elisha, and Francis Edward Su (2002).  “Four-Person Envy-Free Chore 
Division.”  Mathematics Magazine 75, no. 2 (April): 117-122. 

Potthoff, Richard F. (2002).  “Use of Linear Programming to Find an Envy-Free 
Solution Closest to the Brams-Kilgour Gap Solution for the Housemates 
Problem.”  Group Decision and Negotiation 11, no.5 (September): 405-414. 

Robertson, Jack, and William Webb (1998).  Cake-Cutting Algorithms: Be Fair If You 
Can.  Natick, MA:  A K Peters. 

Shishido, Harunori, and Dao-Zhi Zeng (1999).  “Mark-Choose-Cut Algorithms for Fair 
and Strongly Fair Division.”  Group Decision and Negotiation 8, no. 2 (March 
1999): 125-137. 

Stromquist, Walter (1980).  “How to Cut a Cake Fairly.”  American Mathematical 
Monthly 87, no 8 (October): 640-644. 

Su, Francis Edward (1999).  “Rental Harmony: Sperner’s Lemma in Fair Division.”  
American Mathematical Monthly 106, no. 2 (December):  922-934. 

 



 

 

A Minimax Procedure for Electing 
Committees 
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Abstract4 

A new voting procedure for electing committees, called the minimax 
procedure, is described.  Based on approval balloting, it chooses the committee 
that minimizes the maximum Hamming distance to voters’ ballots, where these 
ballots are weighted by their proximity to other voters’ ballots.  This minimax 
outcome may be diametrically opposed to the outcome obtained by aggregating 
approval votes in the usual manner, which minimizes the sum of the Hamming 
distances and is called the minisum outcome.  The manipulability of these 
procedures, and their applicability when election outcomes are restricted in various 
ways, are also investigated. 

The minimax procedure is applied to the 2003 Game Theory Society election 
of a council of 12 new members from a list of 24 candidates.  The composition of 
the council would have changed by 4 members; there would have been more 
substantial differences between minimax and minisum outcomes if the number of 
candidates to be elected had been endogenous rather than being fixed at 12.  The 
minimax procedure, which renders central voters more influential but does not 
antagonize any voter too much, may produce a committee that better represents the 
interests of all voters than a minisum committee. 
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1 Introduction 
 

In this paper we propose a new voting procedure, called the minimax procedure, for 
electing committees.  This procedure is based on approval balloting—whereby voters 
approve of as many candidates as they like (Brams and Fishburn, 1978, 1983)—but 
votes are not aggregated in the usual manner.5   

Instead of selecting the candidates that receive the most votes, the minimax 
procedure selects the set of candidates that minimizes the maximum Hamming distance 
to voters’ ballots, where these ballots are weighted by their proximity to other voters’ 
ballots.  This set of candidates constitutes the minimax outcome.  We define and 
illustrate Hamming distance in section 2 and show how the proximity weighting of this 
distance is determined.  We also offer a geometric interpretation of minimax outcomes.  

We call the set of candidates that minimizes the sum of the Hamming distances to 
all voters the minisum outcome.  In fact, this is the usual set of majority winners under 
approval balloting.  We give examples in which tied and nontied minimax and minisum 
outcomes may be diametrically opposed in section 3. 

We argue that when committees of two or more candidates are to be elected, there 
are good reasons for preferring a minimax outcome.  It ensures that no voter is “too far 
away” from the committee that is elected—based on proximity-weighted Hamming 
distances—whereas minisum outcomes ensure that voters will, on average, be closer to 
the committee, even though a few voters may be far away.   

In section 4, we discuss the applicability the procedures when there are restrictions 
on the possible committees to be elected, either in size or in composition.  In section 5 
we show that while the minisum procedure is not manipulable, the minimax procedure 
is (when preferences are based on Hamming distance), though in practice the minimax 
procedure is probably almost as invulnerable as the minisum procedure.  

In section 6, we analyze the 2003 Game Theory Society (GTS) election of 12 new 
members to the GTS council from a list of 24 candidates.  There were 224  16.8 
million possible ballots under approval balloting, because each voter could approve, or 
not, each of the 24 candidates.  Given this huge number, it is hardly surprising that all 
but two of the 161 GTS members who voted in this election cast different ballots.

≈

6  

                                                 
5 Merrill and Nagel (1987) distinguish between a balloting method and a procedure for aggregating voter 
choices on the ballot.  Throughout we assume the balloting method is approval balloting; what we 
compare are different ways of aggregating approval votes.   
6 If all ballots are assumed equiprobable, the probability that no two (of the 161) voters cast identical 
ballots is [(s)(s – 1) . . . (s – 159)(s – 160)]/s161, where s is the number of possible ballots (16,774,216 in 
this case).  This follows from the fact that the first voter can cast one of s different ballots; for each of 
these, there are (s - 1) ways for the second voter to cast a different ballot; and so on to the 161st voter.  
The product of these numbers, divided by the number of possible ballots, s161, gives the probability that 
no two voters cast identical ballots; the complement of this probability is the probability that at least two 
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In section 7, we conclude that the minimax procedure is a viable alternative to the 
minisum procedure for electing committees.  Besides professional societies like the 
GTS, we commend the minimax procedure to colleges, universities, and other 
organizations that rely substantially on representative committees to make 
recommendations and decisions.  

In other arenas, such as faction-ridden countries like Afghanistan and Iraq, the minimax 
procedure could facilitate the choice of councils and cabinets that mirror the diversity of 
interests in the electorate.  It could also be used to resolve multi-issue disputes; in fact, a 
simplified version of this procedure would have led to a different outcome from that 
achieved in oil-pollution treaty negotiations of 32 countries in 1954 (Brams, Kilgour, 
and Sanver, 2004). 
 

2 Minisum and Minimax Outcomes 
 

Assume there n voters and k candidates.  Under approval balloting, a ballot is a 
binary k-vector, (p1, p2, …, pk), where pi equals 0 or 1.  These binary vectors indicate 
the approval or disapproval of each candidate by a voter.   

To simplify notation, we write ballots such as (1, 1, 0) as 110, which indicates that 
the voter approves of candidates 1 and 2 but disapproves of candidate 3.  (We also use 
vectors like 110 to represent election outcomes—that is, the committees that are chosen 
by the voters.)  The number of distinct ballots, or possible election outcomes, is 2k. 

To illustrate the selection of representative committees based on the minisum and 
minimax criteria, consider the following example, in which 4 voters cast three distinct 
ballots for k = 3 candidates: 

 

1 voter:   100              

1 voter:   110 

2 voters:  101 

Under the usual method of aggregating approval votes, we ask whether each of the 
three candidates wins a majority of votes.  

                                                                                                                                               
voters cast the same ballot.  In the GTS election, the latter probability was only 0.000768, or less than 1 in 
1,000, indicating that it was highly improbable that two or more voters would cast the same ballot, given 
all ballots are equiprobable (also highly unlikely). These calculations are similar to those used to solve the 
“birthday problem” in probability theory, which asks how many people must be in a room to make the 
probability greater than 1/2 that at least two people have the same birthday (the answer is 23 or more). In 
section 5 we define a more “empirical” probability, based on the number of voters voting for different 
numbers of candidates, which suggests that the probability that some ballots are identical is much higher. 
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Observe that candidate 1 receives approval from all 4 voters, candidate 2 from 1 
voter, and candidate 3 from 2 voters, so candidate 1 is elected and candidate 2 is not 
elected.   Normally, we would say that candidate 3, who is approved by exactly half the 
voters, would not be elected, but our version of majority voting allows for candidate 3 
to be elected or not.  That is, outcomes 101 and 100 are both majority-voting outcomes.7    

The Hamming distance between two ballots, p and q, is d(p, q), the number of 
components on which they differ.  For example, if k = 3 and a voter’s ballot is 110, the 
distances, d, between it and the eight binary 3-vectors (including itself) are shown 
below: 

 

Ballot 

 
d = 0 

 
d = 1 

 
d = 2 

 
d = 3 

 

110 

 

110 

 

100 

010 

111 

 

000 

101 

011 

 

 

001 

 

Observe that there are three ballots at Hamming distance d = 1, and three more at d = 
2; ballot 110 is at distance d = 0 from itself, and its antipode, the ballot on which all 
components differ, is at d = 3.   

Define a majority-voting (MV) committee to be any subset of candidates that 
includes all candidates who receive more than n/2 voters and none that receive less than 
than n/2 votes, where n is the number of voters.  Brams, Kilgour, and Sanver (2004, 
Proposition 4) proved that a committee is an MV committee if and only if the sum of 
the Hamming distances between all voters and the committee is a minimum.  For this 
reason, we refer to MV committees as minisum committees. 

As we saw in the 4-voter example, there may be more than one MV committee (100 
and 101).  In general, an MV committee is not unique if and only if n is even and at 
least one candidate receives exactly n/2 votes.  (If n is odd, MV committees will always 
be unique since no candidate can receive exactly half the votes.)  

Minisum Committees with Count Weights 
Following Kilgour, Brams, and Sanver (2006), we focus not on the individual ballots 

but on the distinct ballots, and the number of times that each was cast.  For instance, 

                                                 
7 In general, if there is a tie between the yes (1) and no (0) votes for a candidate, then there are multiple 
majority-voting outcomes, both including and excluding this candidate.  Defining majority-voting 
outcomes in this way makes them coincide with minisum outcomes (more on this below). 
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committees 100 and 101 minimize the sum of the Hamming distances to all voters in 
our 4-voter example—or, equivalently, the sum of the Hamming distances to all distinct 
ballots weighted by the numbers of voters who cast each.  This is shown by the 
weighted Hamming distances to the eight possible committees in Table 1.  We call the 
weights count weights, because they count the numbers of voters who cast each ballot.   

 

Ballot: 100 110 101 Sum Max 

Count 
Weight: 

                  
1 

                 
1 

                
2 

  

1.  000 1 2 4 7 4 

2.  100 0 1  2 3* 2* 

3.  010 2 1 6 9 6 

4.  001 2 3 2 7 3 

5. 110 1 0 4 5 4 

6. 101 1 2 0 3* 2* 

7.  011 3 2 4 9 4 

8. 111 2  1 2 5 2* 

*Minimum in column. 

Table 1 : Derivation of Minisum and Minimax Committees Based on Count Weights  
(4-Voter Example) 

 

The sums of the entries in each row are shown in the Sum column of Table 1.  
Clearly, the two MV committees, 100 and 101, whose sums of 3 are starred, minimize 
the sum of the weighted Hamming distances.  By Brams, Kilgour, and Sanver (2004, 
Proposition 4), choosing a committee that minimizes the sum of the weighted Hamming 
distances, based on count weights, is equivalent to choosing an MV committee.  In our 
example, this committee always includes candidate 1 and may or may not include 
candidate 3.  

Minimax Committees 
Following Brams, Kilgour, and Sanver (2004) and Kilgour, Brams, and Sanver 

(2006), we note that there are other ways to define the most representative committee.  
Instead of finding a committee that minimizes the sum of the Hamming distances to all 
ballots, find the committee(s) that minimize the maximum Hamming distance.  In our 
example, these are the three committees that tie with values of 2, which are starred, in 
the Maximum column of Table 1.    
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Note that a third committee, 111, ties with minisum committees 100 and 101 as 
most representative, based on count weights.  Because 111 is not a minisum 
committee, however, it is arguably an inferior choice to 100 and 101.  But there is a 
more fundamental issue regarding minimax committees: The minimax procedure, 
based on count weights, does not seem as compelling as the same procedure based 
on a different weighting, as we describe next.  

Minimax Committees with Proximity Weights   
Proximity weights, like count weights, reflect the number of voters who cast each of 

the distinct ballots.  But they also incorporate information about the closeness of a ballot 
to all other ballots, based on Hamming distances.    

The closer a ballot is to all other ballots, and the more voters who cast it, the more 
influence it should have on the determination of a committee.  The minisum procedure 
with proximity weights works in this way.  The proximity weight of ballot qj is 

w j =
m j

mhd(q j ,qh )
h=1

t

∑
,

               (1) 

where mj  is the number of voters who cast ballot qj = (q1
j, q2

j, . . ., qh
j) and t is the 

number of distinct ballots cast.  The denominator of the fraction is the sum of the 
Hamming distances from ballot j to all ballots (including ballot j), weighted by the 
number of voters who cast each ballot.     

To illustrate in our example, the Hamming distances of ballot 100 to itself, 110, and 
101 are 0, 1, and 1, respectively.  Because these three ballots are cast by 1, 1, and 2 
voters, respectively, ballot 100 has weight 1/[(1 ×  0) + (1 ×  1) + (2 ×  1)] = 1/3, 
with the numerator reflecting the fact that one voter cast this ballot.  

Similarly, ballots 110 and 101 have weights of 1/5 and 2/3.  As shown in Kilgour, 
Brams, and Sanver (2006), it is the relative sizes of the weights that matter, so, for 
convenience, we multiply them by 15 to clear denominators.  This yields weights of 5, 
3, and 10 for ballots 100, 110, and 101, respectively.  Thereby we obtain Table 2, which 
is the same as Table 1 except that it is based on proximity weights rather than count 
weights. 
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Ballot: 100 110 101 Sum Max 

Proximity 
Weight: 

                
5 

               
3 

               
10 

  

1.  000 5 6 20 31 20 

2. 100 0 3  10 13 10 

3.  010 10 3 30 43 30 

4.  001 10 9 10 29 10 

5. 110 5 0 20 25 20 

6. 101 5 6 0 11* 6* 

7.  011 15 6 20 41 20 

8.  111 10  3 10 23 10 

*Minimum in column 

Table 2 : Derivation of Minisum and Minimax Committees Based on Proximity  
Weights  (4-Voter Example) 

 

Notice that only committee 101 minimizes both the sum and the maximum of 
weighted Hamming distances, based on proximity weights.  While committee 101 is 
also one of the committees singled out by the minisum and minimax criteria, based on 
count weights, this coincidence will not necessarily be the norm.  In fact, we will show 
in section 3 that the minisum outcome, based on count weights, and the minimax 
outcome, based on proximity weights, may be antipodes. 

A Geometric Interpretation of Minimax Outcomes 
Minimax outcomes may be interpreted geometrically, which we illustrate next.  

Represent the eight possible ballots for three candidates as the vertices of the cube in 
Figure 1, in which approval (1) or disapproval (0) of each candidate is represented on a 
different axis (the first candidate on the horizontal axis, the second candidate on the 
vertical axis, and the third candidate on the planar axis).  The three distinct ballots in 
our example (100, 110, and 101) are circled in Figure 1. 
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000

101

110

001

011

010

100

111

1 voter

1 voter

2 voters

 

 

 

 

 

 

 

 

 

 

Figure 1  Geometric Representation of Ballots in 4-Voter Example 

(Voted-for Ballots Circled) 

 

The proximity weights of (5, 3, 10) for ballots (100, 110, 101) can be thought of as 
the inertias of these ballots: Voters who cast them would depart from them, moving 
outward the edges of the cube toward other vertices that they would find acceptable, at 
velocities inversely proportional to these inertias.8  Thus, after 10 units of time, the two 
voters who cast ballot 101 would move distance 1 (i.e., traverse 1 edge from their 
node); the one voter who casts ballot 100 would move distance 2 (i.e., traverse 10/5 = 2 
edges from its node); and the one voter who casts ballot 110 would move distance 10/3 
= 3 1/3 (i.e., traverse 10/3 = 3 1/3 edges from its node).  Moving at these relative rates, 
it is easy to see that the first committee that all voters would reach would be 101 in 6 
units of time: The110 voter would find 101 acceptable at time 6; the other voters would 
find it acceptable sooner (the 100 voter at time 5, and the two 101 voters at time 0, 
because the latter voters start out at this node). 

                                                 
8 This interpretation is inspired by a procedure called “fallback bargaining” (Brams and Kilgour, 2001), 
which can be applied to approval balloting (Brams, Kilgour, and Sanver, 2004; Kilgour, Brams, and 
Sanver, 2006).  Technically, Brams and Kilgour (2001) define fallback bargaining only when preferences 
form a linear order over all alternatives.  We use a straightforward extension of their procedure to allow 
for weak preferences.  Under this procedure, voters fall back, or descend lower and lower, in their 
preferences until they reach an alternative on which all agree.  This alternative minimizes the maximum 
distance they must traverse in order that their agreement is unanimous.  The innovation here is that voters 
may descend at different rates, depending on the weighting scheme used; a proof that this descent 
minimizes the maximum weighted Hamming distance is given in Kilgour, Brams, and Sanver (2006).  If 
the requirement is that only a majority, not all, voters must agree, the fallback-bargaining outcome is 
essentially the “majoritarian compromise”; see Hurwicz and Sertel (1999), Sertel and Sanver (1999), and 
Sertel and Yilmaz (1999).  
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If count weights rather than proximity weights are used (see Table 1), an analogous 
argument shows why there are three tied minimax outcomes.  The two voters who cast 
ballots 100 and 110 traverse edges twice as vast as the two voters who cast ballot 101.  
From Figure 1, it is apparent that the first outcomes on which all four voters will agree 
will be within one edge of 101, and within two edges of 100 and 110, which are 
outcomes 100, 101, and 111.  These are precisely the minimax outcomes, based on 
count weights, shown in Table 1.9  

Henceforth we will use proximity weights, not count weights, to define minimax 
outcomes.  Count weights reflect only the number of voters who cast a particular ballot 
but not how close this ballot is to other ballots, whereas proximity weights take into 
account both factors.  Thus in our example, with count weights the two 101 voters have 
twice the inertia of each of voters 100 and 110, even though the 110 voter is not as close 
to the two 101 voters as the 100 voter is (see Figure 1).   

But with proximity weights, the greater closeness of the 100 voter to the two 101 
voters increases the 100 voter’s inertia, and therefore influence, compared to the 110 
voter, in the ratio 5:3.  More generally, we think voters whose ballots are close, but not 
necessarily identical, to the ballots of other voters should add weight to these ballots 
(i.e., give them greater inertia).  Likewise, extreme voters—outliers who are far from 
other voters—should have reduced influence on the outcome.10   

A minimax outcome can be visualized as the first outcome that all voters will 
converge upon as they move along the edges of a hypercube—in all directions from 
their ballots—at speeds inversely proportional to their proximity weights.  Not only may 
this outcome be very different from the minisum outcome (based on count weights), as 
we show next, but this difference raises the question of under what circumstances a 
minimax outcome is preferable to a minisum outcome in the selection of a committee.   

  

3  Minimax Vs. Minisum Outcomes: They May Be 
Antipodes 

 

Minimax and minisum outcomes may be identical or overlap, as we showed in our 
previous example.  But they may also diverge maximally, as we show next.  In each 
case, we ask which committee—minimax or minisum—better represents the electorate.  

                                                 
9 It is worth noting that if the count weights were all 1 (if there were one 101 voter rather than two), the 
minimax outcome would be 100, which is the node exactly “between,” and one edge distant from, 110 
and 101 (see Figure 1).  
10 Other weighting schemes, of course, are possible, but proximity weights seem to us to balance the need 
to give representation to outliers, but downgrade this representation according to how far away 
(disconnected from other voters) they are.   
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As we will see, the answer depends on which candidates, based on their patterns of 
support, one thinks should appear on the committee. 

Proposition 1.  If there are two or more candidates, tied minisum and tied minimax 
outcomes may include antipodes. 

Proof. Assume there are n = 2 voters who cast ballots 00 and 11 for k = 2 candidates.  
(Geometrically, the four possible committees (00, 10, 01, 11) can be represented by a 
square.)  The minimax outcomes, 01 and 10, are antipodes, each lying at distance one 
from each of the two ballots.  These outcomes, as well as outcomes 00 and 11 that are 
also antipodes, are all minisum outcomes, whose Hamming distances to the two ballots 
all sum to 2.  The 2-voter example can easily be extended to any larger number of voters 
or candidates.  Q.E.D. 

Outcomes 01 and 10 lead to the election of just one person.  This is not a committee 
as this term is usually used, but Proposition 1 holds for larger tied minimax and 
minisum committees.11   These examples illustrate not only that minisum and minimax 
may give antipodes but also that each voting system, by itself, may produce them as 
well. 

Note that there are half as many minimax outcomes as minisum outcomes in the 2-
voter example. Whereas the minimax outcomes, 10 and 01, seem reasonable 
compromises, the additional minisum outcomes, 00 and 11, entirely favor one voter or 
the other.  Manifestly, neither of the latter outcomes well represents both voters. 

In the examples that follow, we will, for reasons of exposition, use antipodes like 
0000 (no candidate elected) and 1111 (all candidates elected).  These outcomes can 
readily be converted into antipodes, like 1100 and 0011, that more plausibly reflect real-
world election possibilities.   

The next two propositions show that minimax and minisum outcomes may be 
antipodes when there are as few as 4 candidates (with ties) and 5 candidates (without 
ties).  

Proposition 2.  If there are four or more candidates, a nonunique minimax and a 
unique minisum outcome may be antipodes. 

Proof.  Consider the following example, in which there n = 11 voters and k = 4 
candidates: 

1.  3 voters:   0000 
                                                 
11 Consider the following example comprising 4 voters and 3 candidates:  (1) 110; (2) 101; (3) 010; (4) 
001.  By constructing a table analogous to Tables 1 and 2, it is not difficult to show that there are four 
minimax outcomes, {000, 100, 011, 111}, which include two antipodal pairs; all eight possible outcomes 
are minisum.  Notice that a larger minimax or minisum committee may not include a smaller committee; 
for example, 011 does not include 100.  This failure of monotonicity—larger committees may not include 
smaller committees as subsets—is shared with other voting procedures, like the Kemeny rule, that have 
also been proposed to elect committees (Ratliff, 2003).  
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2.  2 voters:   0111 

3.  2 voters:  1011 

4.  2 voters:  1101 

5.  2 voters:  1110  

Applying equation (1), the proximity weight of ballot #1 is  

3/[(3  0) + (2  3) + (2 ×  3) + (2 × × ×  3) + (2 ×  3)] = 3/24 = 1/8. 

The proximity weight of ballot #2—and, by symmetry, ballots #3, #4, and #5—is  

2/[(3  3) + (2  0) + (2 ×  2) + (2 × × ×  2) + (2 ×  2)] = 2/21. 

Multiplying the weights by a factor (8 ×  21 = 168) that clears denominators 
produces a proximity weight of 21 for ballot #1, and a proximity weight of 16 for each 
of ballots #2, #3, #4, and #5.  Thus, the voters who cast ballot #1 are more influential 
under the minimax procedure than all other voters. 

Note that one of the 7 tied minimax outcomes in Table 3 is #1 (0000), whereas the 
unique minisum (or MV) outcome is the antipode, #16 (1111), as can be calculated 
directly: 3 of the 5 voters approve of each candidate.  This 4-candidate example of 
antipodal minisum and minimax outcomes can easily be extended to any larger number 
of candidates.  Q.E.D.  

In the example in the proof of Proposition 1, there were more minisum outcomes 
than minimax outcomes (4 minisum and 2 minimax), whereas the opposite is true for 
the example in the proof of Proposition 2 (1 minisum and 7 minimax).  Note that the 3 
voters who cast ballot 0000 in the latter example will be totally dissatisfied by minisum 
outcome 1111, a Hamming distance of 4 away.  This seems a good argument for a 
minimax outcome, which is at maximum distance 3 from the ballot of any voter.  

The most stark clash of minimax and minisum outcomes occurs when they are 
unique and antipodal.  

 

Ballot: 0000 0111 1011 1101 1110 Max 

No. of 
Voters: 

              
3 

               
2 

              
2 

              
2 

               
2 

 

Proxim
ity 
Weight: 

              
21 

              
16 

              
16 

              
16 

              
16 

 

1.  
0000 

0 48 48 48 48 48* 

2.  21 64 32 32 32 64 
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1000 

3.  
0100 

21 32 64 32 32 64 

4.  
0010 

21 32 32 64 32 64 

5.  
0001 

21 32 32 32 64 64 

6.  
1100 

42 48 48 16 16 48* 

7.  
1010 

42 48 16 48 16 48* 

8.  
1001 

42 48 16 16 48 48* 

9.  
0110 

42 16 48 48 16 48* 

10.  
0101 

42 16 48 16 48 48* 

11.  
0011 

42 16 16 48 48 48* 

12. 
1110 

63 32 32 32 32 63 

13. 
1101 

63 32 32 32 32 63 

 14.  
1011 

63 32 32 32 32 63 

15.  
0111 

63 32 32 32 32 63 

16. 
1111 

84 32 32 32 32 84 

*Minimum of column. 

Table 3 Derivation of Minimax Committees Based on Proximity Weights 

(11-Voter Example) 
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Proposition 3.  If there are five or more candidates, a unique minimax and a unique 
minisum outcome may be antipodes. 

Proof.  Consider the following example, in which there are n = 11 voters and k = 5 
candidates:  

1.  11100 

2.  11010 

3.  11001 

4.  10110 

5.  10101 

6.  10011 

7.  01110 

8.  01101 

9.  01011 

10.  00111 

11.  00000 

Instead of constructing a table like Table 3, with a row for each of the 32 possible 
committees, we exploit the example’s symmetry by noting that 10 voters approve of 

exactly 3 candidates in the 

5
3

 
 
 

 

 
 
 = 10 different ways that this is possible; voter #11 

approves of no candidates.   

Applying equation (1), the proximity weight of ballot #1 is  

1/[0 + 2 + 2 + 2 + 2 + 4 + 2 + 2 + 4 + 4 + 3] = 1/27; 

by symmetry, it is the same for ballots #2 through #10.  The proximity weight of 
ballot #11 is  

1/[10(3) + (1 ×  0)] = 1/30. 

Clearing denominators, the proximity weight of the first 10 ballots is 10, and the 
proximity weight of ballot #11 is 9.  Thus, the voter who casts ballot #11 is slightly less 
influential than the voters who cast the other 10 ballots. 

Because the maximum Hamming distance between any two of the first 10 ballots is 
4, the maximum weighted Hamming distance of one of these ballots is 4  10 = 40.  By 
contrast, the maximum weighted distance of ballot #11 is 3 

×
×  9 = 27, because this ballot 

is a Hamming distance of 3 from each of the 10 other ballots (and 0 from itself).  
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To show that none of the 32 – 11 = 21 other committees (ballots) has a greater 
maximum weighted Hamming distance than 27, consider (i) the one committee with 5 
members (maximum weighted distance of 5 ×  9 from 00000), (ii) the five different 
committees with 4 members (maximum weighted distance of 4 ×  9 from 00000), (iii) 
the ten committees with 2 members (maximum weighted distance of 5  10 from one of 
the 3-member committees), and (iv) the five committees with 1 member (maximum 
weighted distance of 4  10 from one of the 3-member committees).  In all these cases, 
the maximum weighted distances exceed the maximum weighted distance of 3 ×  9 = 27 
of ballot #11 from all others, so this distance is minimal and, therefore, ballot #1 is the 
minimax outcome.  This 5-candidate example of antipodal minisum and minimax 
outcomes can easily be extended to any larger number of candidates.  Q.E.D. 

×

×

Once again, a minimax committee (00000) seems better to represent all voters than a 
minisum committee (11111).  (Recall that these antipodes might be more plausible 2-
member and 3-member committees, such as 11000 and 00111.)  Whereas the voter 
casting ballot #11 would be completely dissatisfied by 11111, the other 10 voters would 
mildly prefer 11111 to 0000. 

These results for antipodes suggest that minimax committees may be more 
representative of all voters than minisum committees, because they leave no voter too 
aggrieved, especially not voters whose ballots are relatively close to those of many 
other voters.  To be sure, if the aggrieved voters are only an isolated minority, like voter 
#11 in the foregoing example, it may be preferable to give better representation to the 
large majority than to appease the minority. 

Our main purpose in this section has been to highlight such a trade-off by posing 
minimax outcomes as an alternative to minisum outcomes.  Whether or not minimax 
should be used instead of minisum depends on the importance one attaches to the 
Rawlsian criterion (Rawls, 1971) of making the worst-off voter as well off as possible.  

In section 5 we will show that the divergence between minisum and minimax 
outcomes is not purely theoretical but actually occurred in a real-life election that used 
approval balloting to elect a committee of 12 members.  But first we discuss elections in 
which not every subset of candidates is a possible outcome. 

 

4  Endogenous Vs. Restricted Outcomes 
 

So far we have assumed that any subset of the candidates can be the minisum or 
minimax committee elected, whereas it is commonplace to put restrictions on the 
outcome.  For example, one may want to specify the size of the committee to be elected 
(to ensure that it is neither too small nor too large to function efficiently) or its 
composition (to ensure that certain groups are at least minimally represented). 
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We refer to elections as endogenous if all outcomes are possible winners; otherwise, 
they are restricted.  As shown in Kilgour, Brams, and Sanver (2006), both minimax and 
minisum procedures apply equally well to restricted and endogenous elections.  In a 
restricted election, one constructs tables, like Table 1, in which only rows representing 
eligible committees—that is, those not disqualified by the restrictions—appear.  

In the election of a committee restricted according to size, the minisum procedure is 
equivalent to a more familiar procedure, namely plurality voting, as shown by the next 
proposition.   

Proposition 4.  When the size of a committee is restricted to c members, the minisum 
outcomes are the sets of c candidates receiving the most votes.  

Proof.  See Appendix.  

The idea behind the proof is the following.  We know that when there is no 
restriction, the minisum outcome is the set of candidates that win a majority of votes 
(Brams, Kilgour, and Sanver, 2004, Proposition 4).  Assume that the number of 
majority winners is less than the desired committee size c.  Then adding to the majority 
winners those non-majority candidates with the most approvals until the committee size 
is exactly c minimizes the sum of the weighted distances to these members and, 
therefore, the sum of weighted distances to these members plus the majority winners.  
Likewise, if the number of original majority winners is greater than the desired 
committee size c, subtracting the candidates with the fewest approvals until the 
committee size is exactly c minimizes the sum of the weighted distances of the 
candidates who remain. 

Unlike the minisum case, we know of no algorithm to find minimax outcomes—
short of constructing tables like Table 2.  When outcomes are endogenous, we have 
already shown that minisum and minimax outcomes may be antipodes.  Restricting 
outcomes will not necessarily lead to a common minisum and minimax outcome, as our 
next example with n = 4 voters and k = 4 candidates illustrates: 

1. 1100 

2. 1010 

3. 1001 

4. 0111 

Assume a committee of size c = 1 is to be chosen.  It is easy to see that 1000 is the 
unique minisum outcome, because candidate 1 receives 3 votes when the three other 
candidates receive 2 votes each.12   

                                                 
12 If there were no single-winner restriction, the election of candidate 1 and any one, two, or all three of 
the other candidates (i.e., outcomes 1100, 1010, 1001, 1110, 1101, 1011, and 1111) are tied minimax 
outcomes that are, like outcome 1000, also minisum. 
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To find the minimax outcome, use equation (1) to calculate the proximity weights, 
which for ballot 1100 is   

1/[0 + 2 + 2 + 3] = 1/7, 

and, by symmetry, is the same for ballots 1010 and 1001.  Similarly, the proximity 
weight of ballot 0111 is  

1/[3 + 3 + 3 + 0] = 1/9. 

Clearing denominators, the proximity weights of the first three ballots are 9 each, and 
the proximity weight of ballot 0111 is 7.  Thus, the voter who casts ballot 0111 is less 
influential than the voters who cast the other 3 ballots. 

As shown in Table 4, the unique minimax outcome is 1111, which does not satisfy 
the restriction of the committee to one member.13  (Note that 1111 is not the ballot of 
any voter, nor is the minimax outcome of 1000.14)  Surprisingly, of the four possible 
committees that include one member (see committees #2 – #5 in Table 4), the three tied 
minimax outcomes—0100, 0010, and 0001, which are committees #3, #4, and #5—do 
not include the minisum outcome, 1000.   

It may seem bizarre not to elect the most approved candidate, especially one 
approved of by a majority, in a single-winner election.  We will revisit this issue in the 
concluding section, asking whether the minimax criterion is reasonable, especially in 
single-winner elections.    

 

 

 

 

 

 

 

 

 

 

                                                 
13 We show the 16 possible outcomes in Table 4 to illustrate how the restriction to c = 1 may alter 
minimax outcomes, making them, as in this example, disjoint from the unrestricted outcome.   
14 Brams, Kilgour, and Zwicker (1997, 1998) were the first to show that the minisum outcomes need not 
correspond to the ballot of any voter, which they called the “paradox of multiple elections.”  Özkal-
Sanver and Sanver (2005) show that a voting rules ensures a Pareto-optimal outcome if and only if it 
never exhibits this paradox.   
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Ballot: 1100 1010 1001 0111 Max 

No. of 
Voters: 

                  
1 

                 
1 

                 
1 

                 
1 

 

Proximity 
Weight: 

                  
9 

                 
9 

                 
9 

                 
7 

 

1.  0000 18 18 18 21 21 

2.  1000 9 9 9 28 28 

3.  0100 9 27 27 14 27 

4.  0010 27 9 27 14 27 

5.  0001 27 27 9 14 27 

6.  1100 0 18 18 21 21 

7.  1010 18 0 18 21 21 

8.  1001 18 18 0 21 21 

9.  0110 18 18 36 7 36 

10.  0101 18 36 18 7 36 

11.  0011 36 18 18 7 36 

12. 1110 9 9 27 14 27 

13. 1101 9 27 9 14 27 

14.  1011 27 9 9 14 27 

15.  0111 27 27 27 0 27 

16. 1111 18 18 18 7 18* 

*Minimum of column. 

Table 4 Derivation of Minimax Committees Based on Proximity Weights 

(4-Voter Example) 

 

5  Manipulability  
 

A voting procedure is manipulable if it is possible for a voter, by misrepresenting his 
or her preferences, to obtain a preferred outcome.  To define “preferred,” we relate 
Hamming distance to preferences.   
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Specifically, we assume that a voter’s ballot indicates his or her most-preferred 
committee, or top preference.  We further assume that the voter’s preference is spatial 
in the sense that outcomes that are farther (as measured by Hamming distance) from the 
top preference are less preferred.  Thus, if pi is voter i’s top preference and p and q are 
any outcomes such that d(pi, p) < d(pi, q), then voter i strictly prefers p to q.  In other 
words, as distance increases, a voter’s preference falls off, reaching a minimum at the 
antipode of the top preference; note that there is no assumption about the voter’s 
preference among ballots that are at equal Hamming distance from the top preference.15 

We make an additional assumption about preferences over sets: If outcome a is 
preferred to outcome b, then {a} is preferred to {a, b}, which we interpret as a tie in 
which each of the two outcomes occurs with positive probability.  This assumption, 
which is used in the proof of Proposition 5, seems eminently plausible.  

Proposition 5. The minimax procedure is manipulable, whereas the minisum 
procedure is not. 

Proof.  First consider the minimax procedure.  In the example in Table 2, we showed 
the unique minimax outcome is 101, which is a Hamming distance of 2 from the ballot 
of the voter who casts ballot 110.  But if this voter falsely indicates his or her ballot to 
be 100, then the situation would appear as the following:   

2 voters:  100              

2 voters:  101 

It is easy to see that the proximity weights according to equation (1) are now equal, 
so we need only ask which outcome minimizes the maximum Hamming distance of the 
voters from their ballots.  Clearly, the ballots themselves do this, so the minimax 
outcome is {100, 101}.   

The 110 voter who falsely indicated a top preference of 100 prefers this tied 
outcome, because he or she prefers 100 to 101, and, by our previous assumption, prefers 

                                                 
15 Like both the minimax and minisum procedures, spatial models of preference could be based on other 
metrics, such as “root-mean-square,” which is essentially Euclidean distance.  We think the Hamming 
metric is particularly well suited for measuring the distance of a voter from an outcome, because it 
reflects equally the voter’s disagreements with the candidates elected and with those not elected.  
However, spatial models cannot mirror well the preference of a voter who wants a “balanced” 
committee—say, with an equal number of men and women.  For example, assume that eight male (M) 
and female (F) candidates are listed as follows, FFFFMMMM, and the committee is to have four 
members.  The “balanced” voter’s two most-preferred committees might be 11001100 and 00110011, 
which are antipodes, so voting for either will work to rule out the other, especially under minimax.  Of 
course, the worst case for this voter, 11110000 or 00001111 (all women or all men), can be precluded if it 
is mandated that the committee must have equal numbers of men and women.  Then the male chauvinist 
who votes for the four males (00001111) will never get his favorite committee but will, instead, support 
equally 11000011 and 00111100—in fact, all balanced committees.  Thus, if this voter wants to have 
some effect on the outcome, it behooves him to vote for some women!  For a review of the literature on 
ranking sets of items, see Barbera, Bossert, and Pattanaik (1998).    
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{100, 101} to 101.  Hence, the minimax procedure is manipulable.  The proof that the 
minisum procedure is not manipulable is given in the Appendix.  Q.E.D. 

The idea of the proof for the minisum procedure is easy to describe.  Because a 
voter’s choices are binary on each candidate, it is always in his or her interest to support 
those, and only those, candidates of whom he or she approves.  Moreover, the voter’s 
decision on each candidate does not affect which other candidates are elected, so each 
voter cannot be worse off as a consequence of voting truthfully on all candidates. 

Although the minimax procedure is vulnerable to manipulation in theory, in practice 
it is probably almost as resilient to manipulation as the minisum procedure.  To exploit 
it would require a manipulative voter to have virtually complete information about the 
voting intentions of other voters, which is unlikely in most real-world situations.  
Indeed, merely finding the truthful minimax outcome is computationally hard, as we 
indicated earlier, reflecting the fact that the number of possible outcomes increases 
exponentially with the number of candidates.16  

We next turn to a real-world election.  This election renders concrete some of the 
theoretical and practical issues we have discussed and raises some new questions as 
well. 
 
6  The Game Theory Society Election 

 

In 2003, the Game Theory Society (GTS) used approval voting for the first time to 
elect 12 new council members from a list of 24 candidates.  (The council comprises 36 
members, with 12 elected each year to serve 3-year terms.)  We give below the numbers 
of members who voted for from 1 to all 24 candidates (no voters voted for between 19 
and 23 candidates): 

 
Votes 

cast 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 24 

# of 

voters 

3 2 3 10 8 6 13 12 21 14 9 25 10 7 6 5 3 3 1 

 

                                                 
16 Although this might be seen as a disadvantage of the minimax procedure, computers make the 
calculation of minimax outcomes feasible for 30 or more candidates (in section 5 we analyze an election 
with 24 candidates).  For more on the computability of minimax, see Kilgour, Brams, and Sanver (2006). 
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Casting a total of 1574 votes, the 161 voters, who constitute 45% of the GTS 
membership, approved, on average, 1574/161 ≈ 9.78 candidates; the median number of 
candidates approved of, 10, is almost the same.  

The modal number of candidates approved of is 12 (by 25 voters), echoing the ballot 
instructions that 12 of the 24 candidates were to be elected.  The approval of candidates 
ranged from a high of 110 votes (68.3% approval) to a low of 31 votes (19.3% 
approval).  The average approval received by a candidate was 40.7%, though only 
candidates who received at least 69 votes (42.9 % approval) were elected.    

In the GTS election, there were 224 ≈16.8 million possible ballots.   It turned out 
that 2 of the 161 voters voted identically.  As one might expect, the identical ballot, 
111100011001101000000111, was cast by 2 of the 25 modal voters who voted for 12 
candidates.  If all ballots approving of 12 candidates are assumed equiprobable, the 
probability that no two of 25 ballots are identical is 

[t(t – 1)(t – 2)…(t – 24)]/t25 ≈ 0.999889, 

where t = 

24
12

 
 
 

 

 
 
 = 2,704,156, based on reasoning given in note 3.  The complement of 

this probability, 0.000111, is the probability that at least two voters cast identical 
ballots.17     

If there had been no restriction in the GTS election, the 5 candidates approved of by 
a majority – at least 81 of the 161 voters – would have been elected.  Adding the next 7 
biggest vote-getters gives the minisum outcome under the restriction that 12 candidates 
must be elected.    

Do these candidates best represent the electorate?  In fact, 4 of the 12 minimax 
winners differ from the minisum winners.  Each set of winners is given below—ordered 
from most popular on the left to least popular on the right—with differences between 
those elected to each council underscored.18 

                                                 
17 We have made this calculation for each category of voter—from those who cast 1 vote to those who 
cast 18 votes—excluding only the category containing the one voter who voted for all 24 candidates 
(because there is only one such ballot).  The voters most likely to cast an identical ballot are the three who 
vote for one candidate; the probability that at least two of them cast the same ballot is 0.121528.  To 
generalize for all voters, let pi be the probability that no two voters who cast i votes chose an identical 
ballot.  It follows that the probability that no two voters in any category cast an identical ballot is 
p1p2…p17p18, so the complement of this probability is the probability that at least two voters in one or 
more categories cast identical ballots.  The latter probability in the GTS election is 0.131009; it is far 
greater than the probability that we calculated in note 3 (0.000768), which did not take into account the 
18 categories into which voters sorted themselves empirically.  But even this greater probability is likely 
an underestimate, because it does not reflect the fact that some candidates were far more approved of than 
others, rendering dubious the assumption that all ballots in each category are equiprobable.  
18 It is worth pointing out that minisum outcomes are always Pareto-optimal; if this were not the case, 
then there would be some other outcome such that some voter is less distant and no voter is more distant, 
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Council Restricted to 12 Members 
Minisum:  111111111111000000000000  

Minimax:  111111011000111000000001  

Observe that four of the minisum winners would have been displaced by candidates 
who received fewer votes, one of whom was the candidate who received the fewest 
votes.19  

To exclude this candidate would have put some voters at a greater weighted distance 
than including him or her.  Thereby minimax gives voice to voters who approve of 
unpopular candidates if they make the council more representative by not leaving some 
voters “out in the cold.”  

If the size of the council had not been restricted to 12 winners but instead had been 
endogenous, the minisum and minimax councils would have differed substantially:   

Unrestricted Council (Minisum, 5 Members; Minimax, 8 Members)  
Minisum:  111110000000000000000000  

Minimax:  111100001010101000000000  

As noted earlier, the minisum council would have comprised only the 5 majority 
winners. By contrast, the minimax outcome includes 8 candidates; four of these are 
candidates came in 11th, 13th, 15th, and 17th.  

We showed in section 5 that it was possible, in theory, for a voter successfully to 
manipulate a minimax outcome, but we contended that this would be well-nigh 
impossible in most elections.  As a case in point, consider the single voter who voted for 
all 24 candidates in the GTS election and who, we presume, was indifferent among all 
the candidates.20   

Might this voter have influenced the outcome if the size of the council had been 
endogenous?  In fact, if minisum had been the procedure, the 5 biggest vote-getters 
would still have been elected had this voter not voted.   But the minimax outcome 
would have changed  

                                                                                                                                               
contradicting the defining property of minisum.   By contrast, minimax outcomes need not be Pareto-
optimal.  To illustrate, we revisit the example in note 8, in which the top preferences of 4 voters for 3 
candidates are as follows: (1) 110; (2) 101; (3) 010; (4) 001.  There are four minimax outcomes: (a) 000; 
(b) 100; (c) 011; (d) 111.  Because outcome (c) is at least as good as outcome (a) for all voters, and better 
for voters (3) and (4), and outcome (b) is at least as good as outcome (d) for all voters, and better for 
voters (1) and (2), only outcomes (b) and (c) are Pareto-optimal.   
19 Fishburn (2004) shows that the 12 minisum winners tended to be supported somewhat more strongly by 
voters who voted for few candidates, whereas the reverse was true for the losers.  In effect, voters who 
approved of few candidates were more discriminating, helping to put the minisum winners over the top. 
20 Of course, this voter might simply have relished the role of being an outlier by approving of everybody, 
even though he or she had no effect on the actual (minisum) outcome under the GTS rules.   
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From:  111100001010101000000000 (with voter who approved of all candidates) 

    To:   111000001010001000010000 (without this voter).   

Thus, the absence of this voter would have reduced the number of winners from 8 to 
7, consistent with the reduced approval that all candidates would have received.   

This voter’s absence would have had no effect on the composition of the 12-member 
minimax council we gave earlier, however.  This suggests that outliers are unlikely to 
be consequential when the size of a committee is fixed.  Thus, fixing the size of the 
committee may make the minimax procedure less vulnerable to this form of 
manipulation.  

Making the number of candidates to be elected endogenous, and using the minisum 
procedure, is tantamount to electing only candidates approved of by a majority (5 
candidates in the case of the GTS council).  In fact, this rule is used to determine who is 
admitted to certain societies, though the threshold for entry is not always a simple 
majority. 

In the concluding section, we summarize our results and comment on the feasibility 
of the minimax procedure in different kinds of elections.  Not only may this procedure 
give a dramatically different outcome from the minisum procedure, but this outcome 
may better reflect diverse views within the electorate. 

 

7  Conclusions 
 

Under approval balloting, each voter approves of a subset of candidates.  The 
minisum and minimax procedures find subsets that are as close as possible to the ballots 
of all voters, but according to two different senses of “closeness.”  Whereas the 
minisum procedure selects the outcome that minimizes the sum of Hamming distances 
to all voters—or, equivalently, the average Hamming distance—which uses count 
weights, the minimax procedure finds the outcome that minimizes the maximum 
weighted Hamming distance, which uses proximity weights.  

Geometrically, the latter can be visualized in terms of voters moving from their 
nodes of a hypercube, which represent their ballots, along the edges at speeds 
proportional to their proximity weights (or inertias).  Minimax outcomes are the node or 
nodes that all voters reach first.  

Minimax and minisum may yield diametrically opposed outcomes, or antipodes, if 
there are as few as four candidates (with ties), five candidates (without ties).  If 
“representation” means not antagonizing any voters—especially those with similar or 
identical preferences—too much, then minimax outcomes seem more representative of 
the entire electorate than minisum outcomes. 
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We analyzed the 2003 election by the Game Theory Society (GTS) of 12 new 
members to its council.  The minimax procedure would have given 4 different winners 
from the minisum procedure, which was the procedure actually used by the GTS.    

There would have been a greater difference if the number of candidates to be elected 
had been endogenous.  The minisum procedure would have elected only the 5 
candidates who were approved of by a majority, whereas the minimax procedure would 
have elected 8 candidates, including 4 relatively unpopular candidates that better 
represented certain sets of voters.  

In single-winner elections, the approval-voting winner (minisum outcome) would 
seem the normatively most desirable choice.  But as we showed in an example in 
section 4, a different candidate may less antagonize a minority (1 of the 4 voters in this 
example), so it is not apparent—even in single-winner elections—that the minisum 
winner should always triumph.  

Whereas the minisum procedure is not manipulable, the minimax procedure is.  In 
practice, however, it would be virtually impossible for a voter to induce a preferred 
outcome because of (i) a lack of information about other voters’ intended ballots and (ii) 
the computational complexity of processing such information, even if it were available.   

In the GTS election, the absence of the outlier who voted for all 24 candidates would 
not have changed the minimax outcome.  But if the number of winners had been 
endogenous, the minimax outcome would have been reduced from 10 to 9 winners.  In 
effect, this voter “pulled” the outcome in the direction of a larger council, which is 
consistent with his or her approval of all candidates.  We do not view this choice as 
manipulative if this voter was genuinely unconcerned about the composition of the 
council.  

We think that the unanimity rule in fallback bargaining—that the descent continues 
until all voters approve of an outcome—is plausible in the election of most committees, 
though less stringent rules are possible (Brams and Kilgour, 2001; Brams, Kilgour, and 
Sanver, 2004).  Whether the size of a committee should be fixed or endogenous 
(perhaps within a range) will depend, we think, on the importance of electing a 
committee whose size significantly affects its ability to function.  

Even if size is made endogenous, voters should probably be given some guidance as 
to roughly what size would be appropriate.  Without this information, it may be hard for 
them to gauge how many candidates to approve of in an election.  

These practical considerations aside, we believe that more theoretical research on the 
properties of the minimax procedure is needed.  For example, if this procedure is used, 
is it appropriate to break ties among the minimax winners using minisum?  Are there 
other ways of combining criteria?  What effects do the correlated preferences of voters, 
or perceived similarities in candidates, have on the minimax and minisum outcomes, or 
on the likelihood of antipodes?  How might information (e.g., from polls) affect the 
manipulability of the procedure?   
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In addition to these questions, other procedures, especially those that allow for 
proportional representation (Potthoff and Brams, 1998; Brams and Fishburn, 2002; 
Ratliff, 2003), should be considered.  Just as approval voting in single-winner elections 
stimulated considerable theoretical and empirical research beginning a generation ago 
(Weber 1995; Brams and Fishburn, 2002, 2004; Brams and Sanver, 2004), we hope that 
the minimax procedure generates new research on using approval balloting to elect 
committees under the minimax procedure. 
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Appendix 
 
Proposition 4.  When the size of a committee is restricted to c members, the minisum 

outcomes are the sets of c candidates receiving the most votes.  

Proof: Assume that there are n voters and k candidates, and that mh > 0 voters cast 

the ballot qh = (q1
h, q2

h, . . ., qk
h), where h = 1, 2, . . .,t.  Note that   For an 

arbitrary binary k-vector x = (x

mh
h=1

s

∑ = n.

1, x2, … , xk), define 

d j (x,qh ) =
0   if x j = q j

h

1   if x j ≠ q j
h

 
 
  

for h = 1, 2, …, t  and j = 1, 2, …, k.   Then it is clear that the Hamming distance 

from x to qh is given by .  The endogenous minisum winner is any 

x that minimizes , whereas the restricted minisum winner is any x 
that minimizes D(x) among all x’s containing exactly c 1’s.  We first find an equivalent 
representation for D(x). 

d(x,qh ) = d j (x,qh

j=1

k

∑ )

= mh
h=1

t

∑ d(x,qh )D(x)

For any x and j, define 
S j (x) = mhd j

h=1

t

∑ (x,qh )
.  Sj(x) represents the number of voters 

who disagree with k-vector x on candidate j.  Note that , and that S
∑

=

=
k

j
j xSxD

1
)()(

j(x) 
depends only on xj and not on the other k – 1 components of x.  Therefore x represents a 
minisum winner if and only if x minimizes 

D(x) = mhd(x,qh ) = s j (x)
j=1

k

∑
h=1

t

∑
.          (A1) 
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With equation (A1) we can characterize all minisum committees.  Define 

, so K
K j = mhq j

h

h=1

t

∑
j is the number of voters who vote for candidate j; clearly, n – Kj is 

the number of voters who vote against j.  Now21 





=
=−

=
0 if           
1 if     

)(
jj

jj
j xK

xKn
xS

           (A2) 

Next consider how to choose x = (x1, x2, … , xk) so that exactly c of the xj’s equal 1 
and D(x) is minimized.  By equation (A2), D(x) will be the sum of c values of n – Kj   
(corresponding to the members of the winning committee) and k – c  values of  Kj  
(corresponding to the unsuccessful candidates).  Clearly, putting the c candidates with 
the largest values of Kj on the committee minimizes D(x).  In other words, the minisum 
winners under the restriction that a committee of size c is to be elected must correspond 
to a vector x such that xj = 1 if and only if j belongs to some subset of c candidates that 
receives the most votes.  Q.E.D. 

Proposition 5. The minimax procedure is manipulable, whereas the minisum 
procedure is not. 

Proof that minisum is non-manipulable: We apply the preference model 
introduced in the text to equations (A1) and (A2) to show that a voter is best served by 
voting for his or her top preference.  Assume that voter i is one of the mh voters whose 
top preference is qh = pi.  We show that i cannot do better than to cast ballot qh = pi. 

Suppose that i’s top preference, xj, satisfies xj = 1 for some j.  Then our preference 
assumptions imply that voter i prefers any committee with xj = 1 to the committee that is 
otherwise the same but has xj = 0.  Consider i’s decision to vote truthfully (pj

i = 1) or 
untruthfully (pj

i = 0) on candidate j.  According to equation (A2), selecting pj
i = 0 rather 

than pj
i = 1 reduces the value of Sj(x) from Kj to Kj – 1.  The four possibilities implied 

by equation (A1) for whether candidate j belongs to the minisum winner(s) are set forth 
in the table below: 

 j elected if pj
i = 1? j elected if pj

i = 0? 

Kj  < n – Kj  Never Never 

Kj = n – Kj  Sometimes Never 

Kj = n – Kj + 1 Always Sometimes 

Kj > n – Kj + 1 Always Always 

 
                                                 
21 From equation (A2) it follows that among all possible committees, x = (x1, …, xk) minimizes D(x) if 
and only if, for each j, xj = 1 if  n – Kj  < Kj and xj = 0 if  Kj  < n – Kj .  This minimization proof is different 
from, and more general than, the proof given in Brams, Kilgour, and Sanver (2004). 
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In the table, “sometimes” means that the total votes for and against candidate j are 
equal; if such a tie occurs, the set of minisum committees consists of one or more pairs 
of committees that differ only in that one includes candidate j and one does not.)   

Because the voter always prefers that candidate j be a member of the committee, it 
follows from the table that voter i is never worse off by voting truthfully (i.e., for 
candidate j) and may be better off.  The argument is analogous if i’s top preference 
satisfies xj = 0.  Q.E.D. 
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Abstract

Information on the rankings and information on the approval of candidates in an
election, though related, are fundamentally different—one cannot be derived from
the other. Both kinds of information are important in the determination of social
choices. We propose a way of combining them in two hybrid voting systems, pref-
erence approval voting (PAV) and fallback voting (FV), that satisfy several desirable
properties, including monotonicity. Both systems may give different winners from
standard ranking and nonranking voting systems. PAV, especially, encourages candi-
dates to take coherent majoritarian positions, but it is more information-demanding
than FV. PAV and FV are manipulable through voters’ contracting or expanding their
approval sets, but a 3-candidate dynamic poll model suggests that Condorcet win-
ners, and candidates ranked first or second by the most voters if there is no Condorcet
winner, will be favored, though not necessarily in equilibrium.

Key words : Approval voting; Ranking systems; Condorcet winner; Manipula- bil-
ity; Monotonicity

1 Introduction

Social choice theory, while postulating that voters have preferences over candidates, does
not ask them to stipulate where, in their preference rankings, they would draw the line
between acceptable and unacceptable candidates. Approval voting (AV) does ask voters
to draw such a line, but it ignores rankings above and below this line.
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Rankings and approval, though related, are fundamentally different kinds of informa-
tion — one cannot be derived from the other. Both kinds of information are important
in the determination of social choices. We propose a way of combining them in two hy-
brid voting systems, preference approval voting (PAV) and fallback voting (FV), that have
several desirable properties.

Approving of a subset of candidates is generally not difficult, whereas ranking all
candidates on a ballot, especially if the list is long, may be arduous. PAV asks for both
kinds of information, whereas FV asks voters to rank only those candidates they approve
of, making it simpler than systems that elicit complete rankings.

We describe, analyze, and compare each of these systems in tandem. In section 2
we give definitions and assumptions. In section 3, we describe PAV and analyze which
candidates can and cannot win under this system. Although a PAV winner may not be a
Condorcet winner or AV winner, PAV satisfies what we call the strongest-majority prin-
ciple for voters. More specifically, if a majority-approved candidate is preferred by a
majority to the AV winner and other majority-approved candidates, PAV “corrects” the
AV result by electing the majority-preferred candidate.

A majority-preferred candidate is likely to have a more coherent point of view than
an AV winner, who may be the most popular candidate because he or she is bland or
inoffensive—a kind of lowest common denominator who tries to appease everybody.
Sometimes not choosing such a candidate when two or more candidates receive majority
approval makes PAV coherence-inducing for candidates by giving an advantage to candi-
dates who are principled but, nevertheless, command broad support.

In section 4 we describe FV and compare its properties with those of PAV. Like PAV,
FV tends to help those candidates who are relatively highly ranked by a majority of voters.
Both systems may give different winners from nonranking systems (e.g., plurality voting
and AV), ranking systems (e.g., the Borda count and single transferable vote, or STV),
and each other.

In section 5 we show that PAV and FV are monotonic in two different senses: Voters,
by either approving of a candidate or raising him or her in their rankings, can never hurt
and may help this candidate get elected. The latter property (rank-monotonicity) is not
satisfied by a number of ranking systems, including STV, whereas the former property
(approval-monotonicity) is satisfied by AV.

Like all voting systems, PAV and FV are manipulable. In section 6 we show that voters
may induce preferred outcomes either by contracting or by expanding their approval sets.
Because each voting system may give outcomes in equilibrium when the other does not,
neither system is inherently more stable than the other.

In section 7 we develop a dynamic model of voter responses to polls in 3-candidate
elections, wherein voter preferences are either single-peaked or cyclic. If voters respond
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to successive polls by adjusting their approval strategies to try to prevent their worst
choices from winning, they elect the Condorcet winner if their preferences are single-
peaked. If their preferences are cyclical, the candidate ranked first or second by the most
voters wins after voters respond to several polls. These outcomes are in equilibrium un-
der both PAV and FV, except, surprisingly, in some instances when voter preferences are
single-peaked.

We conclude in section 8 that PAV, and to a less extent FV, subtlely interweave two
different kinds of information: Approval information determines those candidates who are
sufficiently popular to be serious contenders if not outright winners; ranking information
enables voters to refine the set of potential winners if more than one candidate receives
majority approval.

Together, these two kinds of information facilitate the election of majoritarian candi-
dates with coherent positions. But more than abetting their election, PAV and FV may
well have a salutary impact on which candidates choose to run—and how they choose
to campaign—encouraging the entry of candidates who appeal to a broad segment of the
electorate but do not promise them the moon.

2 Definitions and Assumptions

Consider a set of voters choosing among a set of candidates. We denote individual candi-
dates by small lettersa, b, c, . . . .

We assume that voters strictly rank the candidates from best to worst, so there is no
indifference. Thus, for any candidatesa andb, eithera is preferred tob or b is preferred
to a. This assumption simplifies the subsequent analysis but does not in any significant
way affect our results, which can readily be extended to the case of nonstrict preferences.

We assume that rankings are transitive, so that for any candidatesa, b and c, a is
preferred toc whenevera is preferred tob andb is preferred toc. In addition, we assume
that a voter evaluates each candidate as either acceptable or unacceptable, which we will
refer to as approved and disapproved candidates.

The preference-approval of voters is based on both their rankings and their approval
of candidates. Although different, these two types of information exhibit the following
consistency: Given two candidatesa andb, if a is approved andb is disapproved, thena
is ranked aboveb.

We represent a voter’s preference-approval by an ordering of candidates from left to
right and a vertical bar, to the left of which candidates are approved and to the right of
which candidates are disapproved. For example,

a b | c d
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indicates that the voter’s two top-ranked candidates,a andb, are approved, and the voter’s
two bottom-ranked candidates,c andd, are disapproved.

At one extreme, a voter may approve of all candidates, and at the other extreme of no
candidates. As we discuss in section 6, these extreme strategies are dominated strategies
in a voting game in which voters have strict preferences, but these strategies are not illegal,
as such, under PAV of FV.

Some voters will approve of a single favorite candidate, and some will approve of all
except a worst choice. Many voters, however, are likely to select some middle ground,
approving of two or three candidates in, say, a field of five (for empirical data on this
question under AV, see Brams and Fishburn, 2005).

A preference-approval profile is a list of preference-approvals of all voters. A social-
choice rule, as we use the term here, aggregates preference-approval profiles into social
choices. Thereby our framework generalizes the standard social-choice model—wherein
a voter is characterized simply by his or her ranking of candidates—to one that adds a line
in the ranking separating the voter’s approvals from disapprovals.

In subsequent sections, we will use a number of examples to illustrate results as well
as prove some propositions. Voters who have the same ranking of candidates will be
put into classes, distinguished by Roman numeralsI, II, III, . . .. For simplicity, we
assume in the examples that all voters in a class draw the line separating approvals and
disapprovals at the same point in their rankings, but none of our results depends on this
assumption.

To describe PAV in the next section, we need two definitions. A Condorcet winner is a
candidate who is preferred by a majority to every other candidate in pairwise comparisons.
A cycle among 3 or more candidatesa, b, c, . . . occurs ifa > b > c > ... > a, where “>”
indicates “is preferred by a majority to.” The majority preference relation between any
two candidates may lead to a tie if and only if there is an even number of voters, which
we assume is broken by random tie-breaking.

3 Preference Approval Voting (PAV)

The winner under PAV is determined by two rules, the second comprising two cases:

1. If no candidate, or exactly one candidate, receives a majority of approval votes,
then the PAV winner is the AV winner—that is, the candidate who receives the
most approval votes.

2. If two or more candidates receive a majority of approval votes, then
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(i) If one of these candidates is preferred by a majority to every other majority-
approved candidate, then he or she is the PAV winner—even if not the AV or Condorcet
winner.

(ii) If there is not one majority-preferred candidate because of a cycle among the
majority-approved candidates, then the AV winner among them is the PAV winner—even
if not the AV or Condorcet winner.

It is rule 2 that distinguishes PAV from AV. It allows for the election of candidates
who are not the most approved and, therefore, not AV winners. As we will see, a PAV
winner may in fact be the least-approved candidate in a race.

Compared with preference-based voting systems, PAV is somewhat more demanding
in the information that it requires of voters. Besides ranking candidates, voters must
indicate where they draw the line between acceptable and unacceptable candidates, which
is an issue we will return to when we compare the complexity of PAV and FV.

In the remainder of this section, we show what kinds of candidates PAV may and may
not elect:

Proposition 1 A Condorcet winner may not be a PAV winner under rule 1, rule 2(i), and
rule 2(ii).

Proof Rule 1. Consider the following 3-voter, 3-candidate example, in which the voters
divide into three preference classes:

Example 1

• I. 1 voter:a b | c

• II. 1 voter:b | a c

• III. 1 voter:c | a b

Candidateb is the AV winner, approved of by 2 of the 3 voters, whereas candidates
a andc are approved of by only 1 voter each. Because candidateb is the only candidate
approved of by a majority,b is the PAV winner under rule 1. But it is candidatea, who is
preferred to candidatesb andc by majorities of 2 votes to 1, that is the Condorcet winner.

Rule 2(i). Consider the following 3-voter, 4-candidate example:

Example 2

• I. 1 voter:a b c | d
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• II. 1 voter:b c | a d

• III. 1 voter:d | a c b

Candidatesb andc tie for AV winner with majorities of 2 votes each. Because candi-
dateb is preferred to candidatec by 2 votes to 1,b is the PAV winner under rule 2(i). But
it is candidatea, who is preferred to candidatesb, c, andd by majorities of 2 votes to 1
(but who is not majority-approved), that is the Condorcet winner.

Rule 2(ii). Consider the following 5-voter, 5-candidate example:

Example 3

• I. 1 voter:d a b c | e

• II. 1 voter:d b c a | e

• III. 1 voter:e | d c a b

• IV. 1 voter:a b c | d e

• V. 1 voter:c | b a d e

Candidatesa (3 votes),b (3 votes), andc (4 votes) are all majority-approved and in a
cycle as well:a > b > c > a. Because the Condorcet winner, candidated (2 votes), is
not majority-approved, he or she cannot be the PAV winner. Instead, the most approved
candidate in the cycle,c, is the PAV winner. Q.E.D.

Not only may PAV fail to elect Condorcet winners when they exist, but it may also
fail to elect unanimously approved candidates.

Proposition 2 A unanimously approved AV winner may not be a PAV winner under either
rule 2(i) or rule 2(ii).

Proof Rule 2(i). Consider the following 3-voter, 3-candidate example:

Example 4

• I. 2 voters:a b | c

• II. 1 voter:b c | a
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Candidateb is approved of by all 3 voters, whereas candidatea is approved of by
2 voters and candidatec by 1 voter. Nevertheless, candidatea is the PAV winner, be-
cause under rule 2(i) he or she is preferred by 2 votes to 1 to the other majority-approved
candidate,b.

Rule 2(ii). Consider the following example 8-voter, 4-candidate example:

Example 5

• I. 3 voters:a b c | d

• II. 3 voters:d a c | b

• III. 2 voters:b d c | a

Candidatec is approved of by all 8 voters, whereas candidatesa, b, andd are approved
of by majorities of either 5 or 6 voters. The latter three candidates are in a top cycle in
which a > b > d > a; all are preferred by majorities to candidatec, the AV winner.
But because candidatea receives more approvals (6) than candidatesb andd (5 each),
candidatea is the PAV winner under rule 2(ii). Q.E.D.

Proposition 2 shows how a unanimously approved AV winner may be displaced by
a less approved majority winner under PAV. In fact, the conflict between AV and PAV
winners may be even more extreme.

Proposition 3 A least-approved candidate may be a PAV winner under rule 2(i).

Proof Consider the following 7-voter, 4-candidate example:

Example 6

• I. 2 voters:a c b | d

• II. 2 voters:a c d | b

• III. 3 voters:b c d | a

Candidatec is approved of by all 7 voters, candidatesb andd by 5 voters each, and
candidatea by 4 voters. While all candidates receive majority approval, candidatea is the
PAV winner, because he or she is preferred by a majority (classII andIII voters) to the
AV winner (candidatec), as well as candidatesb andd, under rule 2(i) Q.E.D.

When the PAV winner and the AV winner differ, as in Example 6, the PAV winner
is arguably the more coherent majority choice. Two of the three classes of voters rank
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candidatea as their top choice in Example 6, whereas candidatec, the AV winner, is not
the top choice of any class of voters.

Finally, we show that PAV may give winners different from the two-best known rank-
ing systems (for more information on these and other voting systems, see Brams and
Fishburn, 2002).

Proposition 4 A PAV winner may be different from winners under the Borda count and
single transferable vote (STV).

Proof

If there aren candidates, the Borda count assignsn − 1 points to the first choice of
a voter,n − 2 points to the second choice, . . .,0 points to the last choice; the candidate
with the most points wins. In Example 6, candidatec wins with 14 points (2 points each
from all 7 voters), whereas the PAV winner, candidatea, receives 12 points (3 points each
from 4 voters and 0 points from 3 voters).

Under STV, only first-place votes are counted initially. In Example 5, candidatesa, d,
andb receive 3, 3, and 2 votes, respectively, from the voters who rank them first. Because
candidateb receives the fewest votes, the votes or his or her supporters are transferred to
their second choice, candidated, givingd a total of 5 votes, which is a majority and makes
candidated the winner. By contrast, candidatea is the PAV winner. Q.E.D.

In summary, we have shown that PAV may not elect Condorcet winners, or winners
under AV, the Borda count, or STV. Nevertheless, PAV winners are strong contenders on
grounds of both approval and preference, which we will say more about later.

We turn next to a voting system that is less information-demanding than PAV, requiring
voters to rank only those candidates of whom they approve. It shares some properties of
PAV but by no means all.

4 Fallback Voting (FV)

Fallback voting (FV) proceeds as follows:

1. Voters indicate all candidates of whom they approve, who may range from no can-
didate (which a voter does by abstaining from voting) to all candidates. Voters rank
only those candidates of whom they approve.

2. The highest-ranked candidate of all voters is considered. If a majority of voters
agree on one highest-ranked candidate, this candidate is the FV winner. The proce-
dure stops, and we call this candidate a level 1 winner.
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3. If there is no level 1 winner, the next-highest ranked candidate of all voters is con-
sidered. If a majority of voters agree on one candidate as either their highest or their
next-highest ranked candidate, this candidate is the FV winner. If more than one
candidate receives majority approval, then the candidate with the largest majority
is the FV winner. The procedure stops, and we call this candidate a level 2 winner.

4. If there is no level 2 winner, the voters descend—one level at a time—to lower
and lower ranks of approved candidates, stopping when, for the first time, one or
more candidates are approved of by a majority of voters, or no more candidates are
ranked. If exactly one candidate receives majority approval, this candidate is the FV
winner. If more than one candidate receives majority approval, then the candidate
with the largest majority is the FV winner. If the descent reaches the lowest rank
of all voters and no candidate is approved of by a majority of voters, the candidate
with the most approval is the FV winner.

The appellation “fallback” comes from the fact that FV successively falls back on
lower-ranked approved candidates if no higher-ranked approved candidate receives ma-
jority approval. This nomenclature was first used in Brams and Kilgour (2001), but it was
applied to bargaining rather than voting, in which the decision rule was assumed to be
unanimity (the assent of all parties was necessary) rather than a simple majority.

Brams and Kilgour (2001), in what they called “fallback bargaining with impasse,”
did not require that the bargainers rank all alternatives. Rather, the bargainers ranked
only those they considered better than “impasse,” because impasse was preferable to any
alternative ranked lower. Bargainers not ranking alternatives below impasse are analogous
to voters not approving of candidates below a certain level, whom they do not rank.

Like FV, the “majoritarian compromise” proposed by Sertel and his colleagues (Sertel
and Yilmaz, 1999; Sertel and Sanver, 1999; Hurwicz and Sertel, 1999) elects the first
candidate approved of by a majority in the descent process. However, voters are assumed
to rank all candidates—they do not stop their ranking at some point at which they consider
candidates they rank lower unacceptable.

Bucklin assumed, as we do with FV, that if a voter did not rank all candidates, he or she
disapproved of those not ranked. Thus, when the fallback process descends to a level at
which a voter no longer ranks candidates, that voter is assumed to approve of no additional
candidates should the process continue to descend for other voters because no candidate
has yet reached majority approval. Bucklin’s system is FV absent the designation of
approved candidates, who are implicitly assumed to be only those candidates that voters
rank.

In the analysis of FV that follows, we assume that voters have preferences for all
candidates, though they reveal their rankings only for approved candidates. As we will
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see, the non-revealed information may lead to the election of different candidates from
PAV. First, however, we indicate properties that FV shares with PAV.

Proposition 5 Condorcet winners and unanimous AV winners may not be FV winners,
whereas least-approved candidates may be FV winners.

Proof

In Example 1, there is no level 1 winner. Because candidateb is the only candidate
approved of by a majority (votersII andIII) at level 2,b is the FV winner, whereas
candidatea is the Condorcet winner.

In Example 4, candidatea is the FV winner at level 1, but candidateb is the unanimous
AV winner. In Example 6, candidatea is the FV winner at level 1, buta is the least
approved of the four candidates. Q.E.D.

While FV and PAV share the properties listed in Proposition 5, FV, unlike PAV, may
fail to elect a majority-preferred candidate among the majority-approved candidates.

Proposition 6 Suppose there are two or more majority-approved candidates. If one is
majority-preferred among them, FV may not elect him or her.

Proof Consider the following 5-voter, 4-candidate example:

Example 7

• I. 2 voters:a b | c d

• II. 1 voter:d c a | b

• III. 2 voters:c a | b d

There is no level 1 majority-approved candidate with at least 3 votes. Because candi-
datea receives more approval (4 votes) than candidatec (3 votes) at level 2,a is the FV
winner. But candidatec is majority-preferred to candidatea by 3 votes to 2. Q.E.D.

In fact, candidatec is the Condorcet winner among all candidates, defeating candidates
b andd as well. PAV, because of rule 2(i), picks candidatec, even though candidatea is
more approved at level 2 and is unanimously approved at level 3 (to which FV never
descends).

A similar conflict between FV and PAV may occur when there is no Condorcet winner.

Proposition 7 A unanimously approved candidate in a cycle may not be the FV winner.
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Proof Consider the following 9-voter, 4-candidate example:

Example 8

• I. 2 voters:a b c | d

• II. 3 voters:b d c | a

• III. 4 voters:c a | d b

There is a cycle wherebya > b > c > a. candidatec is the only candidate approved of
by all 9 voters and so would be the PAV winner under rule 2(ii). Under FV, no candidate
is majority-approved at level 1, but at level 2 candidatea receives 6 votes and candidateb
receives 5 votes, makinga the FV winner. Q.E.D.

Proposition 8 FV, PAV, and AV may all give different winners for the same preference-
approval profile.

Proof Consider the following 9-voter, 4-candidate example:

Example 9

• I. 4 voters:a b c | d

• II. 3 voters:b c | a d

• III. 2 voters:d a c | b

There is no level 1 majority-approved candidate, but candidatesa andb each receive
majority approval (6 and 7 votes, respectively) at level 2. Because candidateb (7 votes)
is more approved of than candidatea (6 votes), FV elects candidateb. But candidatec
is unanimously approved (9 votes)—at level 3 for the classI andIII voters (to which
FV never descends)—so AV elects candidatec. Finally, PAV elects candidatea, who is
majority-preferred to the two other majority-approved candidates,b andc. Q.E.D.

Note in Example 9 that no class of voters ranks the unanimously approved AV winner
(candidatec) first, so he or she is likely to be only a lukewarm choice of everybody.
Neither FV nor PAV favors such candidates if there are majority-approved candidates
ranked higher by the voters.

In Examples 7, 8, and 9, one can determine from the rankings of the approved can-
didates that candidatea is majority-preferred to candidateb. Thus in Example 9, even
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though the classII voters do not indicate that they prefer candidateb to candidatea when
they rank their two approved candidates,b andc, the fact these voters do not approve of
candidatea implies that candidateb, whom they do approve of, is ranked higher than can-
didatea. Similarly, one can ascertain from the ranking of the classIII voters that they
prefer candidatea to candidateb.

That PAV would have given a different outcome from FV may not always be revealed.

Proposition 9 Information used to determine an FV winner may not reveal that PAV
would have chosen a different winner.

Proof Consider the following 3-voter, 4-candidate example:

Example 10

• I. 1 voter:a b c | d

• II. 1 voter:b d a | c

• III. 1 voter:c | a b d

There is no level 1 majority-approved candidate, but at level 2 candidateb receives
majority approval (2 votes) and is, therefore, the FV winner. Because the classIII voter
does not rank candidates below candidatec under FV, it would not be known whether
candidatea would defeat candidateb, or vice versa, in a pairwise contest between these
two candidates (while candidatea is preferred by the classI voter, candidateb is preferred
by the classII voter, leaving the contest undecided). But under PAV, wherein voters rank
all candidates, the fact that the classIII voter prefersa to b would not only be revealed
but also would render candidatea the winner, becausea is majority-preferred tob. Q.E.D.

That FV ignores information on the lower-level preferences of voters is one reason
why it gives different outcomes from PAV. Although we think information on nonap-
proved candidates should not be ignored, we recognize that it sometimes may be difficult
for voters to provide it.

5 Monotonicity of PAV and FV

Such well-known voting systems as STV—also called “instant runoff voting” (IRV)—do
not satisfy a property called “monotonicity,” rendering them vulnerable to what Brams
and Fishburn (2002, p. 215) call “ranking paradoxes.” As an example of such a paradox,
a voter may, by ranking a candidate first, cause him or her to lose, whereas this voter, by
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ranking the candidate last, enable him or her to win—just the opposite effect of what one
would expect a top ranking to have.

Because PAV and FV are hybrid voting systems, it is useful to define two kinds of
monotonicity.

1. A voting system is approval-monotonic if a class of voters, by approving of a new
candidate—without changing their approval of other candidates—never hurts and
may help this candidate get elected.

2. A voting system is rank-monotonic if a class of voters, by raising a candidate in their
ranking—without changing their ranking of other candidates—never hurts and may
help this candidate get elected.

A monotonicity paradox occurs when a voting system is not approval-monotonic
or rank-monotonic; violations of rank-monotonicity have been investigated by Fishburn
(1982), among others.

Proposition 10 PAV and FV are approval-monotonic.

Proof

Consider PAV. Under rule 1, a class of voters, by approving of a candidate, helps him
or her become the unique AV, and therefore the PAV, winner. Under rule 2(i), a class
of voters, by approving of a candidate, helps him or her become one of the majority-
approved candidates and, therefore, a possible PAV winner. Under rule 2(ii), a class of
voters, by approving of a candidate, helps him or her become the AV, and therefore the
PAV, winner among the majority-approved candidates in a cycle. Consider FV. Approving
of a candidate allows him or her to be ranked and receive votes in the descent, thereby
helping him or her become the FV winner. Q.E.D.

Proposition 11 PAV and FV are rank-monotonic.

Proof

Consider PAV. Under rule 1, ranks have no effect. Under rule 2(i), a class of voters, by
raising a candidate in their ranking, helps that candidate defeat other majority-approved
candidates in pairwise contests and thereby become the PAV winner. Under rule 2(ii), a
class of voters, by raising a candidate in their ranking, helps that candidate be a member
of the cycle—if there is no majority-preferred candidate among the majority-approved
candidates—and thereby become a possible PAV winner. Consider FV. A class of voters,
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by raising a candidate in their ranking, helps that candidate become majority-approved
at an earlier level, or receive the largest majority if two or more candidates are majority-
approved at the same level, and thereby become the FV winner. Q.E.D.

Thus, a class of voters can rest assured that giving either approval or a higher ranking
to a candidate can never hurt and may help him or her get elected under PAV and FV.
However, this may lead to the defeat of an already approved candidate that one prefers,
which is illustrated by the following 7-voter, 4-candidate example:

Example 11

• I. 1 voter:a b | c d

• II. 3 voters:b | a c d

• III. 2 voters:c a | b d

• IV. 1 voter:d | a b c

Under PAV, candidateb is the only candidate to be majority-approved (4 votes) and so
is the PAV winner under rule 1.

But now assume that the 3 classII voters approve of candidatea as well as candidate
b:

II ′. 3 voters:b a | c d

candidatea receives 5 votes and candidateb 4 votes, so both are majority-approved.
But because candidatea is majority-preferred to candidateb by 4 votes to 3, candidate
a is the PAV winner under rule 2(i), contrary to the interests of the classII voters who
switched from strategyb to strategyba.

Similarly, for the original approval strategies of the voters in Example 11, candidate
a is the FV winner, picking up 4 votes at level 2. But when the classII voters switch
from strategyb to strategyba, candidatea wins with 5 votes at level 2. As under PAV, the
strategy shift by the classII voters is detrimental to their interests

In section 7, we will show how information from polls may affect voters’ calculations
about how many candidates to approve of under PAV, and to approve of and rank under
FV. As we will see, these calculations may or may not result in equilibrium outcomes.

The stability of outcomes under PAV and under FV reflects their robustness against
manipulation. Stability may be looked at in either static or dynamic terms. In section 6 we
view it statically—when will voters be motivated to try or not try to upset an outcome?—
whereas in section 7 we analyze how unstable outcomes, based on a dynamic poll model,
evolve over time.
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6 Nash Equilibria under PAV and FV

Because PAV and FV give the same outcome as AV when either no candidate or one
candidate receives the approval of a majority, they share many of the properties of AV.
For example, in a field in which at most one candidate is likely to obtain majority ap-
proval, PAV and FV, like AV, give candidates an incentive to broaden their appeal to try
to maximize their level of approval.

When candidates reach out to try to attract more votes, voters are likely to consider
them acceptable and approve of more than one candidate. But if more than one candidate
actually receives majority approval, the preferences of voters under PAV and FV matter,
so the most-approved candidate may not win, as we showed earlier. Thus, a key question
that both PAV and FV raise is how many candidates a voter should approve of if he or
she deems more than one acceptable. As we showed in section 5, sometimes voting for
additional candidates may sabotage the election of a preferred candidate.

In the analysis that follows, we assume that voters, in order to try to elect their pre-
ferred candidates, choose strategically where to draw the line between approved and dis-
approved candidates. But we assume that they are truthful in their rankings of candidates,
which is equivalent to assuming that they choose from among their admissible and sincere
AV strategies.

An AV strategy S is admissible if it is not dominated in a game-theoretic sense—
that is, there is no other strategy that in all contingencies leads to at least as good an
outcome and in some contingency a better outcome. Admissible strategies under AV
involve always approving of a most-preferred candidate and never approving of a least-
preferred candidate (Brams and Fishburn, 1978, 1983).

An AV strategy S is sincere if, given the lowest-ranked candidate that a voter con-
siders acceptable, he or she also approves of all candidates ranked higher. Thus, if S is
sincere, there are no “holes” in a voter’s approval set: Everybody ranked above a voter’s
lowest-ranked, but acceptable, candidate is also approved; and everybody ranked below
this candidate is not approved.

As we will illustrate shortly, voters may have multiple sincere strategies, which some
analysts consider desirable but which others consider problematic; this clash has sparked
considerable controversy about AV. Given the multiplicity of sincere strategies, we are led
to ask what, if any, strategies are stable under PAV and FV.

We define an outcome to be in equilibrium if the approval strategies of each preference
class of voters that produce it constitute a Nash equilibrium. At such an equilibrium, no
class of voters has an incentive to depart unilaterally from its approval strategy, because
it would induce no better an outcome, and possibly a worse one, by doing so.

Proposition 12 Truth-telling strategies of voters under PAV and FV may not be in equi-
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librium. In particular, voters may induce a better outcome either by contracting or
expanding their approval sets.

Proof We first prove this proposition for PAV using the following 7-voter, 4-candidate
example:

Example 12

• I. 3 voters:a b | c d

• II. 2 voters:c | a b d

• III. 2 voters:d b | a c

Candidateb, approved of by 5 voters, is the only candidate approved of by a majority
and so is the PAV winner.

Now assume that the 3 classI voters contract their approval set from strategyab to
strategya:

I ′. 3 voters:a | b c d

Then candidatea, who is preferred by the classI voters to candidateb, will win under
PAV rule 1, receiving 3 votes to 2 votes each for candidatesb, c, andd.

Next assume the 2 classII voters expand their approval set from strategyc to strategy
ca:

II ′. 2 voters:c a | b d

Then candidatesa and b tie with 5 votes each (candidatesc andd receive 3 and 2
votes, respectively). Because candidatesa andb both receive majority approval, we apply
PAV rule 2(i). Since candidatea is preferred to candidateb by a majority of 5 votes to 2,
candidatea, whom the classII voters prefer to candidateb, is the winner.

Thereby both the contraction and the expansion of an approval set by a class of voters
may induce a preferred outcome, rendering PAV strategies in Example 12 not in equilib-
rium. It is easy to show that the same contraction and expansion of approval sets induces
preferred outcomes under FV (candidatea instead of candidateb in the case of contraction
I ′; a tie between candidatesa andb in the case of expansionII ′). Q.E.D.

We showed earlier that PAV, FV, and AV may lead to three different outcomes for the
same preference-approval profile (Proposition 8). The fact that an outcome is in equilib-
rium under one system, however, does not imply that it is in equilibrium under another
system.
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Proposition 13 When PAV and FV give different outcomes, one may be in equilibrium
and the other not.

Proof

In Example 9, we showed that candidatea (the Condorcet winner) wins under PAV
and candidateb wins under FV. candidatea is in equilibrium under PAV, because none
of the three classes of voters, by switching to a different approval strategy, can induce an
outcome they prefer to candidatea. On the other hand, candidateb is not in equilibrium
under FV, because the 4 classI voters, by switching from strategyabc to a, can induce
the election of candidatea, whom they prefer to candidateb. This example shows that
PAV may give an equilibrium outcome when FV does not.

To show that FV may give an equilibrium outcome when PAV does not, consider the
following example:

Example 13

• I. 1 voter:a b | c d

• II. 1 voter:c a | d b

• III. 1 voter:c | b a d

• IV. 1 voter:d b | a c

• V. 1 voter:d b | c a

Candidateb is the only candidate approved of by a majority of 3 voters. No voter,
by switching to a different approval strategy under FV, can induce a preferred outcome
to candidateb at level 2, making candidateb an equilibrium outcome. candidateb, being
the sole majority-approved candidate, is also the winner under PAV. But voterII, by
switching from strategyca to cad, can render both candidatesd andb majority-approved
(3 votes each). Sinced is preferred tob by a majority of 3 voters, including voterII, voter
II would have an incentive to induce this tied outcome under PAV, showing that FV may
give an equilibrium outcome when PAV does not. Q.E.D.

The fact that equilibria under PAV do not imply equilibria under FV, or vice versa,
indicates that one system is not inherently more stable than the other.
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7 The Effects of Polls in 3-Candidate Elections

In elections for major public office in the United States and other democracies, voters
are not in the dark. Polls provide them with information about the relative standing of
candidates and may also pinpoint their appeal, or lack thereof, to voters.

In this section, we focus on 3-candidate elections, because they are the simplest exam-
ple in which information about the relative standing of candidates can affect the strategic
choices of voters. Also, such elections are relatively common. We will show how voter
responses to a sequence of polls may dynamically change outcomes under PAV and FV.

To assess the effects of polls in 3-candidate elections, we make the following assump-
tions:

1. No majority winner. None of the three candidates,a, b, or c, is the top choice of a
majority of voters.

2. Initial support of only top choice. Before the poll, each voter approves of only his
or her top choice.

3. Poll information. The poll indicates the relative standing of the candidates. For
example, the orderingna > nb > nc indicates that candidatea receives the most
approval votes, candidateb the next most, and candidatec the fewest (for simplicity,
we do not allow for ties).

4. Strategy shifts. After the results of the poll are announced, voters may shift strate-
gies by approving of a second choice as well as a top choice. Voters will vote for
their two top choices if and only if the poll indicates (i) the about-to-become-winner
is their worst choice and (ii) they can prevent this outcome by approving of a second
choice, too, given they did not previously approve of this choice.

5. Repeated responses. After voters respond to a poll, they respond to new informa-
tion that is revealed in subsequent polls, as described in assumption 4 above.

6. Termination. Voters cease their strategy shifts when they cannot induce a preferred
outcome.

We assume that voters truthfully rank the three candidates at the start and do not
change these rankings in response to the initial poll or any subsequent poll. We next
investigate what outcomes occur in response to polls under PAV for two different kinds of
preferences.

1. Single-peaked preferences: Voters perceive the candidates to be arrayed along a
left-right continuum, with candidatea on the left, candidateb in the middle, and candidate

122



Annales du LAMSADE n◦6

c on the right. Each voter most prefers one of these candidates, next most prefers an
adjacent candidate, and least prefers the candidate farthest from his or her most-preferred
candidate, who may or may not be adjacent.

More specifically,a-voters on the left with preference rankinga b c may switch from
strategya to strategyab, whereasc-voters on the right with preference rankingc b a may
switch from strategyc to strategycb. Theb-voters in the middle split into two groups, with
one group preferring candidatea over candidatec (b a c) and the other group preferring
candidatec over candidatea (b c a). The former group may switch from strategyb to
strategyba, whereas the latter group may switch from strategyb to strategybc.

Because preferences are single-peaked, the median candidate,b, is the unique Con-
dorcet winner—he or she is preferred by a majority to both candidatea and candidate
c. We show in Table 1 three qualitatively different poll rankings that the initial poll may
give:

(i) na > nb > nc; (ii) na > nc > nb; (iii) nb > na > nc,

Table 1 about here

whereni indicates the number of approval voters of candidatei. If the roles of candidates
a andc are reversed, there are three analogous rankings, which we do not show in Table
1:

(iv) nc > nb > na; (v) nc > na > nb; (vi) nb > nc > na.

For poll ranking (i) in Table 1, the voters with preference rankingsb c a andc b a
will switch from strategiesb andc, respectively, to strategiesbc andcb to try to prevent
their worst choice, candidatea, from winning (assumption 4). This results in the election
of candidateb, whether candidateb is the unique majority-approved candidate—with ap-
proval from three classes of voters—or candidatec also wins a majority—with approval
from two classes of voters—in which case candidateb will defeat candidatec in a pair-
wise contest. Because no voters can effect a preferred outcome under PAV through any
subsequent shifts in their strategies—in response to a poll that shows candidateb to be
the unique or largest-majority winner—no voters will have an incentive to make further
shifts.

The same shifts will occur for poll ranking (ii), again boosting candidateb to winning
status. As for poll ranking (iii), no voters will have an incentive to shift in response to
the initial poll, because the plurality winner, candidateb, is not the worst choice of any
voters.

Under FV, candidateb will also prevail. In the case of poll rankings (i) and (ii), this
occurs because candidateb is the unique or largest-majority winner after the shift. In the
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case of poll ranking (iii), candidateb is the initial plurality winner, after which the descent
of voters ceases because no voter ranksb last.

In summary, whichever of the three qualitatively different poll rankings occurs when
voter preferences are single-peaked, the responses of voters to an initial poll leads to the
election of Condorcet winnerb under both PAV and FV. But when preferences are cyclical
and there is no Condorcet winner, the evolution of a winner is more drawn out, requiring
up to three shifts rather than just one.

2. Cyclical preferences: We consider the simplest case of cyclical preferences,
wherein three classes of voters, none with a majority of votes initially, have preferencesa
b c, b c a, andc a b, soa > b > c > a. For simplicity, we exclude voters with preferences
that do not contribute to the cyclic component of these voters (e.g.,a c b).

If, as assumed earlier, voters initially approve of only their top choices, there are two
qualitatively different poll rankings that the initial poll may give:

(i) na > nb > nc; (ii) na > nc > nb.

The four other possible rankings are analogous, with candidateb ranked first in two
cases and candidatec ranked first in the other two:

(iii) nb > na > nc; (iv) nb > nc > na; (v) nc > na > nb; (vi) nc > nb > na.

In Table 2, we show the strategy shifts that voters will make in response to poll

Table 2 about here

rankings (i) and (ii). After an initial poll that shows candidatea to be in first place in each
case, there will be one shift by theb c a voters (ShiftI)—and up to two additional shifts
(Shift II and ShiftIII) in response to subsequent polls that show other candidates to be
in first place—as voters try to prevent their worst choice from winning.

To illustrate for poll ranking (i), theb c a voters will switch from strategyb to strategy
bc in Shift I to try to prevent candidatea from winning with a plurality of votes. But when
this shift leads to candidatec’s receiving a majority of votes, thea b c voters will switch
from strategya to strategyab in Shift II, giving candidatesb andc each a majority.

Under PAV, candidateb will be majority-preferred to candidatec in the contest be-
tween these two majority-approved candidates after ShiftII. Under FV, candidateb, with
approval from botha b c andb c a voters at level 2, will receive a larger majority than
candidatec—based on the initial poll ranking—with approval fromb c a andc a b voters.

At this stage, even if thec a b voters switched from strategyc to strategyca, they could
not induce the election of candidatea, who will get a smaller majority than candidateb,
based on the initial poll ranking. Hence, the shifts will terminate after shiftII, resulting
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in the election of candidateb, the candidate with more first and second-place approval
than any other candidate.

For poll ranking (ii), three shifts are required to induce the election of candidatea. In
the absence of a Condorcet winner, the most approved candidate in the cycle—when all
voters support their two top candidates—emerges as the winner under PAV and FV.

In summary, when preferences are cyclical, the candidate who is ranked first or second
by the most voters prevails after three shifts under both PAV and FV. Together with our
results on single-peaked preferences, we have the following:

Proposition 14 In the poll model for 3-candidate elections under PAV and FV, strategy
shifts result in the election of (1) the Condorcet winner if preferences are single-
peaked and (2) the candidate ranked first or second by the most voters if preferences
are cyclical.

These outcomes, however, may not be stable.

Proposition 15 In the poll model for 3-candidate elections under PAV and FV, strategy
shifts may result in outcomes that are not in equilibrium when there is a Condorcet
winner.

Proof

Assume that voter preferences are single-peaked (Table 1), and consider poll ranking
(ii) after the shift. Assume that theb c a andc b a voters constitute a majority. Then the
c b a voters, by switching from strategycb to strategyc (a contraction), will induce the
election of candidatec, whom they prefer to candidateb. As the sole majority-approved
candidate, candidatec wins under both PAV and FV, rendering candidateb not in equilib-
rium. Q.E.D.

Surprisingly, it is not the cyclical preferences of voters (in Table 2) that produce insta-
bility but the single-peaked preferences of voters (in Table 1) for poll ranking (ii)—and
poll ranking (i) as well if theb c a andc b a voters constitute a majority in this situation—
that produce instability. Thus, the strategy shifts of voters in response to polls, while
leading to the outcomes indicated in Proposition 14, may not terminate at these outcomes
because of the possible nonequilibrium status of candidateb for poll rankings (i) and (ii)
in Table 1.

This is not to say that the Condorcet winner (in Table 1), candidateb, cannot be sup-
ported as a Nash equilibrium in this situation. It turns out that the “critical strategy profile”
of candidateb,
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a b | c; b | a c; b | c a; c b | a,
which maximizesb’s approval vis-̀a-vis the other candidates, supportsb as a strong Nash
equilibrium—no coalition of voter classes, by choosing different approval strategies, can
induce an outcome they prefer to candidateb. Not only is it impossible for a coalition
to replaceb with a preferred candidate under PAV and FV, but this is also true of AV. In
fact, under AV, candidates are strong Nash equilibria at their critical strategy profiles if
and only if they are Condorcet winners (Brams and Sanver, 2006).

We have assumed up until now that while voters may changes their levels of approval
in order to try to induce preferred outcomes, they are steadfast in their rankings of candi-
dates, which we assumed are truthful. But what if they can falsify their rankings? Then
the candidates will be more vulnerable. But falsifying rankings, especially if information
is incomplete, is a risky strategy that many voters are likely to shun.

8 Conclusions

It is worth emphasizing that PAV and FV duplicate AV when at most one candidate re-
ceives a majority of approval votes. In such a situation, there seems good reason to elect
the AV winner, because if there is a different Condorcet winner, he or she would not be
majority-approved. If the AV winner also is not majority-approved, his or her election
seems even more compelling, because this is the most acceptable candidate in a field in
which nobody is approved of by a majority.

When two or more candidates are majority-approved, PAV and FV may elect different
winners from AV, the Borda count, STV, and each other. PAV chooses the majority-
preferred candidate, if there is one, among those who are majority-approved, whereas FV
chooses the first candidate to receive a unique or largest majority in the descent.

If there is no majority-preferred candidate among the majority-approved candidates,
PAV chooses the most approved candidate in the cycle. FV does the same if this can-
didate is in the first set of candidates to receive majority approval in the descent; if not,
a majority-approved candidate with less approval—but received earlier—will be the FV
winner. PAV and FV winners, if different from the AV winner, are likely to have more
coherent majoritarian positions, not just be the lukewarm choices of most voters.

Candidates with coherent positions are more likely to run if they believe, without
egregious pandering, that they can win. Consequently, PAV and FV may well encourage
candidates to enter the fray who might otherwise be deterred because they are unwilling
to sacrifice their fundamental tenets in order to win.

PAV and FV afford voters the opportunity to approve of lower-ranked candidates with-
out necessarily helping them to win. Unlike AV, in which voting for a less-preferred can-
didate can cause the displacement of a more-preferred candidate, PAV and FV impede this
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event, though they do not rule it out entirely, by taking into account voter preferences, not
just approval, albeit in different ways. Both systems are approval-monotonic and rank-
monotonic, so approving of a candidate or ranking him or her higher never hurts, and may
help, this candidate to get elected.

PAV is more information-demanding than FV, which asks voters to rank only their
approved candidates. Without complete information on preference rankings, FV is less
able to ensure the election of a majority-preferred—or the most approved if there is no
majority-preferred—candidate among the majority-approved candidates.

PAV and FV may elect different candidates in equilibrium if voters contract or expand
their approval sets; neither system is inherently more stable than the other. In the 3-
candidate dynamic poll model, Condorcet winners are elected after one shift when voter
preferences are single-peaked—though not always in equilibrium—whereas candidates
ranked first or second by the most voters are equilibrium choices after several shifts when
voter preferences are cyclic.

By combining information on approval and preferences, PAV and FV may yield out-
comes that neither kind of information, by itself, produces. Although PAV is more likely
to lead to majority-preferred winners among the majority-approved, its greater informa-
tion demands of voters may make FV a better practical choice. Such trade-offs require
careful consideration, as do other ways of mixing approval and preferences to coax better
social choices out of a voting system.
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Tables

Poll Ranking (i) na > nb > nc (ii) na > nc > nb (iii) nb > na > nc

Initial Strategies

a | b c
b | a c
b | c a
c | b a

a | b c
b | a c
b | c a
c | b a

a | b c
b | a c
b | c a
c | b a

Outcome a a b

Shift in Strategies
(if any) after Initial

Poll

a | b c
b | a c
b c | a
c b | a

a | b c
b | a c
b c | a
c b | a

Outcome b b

Table 1: Strategy Switches of Voters in Response to a Poll under PAV and FV:
Single-Peaked Preferences with Three Poll Rankings (b Condorcet Winner)
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Poll Ranking (i) na > nb > nc (ii) na > nc > nb

Initial Strategies
a | b c
b | c a
c | a b

a | b c
b | c a
c | a b

Outcome a a

Shift I (Initial Poll)
a | b c
b c | a
c | a b

a | b c
b c | a
c | a b

Outcome c c

Shift II (2nd Poll)
a b | c
b c | a
c | a b

a b | c
b c | a
c | a b

Outcome b b

Shift III (3rd Poll)
a b | c
b c | a
c a | b

Outcome a

Table 2: Strategy Switches of Voters in Response to a Poll under PAV and FV:
Cyclic Preferences with Two Poll Rankings
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Expressive Power of Weighted Propositional
Formulas for Cardinal Preference Modelling

Yann Chevaleyre∗, Ulle Endriss†, J́erôme Lang‡

Abstract

As proposed in various places, a set of propositional formulas, each associated
with a numerical weight, can be used to model the preferences of an agent in com-
binatorial domains. If the range of possible choices can be represented by the set of
possible assignments of propositional symbols to truth values, then the utility of an
assignment is given by the sum of the weights of the formulas it satisfies. Our aim
in this paper is twofold: (1) to establish correspondences between certain types of
weighted formulas and well-known classes of utility functions (such as monotonic,
concave ork-additive functions); and (2) to obtain results on the comparative suc-
cinctness of different types of weighted formulas for representing the same class of
utility functions.

Key words : Preference representation, logic-based languages, expressive power,
comparative succinctness, computational complexity

1 Introduction

Many individual or multiagent decision making problems have in their input the prefer-
ences of the agent(s) over a set of possible alternatives. These preferences can be either
ordinal (i.e.preference relations, typically weak orders) or cardinal (i.e.utility functions).
We make use of the generic wordpreference structurefor either a preference relation or a
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utility function. Such problems include decision making and planning under uncertainty,
multi-criteria decision making and decision support systems, automated group decision
making (including auctions, fair division, vote), and distributed decision making (includ-
ing negotiation).

Saying that the input of a problem contains the preference structure of the agent(s)
over the set of alternatives does not imply anything about how these structures arespec-
ified in the input. Clearly, if the set of alternatives is small, this question is not relevant,
since the size of the explicit representation of the preference structure is small as well.
This is no longer the case when the set of alternatives is a combinatorial domain: in
this case, the set of alternatives is the set of all assignments of each of a given finite
set of variables to a value of the corresponding finite domain.3 Examples are numer-
ous: in combinatorial auctions and negotiation over resources[Cramtonet al., 2006;
Chevaleyreet al., 2006], an alternative is an assignment of each good to an agent; in
multiple issue referenda[Bramset al., 1998], an alternative consists of a truth value (yes
or no) for each issue.

For this purpose, many languages have been developed so as to express prefer-
ence structures as succinctly as possible. These languages differ significantly, depend-
ing on whether the preference structure to be expressed is ordinal or cardinal. Lan-
guages for the succinct representation of ordinal preferences include languages ofce-
teris paribusstatements, which range from very expressive languages[Doyle and Well-
man, 1991] to syntactical restrictions such as CP-nets[Boutilier et al., 1999], where a
weaker expressivity is compensated for by the availability of efficient elicitation and op-
timisation techniques. They also include languages based on conditional logics, priori-
tised logics, and prioritised constraint satisfaction problems (see e.g. Lang[2004] for an
overview). Languages for the succinct representation of utility functions include graphi-
cal models[Bacchusand Grove, 1996; La Mura and Shoham, 1999; Boutilieret al., 2001;
Gonzales and Perny, 2004], decision trees[Boutilier et al., 1995], valued constraint sat-
isfaction problems[Bistarelli et al., 1999], and bidding languages for combinatorial auc-
tions[Nisan, 2006; Boutilier and Hoos, 2001; Sandholm, 2002].

Many different issues concerning preference representation languages are worth in-
vestigating:

• Elicitation: design algorithms to elicit preferences from an agent so as to get an
output expressed in a given language.

• Cognitive relevance:assess the cognitive relevance of a language by measuring its
proximity to the way human agents “know” their preferences and express them in
natural language.

3Another situation where preference representation is non-trivial is when the set of alternatives is con-
tinuous. We leave this issue aside and focus on finite domains only.
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• Expressive power:identify the set of preference structures that can be expressed in
a given language.

• Complexity:for a given language, determine the computational complexity of tasks
such as finding a non-dominated alternative, checking whether an alternative is pre-
ferred to another one, whether an alternative is non-dominated, or whether all non-
dominated alternatives satisfy a given property.

• Comparative succinctness:given two languagesL andL′, determine whether every
preference structure that can be expressed inL can also be expressed inL′ without
a significant (that is, supra-polynomial) increase in size (in which caseL′ is said to
be at least as succinct asL).

Elicitation and complexity have been the subject of much previous work that we will not
recall here. Cognitive relevance is somewhat harder to assess, due to its non-technical na-
ture, and to our knowledge it has been rarely studied (see Nisan[2006] for a short discus-
sion). Expressive power and comparative succinctness, have been investigated to a lesser
extent. Coste-Marquiset al. [2004] give a systematic analysis of both issues forordi-
nal preferences, while several other authors[Boutilier and Hoos, 2001; Sandholm, 2002;
Chevaleyreet al., 2004; Nisan, 2006] investigate these issues for bidding languages for
auctions and negotiation (which express valuation functions for bundles of goods). In
this paper we investigate expressive power and succinctness for one of the simplest lan-
guages for utility representation, where goals are specified aspropositional logic for-
mulas, and each goal is associated with a numerical weight. The utility of an alter-
native is then obtained by summing up the weights of the goals it satisfies. This lan-
guage has been considered in many places, as have several of its variations[Pinkas, 1991;
Haddawy and Hanks, 1992; Dupin de Saint-Cyret al., 1994; Lafage and Lang, 2000].

After covering some preliminaries and introducing the problems addressed in this pa-
per in more formal detail in the next section, we first investigate expressivity issues. We
focus on a number of possible restrictions on both formulas and weights, and identify the
corresponding classes of utility functions. While the results are obvious in extreme cases
(if no restriction is imposed, all utility functions can be expressed, with maximal succinct-
ness; if only atomic formulas are allowed then only linear functions can be expressed),
there appear to be many cases for which they are non-trivial and particularly interesting,
because they correspond to intermediate classes which may realise a good trade-off be-
tween simplicity and efficiency. We then present, in less detail, initial results concerning
the comparative succinctness of different preference languages. In the final section, we
discuss related work and further research directions. In particular, we point out interest-
ing directions for future work regarding the computational complexity of working with
different languages based on weighted propositional formulas.
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2 Modelling Preferences

In this section we introduce two approaches to modelling cardinal preferences: by means
of classical utility functions and by means of weighted propositional formulas.

We first fix some basic notation. LetPS be a finite set of propositional symbols and
let n = |PS |. LPS is the propositional language built fromPS using the operations of
negation, conjunction and disjunction. For any formulaϕ ∈ LPS , Var(ϕ) denotes the set
of propositional symbols occurring inϕ. PS (k) is the set of all subsets ofPS with at most
k elements (in particular,PS (1) andPS (n) are isomorphic toPS and2PS , respectively).
ElementsM of 2PS could be bundles of indivisible goods, agreements in the context of
multi-criteria decision making, coalitions of agents in the context of cooperative games
or, more generally, propositional worlds (assigningtrue to every symbol appearing inM
andfalseto all other symbols).

2.1 Utility Functions

We now introduce the concept of autility function over propositional worlds and recall
the definitions of several well-known classes of utility functions.

Definition 1 (Utility functions) A utility function is a mappingu : 2PS → R.

• u is normalised iffu({ }) = 0.

• u is non-negative iffu(X) ≥ 0 for all X.

• u is monotonic iffu(X) ≤ u(Y ) wheneverX ⊆ Y .

• u is modular iffu(X ∪ Y ) = u(X) + u(Y ) − u(X ∩ Y ) for all X andY .

• u is subadditive iffu(X ∪ Y ) ≤ u(X) + u(Y ) − u(X ∩ Y ) for all X andY .

• u is superadditive iffu(X ∪ Y ) ≥ u(X)+u(Y )−u(X ∩ Y ) for all X andY .

• u is concave iffu(X ∪Y )−u(Y ) ≤ u(X ∪Z)−u(Z) for all X wheneverY ⊇ Z.

• u is convex iffu(X ∪ Y ) − u(Y ) ≥ u(X ∪ Z) − u(Z) for all X wheneverY ⊇ Z.

• u is k-additive iff there exists a mappingm : PS (k) → R such that (for allX):

u(X) =
∑

{m(Y ) | Y ⊆ X andY ∈ PS (k)}
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Intuitively, concavity means that marginal utility (of obtainingX) decreases as we move
to a better starting position (namely fromZ to Y ). Observe thatu is convex iff−u is
concave and, similarly,u is superadditive iff−u is subadditive. All concave functions are
also subadditive and all convex functions are superadditive (setZ = X ∩ Y ). The class
of modular functions is the intersection of the classes of subadditive and superadditive
functions. Utility functions that are both monotonic and normalised are also known as
capacities.

The class ofk-additive functions, the definition of which is inspired by work in fuzzy
measure theory (see e.g.[Grabisch, 1997]) and which recently also have found application
in combinatorial auctions[Conitzeret al., 2005] and distributed negotiation[Chevaleyre
et al., 2004], is probably less well-known than the other classes of functions mentioned in
Definition 1. This class is useful in domains where synergies between different items are
restricted to bundles of at mostk elements. We recall the well-known fact that fork = n,
anyutility function is k-additive:m({ }) = u({ }) andm(X) can be defined recursively
asu(X) −

∑
Y ⊂X m(Y ) for all X 6= { }. Moreover, the functionm such thatu(X) =∑

{m(Y ) | Y ⊆ X} is uniquelydetermined; the mappingu 7→ m is known as theMöbius
inversion([Rota, 1964]; see also[Shafer, 1976; Gilboa and Schmeidler, 1992]). Also, the
class of modular functions coincides with the class of 1-additive functions. This may be
seen as follows. LetX be any non-empty set in2PS and letx ∈ X. Then the equation
characterising modularity impliesu(X) = u(X \ {x}) + [u({x}) − u({ })]. If we apply
this step recursively for every element ofX, then we end up with the following equation:

u(X) = u({ }) +
∑

x∈X

[u({x}) − u({ })]

Choosingm({ }) = u({ }) andm({x}) = u({x}) − u({ }), this shows that modularity
implies 1-additivity. The converse is easily seen to hold as well.

2.2 Weighted Formulas

An alternative approach to representing preferences usesweighted propositional formu-
las. A weighted formula is a pair(ϕ, α), whereϕ is a propositional formula in the lan-
guageLPS andα is a numerical weight representing the relative importance of that for-
mula. Intuitively, the degree of satisfaction derived from a particular propositional world
(bundle of goods, agreement, coalition) is the sum of the weights of the formulas satisfied
by that world.

Definition 2 (Goal bases)A goal base is a setG = {(ϕi, αi)}i of pairs, each consisting
of a satisfiable formulaϕi ∈ LPS and a real numberαi. The utility functionuG generated
byG is defined by

uG(M) =
∑

{αi | (ϕi, αi) ∈ G andM |= ϕi}
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for all M ∈ 2PS . G is called the generator ofuG.

Summing up the individual weights is particularly suited for modelling utility functions,
but other aggregation functions have been investigated as well[Lafage and Lang, 2000].
In this paper we are going to be interested in the following question:

Are there simple restrictions on goal bases such that the utility functions they
generate enjoy simple structural properties?

Interesting candidates for restrictions on formulas include restrictions on the length of
formulas as well as the range of propositional connectives appearing in a formula. The
most obvious restriction on weights would be to allow only positive numbers.

Definition 3 (Restrictions) Let H ⊆ LPS be a restriction on the set of propositional
formulas and letH ′ ⊆ R be a restriction on the set of weights allowed in the specification
of goals. For formulas, we consider the following restrictions:

• A positive formula is a formula with no occurrence of¬; a strictly positive formula
is a positive formula that is not a tautology.

• A clause is a (possibly empty) disjunction of literals; ak-clause is a clause of length
≤ k.

• A cube is a (possibly empty) conjunction of literals; ak-cube is a cube of length
≤ k.

• A k-formula is a formulaϕ with |Var(ϕ)| ≤ k.

As for weights, we consider only the restriction to the positive reals. Given two restrictions
H andH ′, let U(H, H’) be the class of utility functions that can be generated from goal
bases conforming to the restrictionsH andH ′.

Restrictions on formulas can also be combined (e.g. positive clauses are disjunctions of
positive literals). We write “all” in case no specific restriction applies. For example,
U(positivek-cubes,all) is the class of utility functions generated by goal bases made up
from positivek-cubes and where weights are not subject to any restrictions. We are also
going to consider restrictions to both atoms (propositional symbols) and literals (atoms
and their negations). Note that⊤ is a cube (of length0), but not a clause (nor is it a
literal). The empty clause is equivalent to⊥, i.e. it is not of interest here, because goals
are required to be satisfiable.

Two goal basesG andG′ are said to beequivalent(written G ≡ G′) iff they gen-
erate the same utility functions,i.e. iff uG = uG′ . The following lemma introduces two
equivalence-preserving transformations on goal bases. It shows how to eliminate both
negations and disjunctions from inside a conjunction.
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Lemma 1 The following equivalences hold for all goal basesG, formulasϕ, ψ, χ ∈ LPS

and weightsα ∈ R:

(i) G ∪ {(ϕ ∧ ¬ψ, α)} ≡ G ∪ {(ϕ, α), (ϕ ∧ ψ,−α)}

(ii) G ∪ {(ϕ ∧ (ψ ∨ χ), α) ≡
G ∪ {(ϕ ∧ ψ, α), (ϕ ∧ χ, α), (ϕ ∧ ψ ∧ χ,−α)}}

Proof. The claims are easily verified by considering all (eight) possible ways of assigning
truth values to the formulasϕ, ψ andχ. 2

A special case of part(i) shows how to eliminate a negation from the outside of a formula:
{(¬ψ, α)} can be rewritten as{(⊤, α), (ψ,−α)}. Similarly, settingϕ = ⊤ in part (ii)
provides us with a way of transforming a disjunction into a set of conjunctions:{(ψ ∨
χ, α)} can be replaced by{(ψ, α), (χ, α), (ψ ∧ χ,−α)}.

3 Correspondence Results

This section gives a range of answers to our earlier question regarding the existence of
restrictions on goal bases generating utility functions with simple structural properties.

3.1 Basic Results

It turns out that the notion ofk-additivity plays a central role in characterising the classes
of utility functions corresponding to certain types of goal bases. This connection is at its
most apparent in the case of positivek-cubes.

Proposition 1 U(positivek-cubes, all) is equal to the class ofk-additive utility functions.

Proof. A k-additive function can be represented by a mappingm : PS (k) → R (see
Definition 1). We can define a bijective functionf from such mappingsm onto goal
basesG with only positivek-cubes:

f : m 7→ {(p1 ∧ · · · ∧ pk, α) | m({p1, . . . , pk}) = α}

Clearly, the utility functions generated bym and the goal basef(m) are identical. 2

Observe thatnegativek-cubes (i.e.conjunctions of negative literals of length≤ k) also
generate the set of allk-additive functions. This may be seen as follows. LetB(u) be
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defined byB(u)(M) = u(M) for all M . If u is generated byG, thenB(u) is generated
by G obtained by replacing every literal in every formula ofG by its negation, which
shows thatU(negativek-cubes,all) = B(U(positivek-cubes,all)), which is equal to the
set of allk-additive utility functions (since the latter is closed underB). In fact, for several
of our correspondence results on positive formulas below, there exist similar results for
formulas where all literals are negative, even though we are not going to specifically report
these here.

Proposition 2 The following sets are also all equal to the class ofk-additive utility func-
tions:

• U(k-cubes,all) andU(k-clauses,all);

• U(positivek-formulas,all) andU(k-formulas,all).

Proof. Any positivek-cube(p1 ∧ · · · ∧ pk, α) can be rewritten as a set ofk-clauses (using
an arbitrary additional propositional symbolp):

{(¬p1 ∨ · · · ∨ ¬pk,−α), (p, α), (¬p, α)}

Hence,U(positivek-cubes,all) ⊆ U(k-clauses,all). Clearly, U(positivek-cubes,all)
is also included in bothU(k-cubes,all) andU(positivek-formulas,all), and all of the
classes mentioned are included inU(k-formulas,all).

Using Lemma 1, we can transform any goal base consisting ofk-formulas into a goal
base of positivek-cubes,i.e. we also getU(k-formulas,all) ⊆ U(positivek-cubes,all).
Hence, all of the sets of utility functions mentioned earlier are equivalent. The claim then
follows immediately from Proposition 1. 2

Thepositivek-clauses donot generate the full set ofk-additive utility functions, because
(due to the fact that⊤ is not a clause) positivek-clauses do not allow us to assign a
non-zero utility to{ }. We therefore obtain the following weaker result:

Proposition 3 U(positivek-clauses, all) is equal to the class of normalisedk-additive
utility functions.

Proof. First observe that positivek-clauses augmented with⊤ can generate allk-additive
utility functions. This immediately follows from case(ii) of Lemma 1 and Proposition 1.
Without lack of generality, we may assume that any goal baseG of positivek-clauses
augmented with⊤ includes exactly one weighted goal of the form(⊤, α). It then remains
to be shown thatuG is normalised iffα = 0. This is clearly so, becauseuG({ }) = α
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holds due to the fact that{ } falsifies all positive clauses. 2

Next we list a number of further basic results, all of which are simple consequences of
the results onk-additive utility functions for the special cases ofk = n andk = 1.

Proposition 4 The following sets are all equal to the class of all utility functions:

• U(positive cubes, all) andU(positive,all);

• U(cubes,all), U(clauses,all) andU(all, all).

Proof. Recall thatanyutility function isk-additive for a sufficiently high value ofk. The
claim then follows from Propositions 1 and 2. 2

U(positive cubes,all) corresponds to themarginal contribution netsof Ieong and
Shoham[2005], who also point out that this language is fully expressive.

Proposition 5 U(positive clauses,all) is equal to the class of normalised utility func-
tions.

Proof. This is a corollary to Proposition 3. 2

Proposition 6 U(strictly positive,all) is also equal to the class of normalised utility func-
tions.

Proof. As any positive clause is a strictly positive formula, by Proposition 5, any nor-
malised function must belong toU(strictly positive,all). Vice versa, ifG is a set of strictly
positive formulas thenuG({ }) = 0, because{ } falsifies all strictly positive formulas.2

Proposition 7 U(literals,all) is equal to the class of modular utility functions.

Proof. First recall that the class of modular functions is equal to the class of 1-additive
functions. Therefore, by Proposition 2,U(1-cubes, all) is equal to the class of modular
functions. The set of 1-cubes is the set of literals together with⊤. The claim then follows
from the fact that we can rewrite{(⊤, α)} as{(p, α), (¬p, α)} using any propositional
symbolp. 2

Proposition 8 U(atoms,all) is equal to the class of normalised modular utility functions.

Proof. Atoms are strictly positive literals,i.e. the claim follows from Propositions 6 and 7.
2
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3.2 Non-negative Functions

Next we study the classes of utility functions generated by positively weighted formulas.
Unsurprisingly, such functions will be non-negative.

Proposition 9 U(all, positive)andU(cubes,positive)are both equal to the class of non-
negative utility functions.

Proof. It is obvious thatU(all, positive), anda fortiori U(cubes,positive), are con-
tained in the set of all non-negative utility functions. For the converse inclusion, it
is enough to show that any non-negative utility function can be generated by posi-
tively weighted cubes. So supposeu is such a non-negative utility function and define
G = {(form(M), u(M)) | M ∈ 2PS}, where:

form(M) =
∧

{x | x ∈ M} ∧
∧

{¬x | x ∈ PS \ M}

We haveu = uG, i.e.u is in U(cubes,positive)). 2

Again, clauses are less expressive than cubes:4

Proposition 10 U(clauses,positive)is a proper subset of the class of non-negative utility
functions.

Proof. Inclusion ofU(clauses,positive)in the set of non-negative functions follows from
Proposition 9. To show that the inclusion is strict, consider the following non-negative
utility function:

u({p, q}) = 1; u({p}) = 0; u({q}) = 0; u({ }) = 0

Suppose there exists a generatorG of u using only positively weighted clauses. Letwc be
the weight associated with clausec. We obtain the following list of constraints:

(1) wp + wq + wp∨q + w¬p∨q + wp∨¬q + w⊤ = 1
(2) wp + w¬q + wp∨q + wp∨¬q + w¬p∨¬q + w⊤ = 0
(3) w¬p + wq + wp∨q + w¬p∨q + w¬p∨¬q + w⊤ = 0
(4) w¬p + w¬q + w¬p∨q + wp∨¬q + w¬p∨¬q + w⊤ = 0
(5) wc ≥ 0 for all clausesc

4But observe that the restrictions on the functions that can still be expressed are different than for Propo-
sition 5. While positive clauses with general weights generate all normalised functions, general clauses with
positive weights do not onlynotgenerate all normalised (non-negative) utility functions, but also some non-
normalised functions.
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Constraints (2), (3), (4) and (5) givewc = 0 for any clausec, which is inconsistent with
(1). 2

Likewise,U(k-clauses,positive)is a proper subset of the class of non-negativek-additive
utility functions.

3.3 Monotonic Functions

The next result characterises the class of normalised monotonic utility functions, also
known ascapacities.

Proposition 11 U(strictly positive,positive) is equal to the class of normalised mono-
tonic utility functions.

Proof. Clearly, any utility function generated by positive formulas with positive weights
must be monotonic; and by Proposition 6, any function generated by strictly positive
formulas is normalised. Hence, everyu ∈ U(strictly positive,positive)must be a capacity.
For the converse, we sketch how to construct a goal base of positively weighted strictly
positive formulas for any given capacityu. Consider the utility functionsuk (for k =
1, . . . , n) defined as follows:

uk(X) = max{u(X ′) | X ′ ⊆ X and|X ′| ≤ k}

For instance,u1(X) = maxx∈X u({x}) andun = u (because of monotonicity). We are
going to show how to construct generators foru1, u2 −u1, u3 −u2 and so forth; the union
of these will then be a generator for the utility functionun, and hence foru.

(Step 1) To construct a generatorG1 for u1, order the elementspi of PS such that
u({p1}) ≤ · · · ≤ u({pn}).

G1 = { (p1 ∨ · · · ,∨pn, u({p1})),
(p2 ∨ · · · ∨ pn, u({p2}) − u({p1})), . . . ,
(pn, u({pn}) − u({pn−1}) }

Clearly,G1 is a generator foru1.

(Step 2) To construct a generator foru2−1 = u2 − u1, let {X1, . . . , X(n

2
)} be the set of all

2-ary subsets ofPS , ordered in such a way thatu2−1(Xi) ≤ u2−1(Xj) wheneveri < j.

141



Expressive Power of Weighted Propositional Formulas . . .

Observe thatu2−1(Xi) is non-negative (due to the monotonicity ofu). Now define:

G2 = { (
∧

X1 ∨ · · · ∨
∧

X(n

2
), u

2−1(X1)),

(
∧

X2 ∨ · · · ∨
∧

X(n

2
), u

2−1(X2) − u2−1(X1)), . . . ,

(
∧

X(n

2
), u

2−1(X(n

2
)) − u2−1(X(n

2
)−1)) }

G2 is a generator foru2 − u1. If we continue using the same method, we can construct
generatorsG3, . . . , Gn for u3 − u2 up toun − un−1. The union ofG1, . . . , Gn will then
be a generator for the sum ofu1, u2 − u1, . . . , un − un−1; that is, it will be a generator for
u = un. 2

To exemplify our construction, consider the capacityu with u({p1}) = 2, u({p2}) = 5
andu({p1, p2}) = 6:

(Step 1) Ordering the elements of{p1, p2} givesu({p1}) < u({p2}, therefore,G1 =
{(p1 ∨ p2, 2), (p2, 3)}. G1 is a generator foru1, whereu1({}) = 0, u1({p1}) = 2,
u1({p2}) = 5, u1({p1, p2}) = 5.

(Step 2) Since{p1, p2} is the only 2-ary subset of{p1, p2}, G2 = {(p1 ∧
p2, u

2−1({p1, p2}))}. Now,u2−1({p1, p2}) = u2({p1, p2})−u1({p1, p2}) = u({p1, p2})−
5 = 1. Therefore, we obtain the following goal base:

G = G1 ∪ G2 = {(p1 ∨ p2, 2), (p2, 3), (p1 ∧ p2, 1)}

Also observe that we can model the full set of monotonic utility functions by allowing
a single goal(⊤, α) with weight α (which could be negative) in a goal base that oth-
erwise consists only of strictly positive formulas with positive weights. Furthermore,
U(positive,positive)is the set of non-negative monotonic utility functions.

3.4 Concave Functions

As a final correspondence result, we establish a connection between restrictions on goal
bases and concave utilities.

Proposition 12 U(positive clauses, positive)is a subset of the class of normalised con-
cave monotonic utility functions.

Proof. The fact that any utility function from the setU(positive clauses,positive) is a
capacity follows from Proposition 11. So the interesting part is to show that positive
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clauses with positive weights generate concave utility functions. Letu be generated by a
goal baseG of positive clauses with positive weights and letX, Y andZ be propositional
worlds such thatY ⊇ Z. For positive clausesϕ, X∪Y |= ϕ together withY 6|= ϕ implies
X |= ϕ, andM |= ϕ impliesM ′ |= ϕ wheneverM ⊆ M ′. Hence:

{(ϕ, α) ∈ G | X ∪ Y |= ϕ andY 6|= ϕ} ⊆

{(ϕ, α) ∈ G | X ∪ Z |= ϕ andZ 6|= ϕ}

Because all weightsα are positive, we immediately obtain the required inequation
characterising concavity, namelyu(X ∪ Y ) − u(Y ) ≤ u(X ∪ Z) − u(Z). 2

We do not know whether the converse inclusion holds as well. Note that Proposition 12
implies thatpositive clauses with negative weightsgenerate onlyconvexutility functions
(albeit only negative ones).

4 Comparative Succinctness

Different restrictions on goal bases constitute differentlanguagesfor describing utility
functions. In this section, we make a first step towards analysing the comparativesuc-
cinctnessof such languages.

4.1 Defining Succinctness

A languageL′ for expressing utility functions is said to beat least as succinctas another
languageL iff there exists a polysize reduction for any utility function expressed inL to
the same utility function expressed inL′ (see also[Cadoliet al., 1996; Coste-Marquiset
al., 2004]). In our case, languages are restrictionsU(H, H’) or, more generally, sets of
goal bases.

Definition 4 (Succinctness)Let L andL′ be two sets of goal bases. We say thatL′ is at
least as succinct asL, denoted byL ¹ L′, iff there exist a mappingf : L → L′ and a
polynomial functionp such that:

• G ≡ f(G) for all G ∈ L; and

• size(f(G)) ≤ p(size(G)) for all G ∈ L.

Here thesizeof a goal base is the sum of the lengths of the formulas in that goal base.
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If L ¹ L′ andL′ ¹ L, thenL andL′ are as succinct as each other: they express the
same sets of utilities in the same order of size. It may also be the case that two languages
are incomparable, that is, neitherL ¹ L′ nor L′ ¹ L holds. The strict order associated
with ¹ is denoted by≺ (i.e.L ≺ L′ iff L ¹ L′ but notL′ ¹ L).

We are interested in comparing the succinctness of different languages that have the
same expressive power (i.e.that can generate the same class of utility functions). Note
that, if H,H ′ ⊆ LPS andH ′′ ⊆ R with U(H, H” ) ≡ U(H’, H”), then H ⊆ H ′ implies
U(H, H”) ¹ U(H’, H” ). In this case the polysize reduction is simply the identity function.

4.2 An Incomparability Result

The most basic way of representing a utility function would be to explicitly list all propo-
sitional worlds with a non-zero utility. We call this theexplicit form. This directly corre-
sponds to goal bases consisting solely of cubes, each of which contains eitherp or ¬p as
a conjunct for every propositional symbolp ∈ PS (let us refer to such cubes asn-cubes).
Clearly,U(n-cubes,all) is equal to the class of all utility functions.

As discussed earlier, the concept ofk-additivity gives rise to a different represen-
tation, which we call thek-additive form. Thek-additive form directly corresponds to
goal bases consisting only of positive cubes (see proof of Proposition 1). As shown
elsewhere[Chevaleyreet al., 2004], the explicit form and thek-additive form of rep-
resenting utility functions areincomparablewith respect to succinctness. This means that
U(n-cubes,all) andU(positive cubes,all) are also incomparable. The following two util-
ity functions can be used to prove the mutual lack of a polysize reduction (details may be
found in[Chevaleyreet al., 2004]):5

• The functionu1(M) = |M | can be generated by a goal base of justn positive cubes
of length1, but we require2n − 1 n-cubes to generateu1.

• The functionu2, with u2(M) = 1 for |M | = 1 andu2(M) = 0 otherwise, can
be generated by a goal base ofn n-cubes, but we require2n − 1 positive cubes to
generateu2.

4.3 The Efficiency of Negation

Recall that bothU(positive cubes,all) andU(cubes,all) are equal to the class of all utility
functions (Proposition 4). However, as the next proposition states, the representation of

5In that paper[Chevaleyreet al., 2004], cardinality rather than size is used as a measure for succinct-
ness. Note, however, that comparative succinctness results coincide for the two approaches as long as only
formulas of polynomial length occur (as is the case for cubes of any kind).
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utility functions based on cubes is strictly more succinct than the representation based on
positive cubes alone:6

Proposition 13 U(positive cubes, all) ≺ U(cubes, all).

Proof. Clearly,U(positive cube, all) ¹ U(cubes,all), because every positive cube is also
a cube (i.e.the polysize reduction here is identity). To show that the representation based
on general cubes isstrictly more succinct, we consider the family of utility functionsun,
for n ≥ 1, whereun : 2{p1,...,pn} → R is defined byun({ }) = 1 andun(M) = 0 for all
M 6= { }. un is generated by the goal baseG = {(¬p1 ∧ · · · ∧ ¬pn, 1)}. That is, using
general cubes,un can be generated from a goal base with a single weighted formula of
lengthn.

Now, consider the following goal base using positive cubes alone:

G′ = {(
∧

X, (−1)|X|) | X ⊆ PS}

That is, every cube of lengthk gets the weight(−1)k. Observe thatG′ generatesun, i.e.
un = uG′ :

uG′(M) =
∑

X⊆M

(−1)|X| =

|M |∑

k=0

(
|M |

k

)
(−1)k = 0|M |

Next, the M̈obius inversion shows that the goal base generatingun is in fact uniquely
determined if only positive cubes are available:7 Indeed, the only positive cube satisfied
by { } is ⊤. Hence, we must have(⊤, 1) ∈ G′. But then we must have(p,−1) ∈ G′ for
every propositional symbolp ∈ PS to ensureu({p}) = 0. This in turn fully determines
the weights of cubes with two conjuncts, and so forth.

Thus, because the size ofG′ is exponentialin the number of propositional symbols in
PS and because no other goal base using positive cubes can generateun, the language
based on cubes is indeed strictly more succinct than the language based on positive
cubes. 2

This result shows that the inclusion of negation into a representation language for cardinal
preferences can make that language strictly more succinct.

6This has also been observed by Ieong and Shoham[2005].
7Without loss of generality, we assume that no goal base contains two or more logically equivalent

formulas.
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Formulas Weights Utility Functions Reference
cubes/clauses/all general = all Prop. 4
positive cubes/formulas general = all Prop. 4
positive clauses general = normalised Prop. 5
strictly positive formulas general = normalised Prop. 6
k-cubes/clauses/formulas general= k-additive Prop. 2
positivek-cubes/formulas general = k-additive Prop. 1 & 2
positivek-clauses general = normalisedk-additive Prop. 3
literals general = modular Prop. 7
atoms general = normalised modular Prop. 8
cubes/formulas positive = non-negative Prop. 9
clauses positive ⊂ non-negative Prop. 10
strictly positive formulas positive = normalised monotonic Prop. 11
positive clauses positive ⊆ normalised concave monotonic Prop. 12

Table 1: Summary of Correspondence Results

5 Conclusion

We have further analysed the language of weighted propositional formulas previously
studied by several authors. Most of our results concern theexpressive powerof this lan-
guage; we have established several correspondences between certain types of weighted
formulas and well-known classes of utility functions. Our correspondence results are
summarised in Table 1. We have then made initial steps towards analysing thecompar-
ative succinctnessof languages based on different types of weighted formulas that can
represent the same class of utility functions. In particular, we have seen that the language
of weighted cubes, while not more expressive, is strictly more succinct than the language
based on positive cubes.

In this paper, we have focussed exclusively on the additive interpretation of weighted
propositional formulas. Other aggregation functions can be considered, such as maximum
[Duboiset al., 1994] or more general functions (see, for instance, the work of Bistarelli
et al. [1999] in the CSP framework). Weighted formulas together with maximum as the
aggregation function have been considered in various places, including for instance the so-
called XOR language for combinatorial auctions[Sandholm, 2002], which furthermore
restricts formulas to positive cubes. Comparing the simple (but yet expressive) frame-
work of weighted goals with the various languages designed for combinatorial auctions
(a synthesis of which is given by Nisan[2006]) is an issue for further research.

While this paper establishes a number of interesting results on the expressive power
and comparative succinctness of weighted formulas for cardinal preference modelling, it
also raises a multitude of open questions. As concerns expressive power, further corre-
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spondence results are needed to fully understand the relationship between restrictions on
goal bases and different classes of utility functions. For instance, it would be very inter-
esting to obtain precise characterisations of the classes ofsuperadditiveandsubadditive
functions in terms of goal bases. As concerns succinctness, our observation that the inclu-
sion of negation into a language significantly improves succinctness in the case of cubes
immediately raises the question whether this remains true for more general formulas: Is
U(all, all) strictly more succinct thanU(positive,all)? We conjecture: yes. Another inter-
esting question would be whetherU(all, all) is strictly more succinct thanU(cubes, all).
Again, we conjecture: yes.

A further important area for future research concerns thecomplexityof working with
different languages of weighted formulas. For instance, let MAX -UTILITY (H, H’) be the
following decision problem: given a goal baseG ∈ U(H, H’) and an integerK, check
whether there exists a worldM ∈ 2PS such thatuG(M) ≥ K. Obviously, MAX -UTILITY

is in NP for the full language of weighted formulas, sinceuG(M) ≥ K can be checked
in polynomial time. Clearly as well, the general problem is NP-complete, due to its
straightforward reduction from SAT [Garey and Johnson, 1979]. More interestingly, for
sublanguages such asU(k-clauses,positive), MAX -UTILITY is also NP-complete, even
for k = 2. This can be shown via a reduction from MAX 2SAT [Garey and Johnson, 1979].

Simpler languages such asU(literals,all), on the other hand, give rise to poly-
nomial decision problems: assuming thatG contains every literal exactly once (pos-
sibly with weight 0), making a propositional symbolp true iff the weight of p
is greater than the weight of¬p results in an alternative with maximal utility.
MAX -UTILITY (positive, positive) is also in P, because makingall propositional sym-
bols true will result in maximal utility. We shall leave a full analysis of these issues to a
future occasion.

This paper has previously appeared in the Proceedings of the 10th International Confer-
ence on Principles of Knowledge Representation and Reasoning (KR-2006).
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Approval Voting: Three Examples
Francesco De Sinopoli∗, Bhaskar Dutta†, Jean-François Laslier‡

Abstract

In this paper we discuss three examples of approval voting games. The first one
illustrates that a stronger solution concept than perfection is needed for a strategic
analysis of this type of games. The second example shows that sophisticated voting
can imply that the Condorcet winner gets no vote. The third example shows the
possibility of insincere voting being a stable equilibrium.

Key words : Approval voting, sophisticated voting, sincere voting, perfect equilib-
rium, stable set.

1 Introduction

Approval voting (AV) – a voting procedure in which voters may vote for as many candi-
dates as they wish- has become an extremely popular voting system, being used in a large
number of electoral contests.1 Its proponents (for instance Brams, 1980, Brams and Fish-
burn, 1978, 1981, 2003) have discussed several advantages that it has over other electoral
systems, and have even suggested that it is “the electoral reform of the 20th century”.

One advantage that AV is supposed to have over other voting systems is that it helps
select the “strongest” candidate. Of course, the notion of what is the strongest candidate is

∗Department of Economics, University Carlos III de Madrid, Calle de Madrid 126, 28903 Getafe,
Madrid, Spain.fsinopol@eco.uc3m.es

†University of Warwick, Coventry CV4 7AL, UK.B.Dutta@warwick@ac.uk
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This paper combines and extends two papers (De Sinopoli, 1999, and Dutta and Laslier, 2005), we thank
Michel Le Breton for bringing us together. Francesco would like to thank Marco Dardi whose comments
deeply improved his previous version of the paper. Thanks also to an anonymous referee for helping us to
clarify several points.

1See Brams and Fishburn (2003) for an account of the various contexts in which AV is used.
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not always well-defined. But, if a candidate beats all other candidates in pairwise contests
- that is, if it is a Condorcet winner- then it is intuitive to label this as the strongest candi-
date. It is known that plurality rule and several other systems will sometimes fail to elect
the Condorcet winner. However, Brams and Fishburn (1981) prove that if a Condorcet
winner exists then the AV game has a Nash equilibrium in undominated strategies that
selects the Condorcet winner. A main purpose of this paper is to examine the “tendency”
of AV to select Condorcet winners when they exist.

In order to do so, we use the model of one stage voting procedures developed by My-
erson and Weber (1993) to analyse various features of AV games. Since Nash equilibrium
has no predictive power in voting games such as the ones induced by AV when there
are three or more voters, we focus on refinements of Nash equilibrium. In particular, a
first example demonstrates that the perfect equilibrium solution concept is not restrictive
enough in the context of approval games, since some outcomes induced by this concept
are excluded by iterated elimination of dominated strategies and by strategic stability.2

The termssophisticated votingwas introduced in the voting literature by Farquharson
(1969). It refers to iterating the “exhaustive” elimination of all weakly dominated strate-
gies by all players. In this example sophisticated voting results in an outcome in which the
Condorcet loser and Condorcet winner are selected with the same probability. A second
example shows how the Condorcet winner can getno vote at all according to sophisti-
cated voting and strategic stability. This shows that the Brams and Fishburn (1981) result
cannot be extended to these more demanding concepts.

A ballot or strategy under AV is said to besincerefor a voter if it shows no “hole” with
respect to the voter’s preference ranking: if the voter sincerely approves of a candidatex
she also approves of any candidate she prefers tox. Much of the preceding work on AV
has assumed that voters will only use sincere strategies. For instance, Niemi (1984) asserts
that “under approval voting, voters are never urged to vote insincerely”. It is true that for
every pure strategy of the other players, the set of best replies contains a sincere strategy.
However, this is no longer true when one considers mixed strategies. We construct another
example of a strategy combination which is a strategically stable equilibrium and where
an insincere strategy is the unique best-response for a voter. This example has another
surprising property: the outcome corresponding to this strategy combination turns out to
select the Condorcet loser with the highest probability and the Condorcet winner with the
lowest probability. Under plurality rule, for the same preferences, there is only one stable
set and, in this stable set, the Condorcet winner is elected with probability1.

Our paper does not contain any general results. However, the examples do suggest
that it is important to subject the received wisdom about AV to closer scrutiny.

2The same drawback of the perfect equilibrium concept holds with plurality rule. See De Sinopoli
(2000) for an analysis of equilibrium refinements with such a voting rule.
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2 The Framework

Let C = {1, ..., K} be the set of candidates, andN = {1, ..., n} be the set of voters.
Under Approval Voting (AV), a ballot is a subset of the set of candidates. The approval
voting rule selects the candidate receiving the maximum number of votes or “approvals”.
In case two or more candidates get the maximum number of votes, ties are broken by
an equi-probable lottery on the set of tied candidates. Hence, every voter has2K pure
strategies, corresponding to the set of vectors withK components, where each entry is
either zero or one.3

The strategy space of each player is

Σ = ∆ (V )

whereV = {0, 1}K is the set of pure strategies.

In order to determine the winner, we do not need to know the ballots cast by each voter

- it is enough to know their sum. Given a pure strategy vectorv ∈ V n, let ω =
n∑

i=1

vi.

Clearlyω is aK-dimensional vector, and each coordinate represents the total number of
votes obtained by the corresponding candidate. Then, denoting byp (c | v) the probability
that candidatec is elected corresponding tov, we have:

p (c | v) =

{
0 if ∃m ∈ C s.t ωc < ωm
1
q

if ωc ≥ ωm ∀m ∈ C and# {d ∈ C s.t. ωc = ωd} = q.
(1)

Each voteri ∈ N has a VNM utility function characterized byui : C → ℜ, with ui
c

representing the payoff that playeri gets if candidatec is elected. Hence, given the utility
vectors{ui}i∈N , we have a normal form game. For each pure strategy combinationv, the
payoff of playeri is given by:

U i (v) =
∑

c∈C

p (c | v) ui
c. (2)

Clearly, we can extend (1) and (2) to mixed strategies. Under a mixed strategyσ we
have:

p (c | σ) =
∑

v∈V

σ (v) p (c | v)

and
U i (σ) =

∑

c∈C

p (c | σ) ui
c,

3A “one” in thek-th component denotes voting for candidatek.
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where, as usual,σ (v) denotes the probability of the (pure) strategy combinationv under
σ.

Since the election rule depends only upon the sum of the votes cast, the payoff func-
tions and the best reply correspondences also have this property. Hence, the analysis will
often refer to the following set:

Ω−i =

{
ω−i | ∃v ∈ V n s.t.

∑

j 6=i

vj = ω−i

}
.

It is easy to see (cf. Brams and Fishburn, 1978) that anundominatedstrategy always
approves the most preferred candidate(s) and does not approve the least preferred one(s).

3 Example 1

We show here that in the example below, perfection is not an appropriate concept since
the set of perfect equilibria includes strategyn-tuples (and induced outcomes) which do
not survive iterated elimination of dominated strategies.

Example 1.There are six voters and three candidates. Utilities are given by:

u1 = u2 = (3, 1, 0), u3 = u4 = (0, 3, 1), u5 = u6 = (0, 1, 3).

We first define the concept of perfect equilibrium.

Definition 1 A completely mixed strategyσε is anε−perfectequilibrium if

∀i ∈ N, ∀vi, v̄i ∈ V i, if U i
(
vi, σε

)
> U i

(
v̄i, σε

)
, thenσε

(
v̄i

)
≤ ε.

A strategy combinationσ is a perfect equilibrium if there exists a sequence{σε} of ε−
perfect equilibria converging (forε → 0) to σ.

It is easy to see that the strategy combination

c = ((1, 0, 0), (1, 0, 0), (0, 1, 1), (0, 1, 1), (0, 0, 1), (0, 0, 1))

is an undominated equilibrium, leading to the election of the third candidate. We now
show thatc is a perfect equilibrium.

Proposition 2 In the AV game for example 1,c is a perfect equilibrium.
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Proof. Consider the following completely mixed strategy combinationσε, whereξi

denotes the mixed strategy of playeri which assigns equal probability to all his pure
strategies.

σε
i = (1 − 8ε2)(1, 0, 0) + 8ε2 (ξi) i = 1, 2

σε
i = (1 − 8ε2)(0, 1, 1) + 8ε2 (ξi) i = 3, 4

σε
i = (1 − ε − 7ε2)(0, 0, 1) + (ε − ε2) (1, 0, 0) + 8ε2 (ξi) i = 5, 6

It is easy to see that, forε sufficiently close to zero, this is anε−perfect equilibrium.
Suppose all voters other thani choose the strategies prescribed byc. Then, the two un-
dominated strategies of voteri are equivalent. Since forε going to zero, the probability
of player5 (or 6) to tremble towards(1, 0, 0) is infinitely greater than the probability of
any other “mistake”, due to the trembling of one or several players, it is enough to check
that in this event the limiting strategy is preferred to the other undominated strategy.

Hence, for player1, the relevant contingency which allows him to discriminate be-
tween his two undominated strategies is when the behavior of the others is summarized
by the vectorω−1 = (2, 2, 3). Since

U1((1, 0, 0) | (2, 2, 3)) =
3

2
>

4

3
= U1((1, 1, 0) | (2, 2, 3))

approving only the most preferred candidate is the best reply toσε for player1. The same
statement obviously applies for player2.

For player3, the relevant contingency in order to discriminate between his two un-
dominated strategies is given byω−3 = (3, 1, 2). Since

U3((0, 1, 1) | (3, 1, 2)) =
1

2
> 0 = U3((0, 1, 0) | (3, 1, 2)),

(0, 1, 1) is the best reply toσε. The same statement is true for player4.

For player5, the relevant event is given byω−5 = (3, 2, 2) with

U5((0, 0, 1) | (3, 2, 2)) =
3

2
>

4

3
= U5((0, 1, 1) | (3, 2, 2)).

Hence(0, 0, 1) is the best reply toσε, and the same holds for player6.

Therefore,{σε} is a sequence ofε−perfectequilibria. Sincec is the limit of σε, it is
perfect.

We now study the strategy combination

e = ((1, 0, 0), (1, 0, 0), (0, 1, 0), (0, 1, 0), (0, 0, 1), (0, 0, 1))

in which each voter approves only his most prefered candidate and that results in a com-
plete tie between the three candidates.
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Proposition 3 In the AV game for example 1, lete be the strategy profile in which each
voter approves only his most prefered candidate;e is the unique sophisticated equilib-
rium, moreover{e} is the unique stable set of this game, hence survives any sequence of
elimination of weakly dominated strategies.

Proof. Each voter has only two undominated strategies – approving only his most
preferred candidate or approving the first two candidates in his preference ranking. Once
all the dominated strategies have been eliminated, we have a reduced game with the fol-
lowing pure strategy sets:

V ′i = {(1, 0, 0), (1, 1, 0)} i = 1, 2

V ′i = {(0, 1, 0), (0, 1, 1)} i = 3, 4

V ′i = {(0, 0, 1), (0, 1, 1)} i = 5, 6

In this reduced game, the last four voters have a unique dominant strategy — to ap-
prove only the most preferred candidate. For instance, consider player3. In eachω−3

the first candidate gets two votes while the second gets at least one and the third at least
two. Hence, except forω−3 = (2, 1, 2), the approval of only the second candidate is either
equivalent to the other strategy, since both lead to the election of the same candidate, or it
is preferred. Moreover, ifω−3 = (2, 1, 2), the strategy(0, 1, 0) results in all the3 candi-
dates being elected with equal probability. This yields an expected utility of4

3
. If strategy

(0, 1, 1) is played, then candidate3 is elected with probability one. Since this gives voter
3 a utility of 1, (0, 1, 0) dominates(0, 1, 1).

The same argument applies to the fourth voter and a symmetric one to the last two
voters. Hence, we can further reduce the game by eliminating the strategyvi = (0, 1, 1)
for i = 3, 4, 5, 6. In this game, player1 (resp.2) can face only two circumstances, namely
ω−1 = (1, 2, 2) or ω′

−1 = (1, 3, 2). In the latter case, his two strategies are equivalent since
both lead to the election of the second candidate; in the former case,(1, 0, 0) is preferred
to (1, 1, 0), giving a utility of 4

3
instead of1. Hence(1, 0, 0) is dominant for player1 (resp.

2). Thus, iterated elimination of dominated strategy isolates the equilibriume where each
voter approves only his most preferred candidate.

Notice thate is strict, and hence,isolated. This implies that{e} is the unique Mertens-
stable set of the game.4 This in turn implies thate survives any sequence of elimination
of dominated strategies.

The above results, namely thatc is a perfect equilibrium but only{e} is a stable set,
holds for every game with the same preference order and such that, for every voter, the

4See Mertens (1989) for a definition of this concept. We just recall that stable sets, which are connected
set of perfect equilibria, always exist and that every stable set contains a stable set of every game obtained
by iterated elimination of dominated strategies. These properties directly imply the claim.
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difference in utility between the most preferred candidate and the second preferred one is
greater than the difference between the second and the least preferred one.

Furthermore, the unique strategy combination surviving iterated elimination of domi-
nated strategies elects all the three candidates with the same probability. In other words,
the Condorcet loser (candidate1) is elected with the same probability as the Condorcet
winner (candidate2)!

4 Example 2

In this section, we propose a more striking example in which sophisticated voting implies
that nobody approves the Condorcet winner.

Example 2.There are three voters and four candidates. Utilities are given by:

u1 = (10, 0, 1, 3), u2 = (0, 10, 1, 3), u3 = (1, 0, 10, 3).

Note that at this profile, candidate4 is the unique Condorcet winner.

Proposition 4 In the AV game for example 2, lete be the strategy profile in which each
voter approves only his most prefered candidate;e is the unique sophisticated equilib-
rium, moreover{e} is the unique stable set of this game, hence survives any sequence of
elimination of weakly dominated strategies. Ate the Condorcet winner receives no vote.

Proof. The fourth alternatives defeats any other by a strict majority (2 votes against
1), hence is the unique Condorcet winner.

Recall that an undominated strategy always approves the most preferred candidate and
does not approve the least preferred one. Hence, every voter has only four undominated
strategies. After we eliminate all the others, it is easy to verify that, for player1, the strat-
egy(1, 0, 0, 0) dominates(1, 0, 1, 1) and(1, 0, 1, 0). Once these two strategies of player1
are eliminated,(0, 0, 1, 0) is dominant for player3. In the reduced game, player3 has only
one strategy -(0, 0, 1, 0), while player1 has two, namely(1, 0, 0, 0) and(1, 0, 0, 1). Now,
(0, 1, 0, 0) is dominant for player2. Hence eliminating the other strategies,(1, 0, 0, 0)
becomes dominant for player1. It is easy to see that this equilibrium is strict; the result
follows like in the previous proposition.

Hence, sophisticated voting (and thus strategic stability) may imply that the Con-
dorcet winner receives no approval vote. As we have remarked earlier, Fishburn and
Brams (1981) prove that if a candidatex is a Condorcet winner, then there is a sincere
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undominated strategy combination that electsx. This and the previous example show how
this result cannot be extended to sophisticated (or strategically stable) strategies.5

5 Example 3

Let us consider the AV game(Γ) for the following example:

Example 3.There are three voters and four candidates. Utilities are given by:

u1 = (1000, 867, 866, 0), u2 = (115, 1000, 0, 35), u3 = (0, 35, 115, 1000).

This game has a stable set in which player1 approves the first and the third candidate.
Hence strategic stability does not imply sincerity. Moreover, this result still holds in a
neighborhood of the game (an open set of payoffs around the considered ones) and also
for stronger solution concepts.

Proposition 5 The strategy combination

s = ((1, 0, 1, 0),
1

4
(0, 1, 0, 0) +

3

4
(1, 1, 0, 0),

1

4
(0, 0, 0, 1) +

3

4
(0, 0, 1, 1))

forms a stable set ofΓ. Moreover, there exists a neighborhood(ΨΓ) of Γ, in the space of
approval games with three voters and four candidates, such that every game inΨΓ has a
stable set with the same support ass.

The proof of the Proposition, which is postponed to the Appendix, consists in showing
that the equilibriums is strongly stable (Kojimaet. al., 1985) and, hence, forms a stable
set. The strong stability ofs is proven by showing thats is quasi-strict and isolated and,
furthermore, that(s2, s3) is strongly stable in the2 × 2 game obtained by eliminating
all the strategies that are not best replies. This proof actually implies the stronger result
thats is a regular equilibrium (Harsanyi, 1973), because the characterization theorem of
Kojima, et. al. shows that an equilibrium is regular if and only if it is quasi strict and
strongly stable.6

5In this example the undominated equilibrium electing the Condorcet winner is
((1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 1)). It can be proved that such an equilibrium is not even perfect.
Hence the exclusion of the “Condorcet outcome” from the solution set does not depend on the definition of
stability. As a matter of fact, not even a weaker requirement such as perfection guarantees that the set of
solutions contains such an outcome. For a simpler example of this, see footnote 3 in De Sinopoli (1999).

6Dutta and Laslier (2005) give a direct but longer proof thats is regular. Even if we obtain the stronger
result thats is strongly stable (and regular), we prefer to state the results in terms of strategic stability
because many games, including AV games, have no strongly stable equilibria. Consider the example where
everybody has the same preference order over the alternatives. In this case, with three or more voters, no
strongly stable equilibrium exists.
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Unlike examples 1 and 2, this game cannot be solved by iterative elimination of dom-
inated strategies. Because{s} is a stable set the pure strategies which are played with
positive probability ins cannot be eliminated. Hence, here, elimination of dominated
strategies cannot eliminate the pure strategies played by players2 and3.

Notice in this example, the second candidates is the Condorcet winner and is elected
with probability 1

64
in the equilibriums, while the third candidate, who is the Condorcet

loser, is elected with probability31
64

.7 Under plurality rule, for the same preferences, there
is only a stable set8 and, in this stable set, the Condorcet winner is elected with probability
1.

Furthermore notice that, by adding two votersi and j, with ui = (1, 1, 0, 0) and
uj = (0, 0, 1, 1), we obtain a strongly stable equilibrium in which the strategies of the
original players are the ones ins while i andj use their dominant strategies. Replicating
this, we can obtain an example of insincere voting with any odd number of voters.9

Our proof also shows that not even more demanding criteria such as strong stability or
regularity, can exclude insincere strategies. This is due to the fact that an insincere strategy
can be the only best reply to mixed strategy combinations of the opponents. Hence, as
long as we allow for mixed strategies, there is no reason to exclude non-sincere behavior.

6 Conclusion

In this paper, three examples of approval voting games have been proposed. The first
one allows us to conclude that in the class of approval games, the perfect equilibrium
concept is not restrictive enough to capture sophisticated voting, since there are “perfect
equilibrium” outcomes that do not survive the iterated elimination of dominated strategies
and that are not induced by any stable set. Furthermore, even if there is a Condorcet
winner, strategic stability, as well as sophisticated voting, does not imply his election and,
as a second example shows, it is possible that nobody votes for him.

The third example shows that strategic stability does not imply sincerity. It is not
difficult to see that for every pure strategy of the other players, the set of best replies
contains a sincere strategy. As soon as we allow for mixed strategies, not only is this
not true, but even a strong requirement such as strategic stability cannot exclude the use
of non-sincere strategies. Moreover, this result holds in a complete neighborhood of the
game and also for more demanding criteria.

7The probabilities of election of the first and the fourth candidate are, respectively,31

64
and 1

64
.

8In the unique stable set, players1 and2 vote for the second candidate and player3 for the fourth.
9Similar examples can be constructed also with4 voters (see the second example in De Sinopoli, 1999),

and, hence, for any number of voters greater than or equal to3.
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Appendix
Proof of Proposition 2.

Given that a strongly stable equilibrium (Kojimaet. al., 1985) is a stable set as a
singleton,10 it is enough to prove that

s = ((1, 0, 1, 0),
1

4
(0, 1, 0, 0) +

3

4
(1, 1, 0, 0),

1

4
(0, 0, 0, 1) +

3

4
(0, 0, 1, 1))

is strongly stable.

The first step of the proof consists in showing thats is a quasi-strict equilibrium
(each player uses all his pure best replies). To this end we calculate the probability, under
s, of each contingency a player can face and, from these probabilities, the expected utility
derived from each undominated strategy. It is easy to see that no dominated strategy is a
best reply tos.

Player 1

Pr(ω−1 = (1, 1, 1, 1) | s−1) = 9
16

Pr(ω−1 = (0, 1, 1, 1) | s−1) = 3
16

Pr(ω−1 = (1, 1, 0, 1) | s−1) = 3
16

Pr(ω−1 = (0, 1, 0, 1) | s−1) = 1
16

.

From these probabilities it follows that:

U1((1, 0, 1, 0), s−1) = 9
16

· 1866
2

+ 3
16

· 866 + 3
16

· 1000 + 1
16

· 2733
4

= 58713
64

U1((1, 0, 0, 0), s−1) = 9
16

· 1000 + 3
16

· 2733
4

+ 3
16

· 1000 + 1
16

· 1867
3

= 176065
192

U1((1, 1, 0, 0), s−1) = 9
16

· 1867
2

+ 3
16

· 867 + 3
16

· 1867
2

+ 1
16

· 867 = 7335
8

U1((1, 1, 1, 0), s−1) = 9
16

· 2733
3

+ 3
16

· 1733
2

+ 3
16

· 1867
2

+ 1
16

· 867 = 7233
8

.

Since no dominated strategy is a best reply tos−1 we have that(1, 0, 1, 0) is the only
best reply tos−1 (although this strategy is not sincere).

Player 2

Pr(ω−2 = (1, 0, 1, 1) | s−2) = 1
4

Pr(ω−2 = (1, 0, 2, 1) | s−2) = 3
4
.

From these probabilities it follows that:

U2((0, 1, 0, 0), s−2) = 1
4
· 1150

4
+ 3

4
· 0 = 575

8

10See Mertens (1991: 697-699) which shows how the continuity of the map from the space of perturbed
games to subsets of equilibria is a stronger requirement than the one included in the definition of stability.
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U2((1, 1, 0, 0), s−2) = 1
4
· 115 + 3

4
· 115

2
= 575

8

U2((0, 1, 0, 1), s−2) = 1
4
· 35 + 3

4
· 35

2
= 175

8

U2((1, 1, 0, 1), s−2) = 1
4
· 150

2
+ 3

4
· 150

3
= 225

4
.

Hence,(0, 1, 0, 0) and(1, 1, 0, 0) are the only two pure best replies tos−2.

Player 3

Pr(ω−3 = (1, 1, 1, 0) | s−3) = 1
4

Pr(ω−3 = (2, 1, 1, 0) | s−3) = 3
4
.

From these probabilities it follows that:

U3((0, 0, 0, 1), s−3) = 1
4
· 1150

4
+ 3

4
· 0 = 575

8

U3((0, 0, 1, 1), s−3) = 1
4
· 115 + 3

4
· 115

2
= 575

8

U3((0, 1, 0, 1), s−3) = 1
4
· 35 + 3

4
· 35

2
= 175

8

U3((0, 1, 1, 1), s−3) = 1
4
· 150

2
+ 3

4
· 150

3
= 225

4
.

Hence, the only two pure best replies of player3 are(0, 0, 0, 1) and(0, 0, 1, 1).

The second steprequires to prove that the quasi-strict equilibriums is isolated. To
analyze the set of equilibria nears we can limit the analysis to the case in which the
strategy of player1 is fixed, because he is using a strict best reply. Moreover, becauses is
quasi strict, also players2 and3 can use (sufficiently close tos) only the pure strategies
in s. Hence, to show thats is isolated it is enough to study the equilibria of the following
game between players2 and3:

(0, 0, 0, 1) (0, 0, 1, 1)
(0, 1, 0, 0) 575

2
, 575

2
0, 115

(1, 1, 0, 0) 115, 0 115
2

, 115
2

This game has two pure equilibria, i.e.((0, 1, 0, 0), (0, 0, 0, 1)) and((1, 1, 0, 0), (0, 0, 1, 1)),
and a completely mixed one corresponding tos. Hence,s is isolated.

The third step consists in showing thats is a strongly stable equilibrium. Sinces
is quasi-strict and isolated we can conclude (cf. van Damme, 1991: 55, Th. 3.4.4) that
(s2, s3) is a strongly stable equilibrium of the reduced game where we takes1 as being
fixed. Since the first player is using his strict best reply,s is a strongly stable equilibrium
of the whole game. Hence,{s} is a stable set ofΓ.

The second part of the proposition directly follows from corollary 4.1 in Kojimaet.
al. (1985), which states that, given a game and a strongly stable equilibrium, the unique
nearby equilibrium of a nearby game is strongly stable too. In this statement, a game is
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a point in the Euclidean space of dimensionn
∏n

i=1 ki, whereki is the number of pure
strategies for playeri (hereki = 2K for all i). The space of approval voting games is a
subspace (of dimensionnK) defined by the utility of each of theK candidates for each
of then players. Since each “approval game” nearΓ has a normal form close to that ofΓ
and since for sufficiently close games and sufficiently close strategies, no other strategy
than the ones ins can be a best reply, the claim easily follows.

163





Preference aggregation in combinatorial
domains using GAI-nets

Christophe Gonzales∗, Patrice Perny∗, Sergio Queiroz∗

Abstract

This paper deals with preference representation and aggregation in combinatorial
domains. We assume that the set of alternatives is defined as the cartesian product of
finite domains and that agents’ preferences are represented by generalized additive
decomposable (GAI) utility functions. GAI functions allow an efficient representa-
tion of interactions between attributes while preserving some decomposability of the
model. We address the preference aggregation problem and consider several crite-
ria to define the notion of compromise solution (maxmin, minmaxregret, weighted
Tchebycheff distance). For each of them, we propose a fast procedure for the exact
determination of the optimal compromise solution in the product set. This proce-
dure relies on a ranking algorithm enumerating solutions according to the sum of the
agents individual utilities until a boundary condition is reached. We provide results
of numerical experiments to highlight the practical efficiency of our procedure.

Key words : GAI-nets, Preference Modelling, Preference Aggregation

1 Introduction

The development of decision support systems and web recommender systems has stressed
the need for models that can handle users preferences and perform preference-based rec-
ommendation tasks. In this respect, current works in preference modeling and decision
theory aim at developing compact preference models achieving a good trade-off between
two conflicting aspects: i) the need for models flexible enough to describe sophisticated
decision behaviors; and ii) the practical necessity of keeping the elicitation effort at an

∗Laboratoire d’informatique de Paris VI, Université Paris VI, 8 rue du capitaine Scott, 75015 Paris,
France.forname.name@lip6.fr
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admissible level as well as the need for fast procedures to solve preference-based opti-
mization problems on large sets of alternatives. As an example, let us mention interactive
decision support systems on the web where the preferred solution must be found among
a combinatorial set of possibilities. This kind of application motivates the current in-
terest for qualitative preference models and compact representations like CP-nets [3, 4]
and mCP-nets [18], their extension to the multiagent case. Such models are deliberately
simple and flexible enough to be integrated efficiently in interactive recommendation sys-
tems; the preferences of the agents must be captured using only a few questions so as to
perform a fast preference-based search over the possible items.

In other applications (e.g. configuration system, fair allocation of resources, combi-
natorial auctions), more time can be spent in the elicitation stage in order to get a finer
description of preferences. In such cases, utilities can significantly outperform qualitative
models due to their higher descriptive power [2]. Moreover, the use of cardinal utilities in
the multiagent setting allows to escape the framework of Arrow’s impossibility theorem
which considerably restricts aggregation possibilities [17].

In the literature, different quantitative models based on utilities have been developed to
take into account different preference structures. The most widely used model assumes a
special kind of independence among attributes called “mutual preferential independence”
which ensures that the preferences are representable by an additive utility [14]. Such
decomposability makes the elicitation process very fast and simple. However, in practice,
preferential independence may fail to hold as it rules out any interaction among attributes.
Some generalizations have thus been investigated. For instanceutility independenceon
every attribute leads to a more sophisticated form calledmultilinear utilities[1]. The latter
are more general than additive utilities but they still cannot cope with many interactions
between attributes. To increase the descriptive power of such models, GAI (generalized
additive independence) decompositions have been introduced by [10], that allow more
general interactions between attributes [1] while preserving some decomposability. Such
a decomposition has been used to endow CP-nets with utility functions (UCP-nets) both
under uncertainty [2] and under certainty [5].

In the same direction [11, 6] propose a general procedure to assess GAI utilities in
decision under risk. This one is directed by the structure of a graphical model called
a GAI-network and consists in a sequence of questions involving simple lotteries that
capture efficiently the basic features of the agent’s attitude towards risk. Recently the
elicitation of GAI models has been investigated in the context of decision making under
certainty. [12] thus proposes elicitation procedures relying on simple comparisons of
outcomes (e.g. questions involve only a subset of attributes or outcomes varying in only
few attributes). They also suggest efficient choice procedures to find the GAI-optimal
element in a product set, using classical propagation techniques used in the Bayesian net
literature.

In this paper, we address group decision making problems in similar contexts and we
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focus on the determination of a good compromise solution between agents. As usual in
works on preferences, we assume that the alternatives to be compared belong to a product
set the size of which prevents exhaustive enumeration. We assume that a GAI utility has
been elicited for each agent and we tackle the problem of performing efficient choices
for the group of agents. The paper is organized as follows: In Section 2, we discuss
individual and collective preference representation. After recalling some elements about
GAI models and their graphical representation we consider various aggregation criteria
to define the notion of compromise between agents. In Section 3, we provide efficient
algorithms to determine the best compromise solution for the group of agents. Finally
Section 4 reports numerical results obtained on multiagent aggregation problems.

2 GAI utilities: from individual preference modeling to
collective decision making

Before describing GAI models, we shall introduce some notations. Throughout the paper,
% denotes an agent’s preference relation (a weak order) over some setX . x % y means
thatx is at least as good asy. ≻ refers to the asymmetric part of% and∼ to the symmetric
one. In practice,X is often described by a set of attributes. For simplicity, we assume that
X is the product set of their domains, although extensions to general subsets are possible.
In the rest of the paper, uppercase letters (possibly subscripted) such asA, B, X1 denote
attributes as well as their domains. Unless otherwise mentioned, (possibly superscripted)
lowercase letters denote values of the attribute with the same uppercase letters:x, x1

(resp.xi, x1
i ) are thus values ofX (resp.Xi). Subsection 2.1 concerns the representation

of the preference of a single agent. We will consider the multiagent decision problem in
Subsection 2.2.

2.1 Individual Preference Modeling

Under mild hypotheses [8], it can be shown that% is representable by a utility, i.e., there
exists a functionu : X 7→ R such thatx % y ⇔ u(x) ≥ u(y) for all x, y ∈ X . As
preferences are specific to each individual, utilities must be elicited for each agent, which
is impossible due to the combinatorial nature ofX . Moreover, in a recommendation
system with multiple regular users, storing explicitly for each user the utility of every
element ofX is prohibitive.

Fortunately, agent’s preferences usually have an underlying structure induced by in-
dependencies among attributes that substantially decreases the elicitation effort and the
memory needed to store preferences. The simplest case is obtained when preferences
overX = X1 × · · · × Xn are representable by an additive utilityu(x) =

∑n
i=1 ui(xi)
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for anyx = (x1, . . . , xn) ∈ X . This model only requires to storeui(α) for anyα ∈ Xi,
i = 1, . . . , n. However, such decomposition in not always convenient because it rules
out interactions between attributes. When agents preferences are more complex, a more
elaborate model is needed as shown below:

Example 1 Consider a setX of menusx = (x1, x2, x3), with main coursex1 ∈ X1 =
{meat(M), fish(F)}, drink x2 ∈ X2 = {red wine (R), white wine(W)} and dessert
x3∈X3 = {cake(C), sorbet(S)}.

First case. Assume the agent’s preferences are well represented by an additive utilityu
characterized by the following marginal utilities:u1(M) = 4; u1(F ) = 0; u2(R) = 2;
u2(W ) = 0; u3(C) = 1; u3(S) = 0. Then the utilities of the23 possible menusx(i)

follow:
u(x(1)) = u(M,R,C) = 7; u(x(2)) = u(M,R, S) = 6;
u(x(3)) = u(M,W,C) = 5; u(x(4)) = u(M,W,S) = 4;
u(x(5)) = u(F,R,C) = 3; u(x(6)) = u(F,R, S) = 2;
u(x(7)) = u(F,W,C) = 1; u(x(8)) = u(F,W, S) = 0;

which yields the following ordering:

x(1) ≻ x(2) ≻ x(3) ≻ x(5) ≻ x(4) ≻ x(6) ≻ x(7) ≻ x(8).

Second case. Assume that another agent’s ranking is:x(1) ≻ x(2) ≻ x(7) ≻ x(8) ≻
x(3) ≻ x(4) ≻ x(5) ≻ x(6). This can be explained by: i) a high priority granted to
matching wine with main course (red wine for meat, white one for fish); ii) at a lower
level of priority, meat is preferred to fish; and iii) cake is preferred to sorbet (ceteris
paribus).

Although not irrational, such preferences are not representable by an additive utility
becausex(1) ≻ x(5) ⇒ u1(M) > u1(F ) whereasx(7) ≻ x(3) ⇒ u1(F ) > u1(M).
However, this does not rule out less disaggregated forms of additive decompositions such
as: u(x) = u1,2(x1, x2) + u3(x3). For example,u1,2(M,R) = 6, u1,2(F,W ) = 4,
u1,2(M,W ) = 2, u1,2(F,R) = 0, u3(C) = 1, u3(S) = 0 would represent%.

Third case. Assume that the ranking of a third agent is:x(2) ≻ x(1) ≻ x(7) ≻ x(8) ≻
x(4) ≻ x(3) ≻ x(5) ≻ x(6). Her preference system is actually a refinement of the previous
one. She prefers cake to sorbet when the main course is fish but the opposite obtains when
the main course is meat.

In this case, using similar arguments, it can be shown that the previous decomposition
does not fit anymore due to the interaction between attributesX1 andX3. However it is
interesting to remark that preferences can still be represented by a decomposable utility
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of the form:u(x) = u1,2(x1, x2) + u1,3(x1, x3), setting for instance:

u1,2(M ,R)=6; u1,2(F ,W)=4; u1,2(M ,W)=2; u1,2(F ,R)=0;
u1,2(M ,C)=0; u1,2(M ,S)=1; u1,2(F ,C)=1; u1,2(F ,S)=0.

Such a decomposition over overlapping factors is called a GAI decomposition [1]. It
includes additive and multilinear decompositions as special cases, but it is much more
flexible since it does not make any assumption on the kind of interactions between at-
tributes. GAI decompositions can be defined more formally as follows:

Definition 1 (GAI decomposition) Let X =
∏n

i=1 Xi. Let Z1, . . . , Zk be some subsets
of N = {1, . . . , n} such thatN = ∪k

i=1Zi. For everyi, let XZi
=

∏
j∈Zi

Xj. Utility u(·)
representing% is GAI-decomposable w.r.t. theXZi

’s iff there exist functionsui : XZi
7→ R

such that:
u(x) =

∑k
i=1 ui(xZi

), for all x = (x1, . . . , xn) ∈ X ,
wherexZi

denotes the tuple constituted by thexj ’s, j ∈ Zi.

GAI decompositions can be represented by graphical structures we callGAI networks
[11] which are essentially similar to the junction graphs used for Bayesian networks [13,
7]:

Definition 2 (GAI network) Let X =
∏n

i=1 Xi. Let Z1, . . . , Zk be a covering ofN =

{1, . . . , n}. Assume that% is representable by a GAI utilityu(x) =
∑k

i=1 ui(xZi
) for

all x ∈ X . Then a GAI network representingu(·) is an undirected graphG = (V,E),
satisfying the following properties:

1. V = {XZ1
, . . . , XZk

};
2. For every(XZi

, XZj
) ∈ E, Zi∩Zj 6= ∅. For everyXZi

, XZj
s.t.Zi∩Zj = Tij 6= ∅,

there exists a path inG linking XZi
and XZj

s.t. all of its nodes contain all the
indices ofTij (Running intersection property).

Nodes ofV are calledcliques. Every edge(XZi
, XZj

) ∈ E is labeled byXTij
= XZi∩Zj

and is called aseparator.

Cliques are drawn as ellipses and separators as rectangles. In this paper, we shall only
be interested in GAI trees, i.e., in singly-connected GAI networks. As mentioned in [11],
this is not restrictive as general GAI nets can always be compiled into GAI trees. For any
GAI decomposition, by Definition 2 the cliques of the GAI network should be the sets of
variables of the subutilities. For instance, ifu(a, b, c, d, e, f, g) = u1(a, b) + u2(c, e) +
u3(b, c, d) + u4(b, d, f) + u5(b, g) then, as shown in Figure 1, the cliques are:AB, CE,
BCD, BDF , BG. By property 2 of Definition 2 the set of edges of a GAI network
can be determined by any algorithm preserving the running intersection property (see the
Bayesian network literature [7]).
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BCD
C CE

BDF B BG
BAB

BD

Figure 1: A GAI tree

2.2 Collective Decision Making

We consider now a multiagent decision problem involving a setA={1, . . . ,m} of agents.
We assume that, for each agentj ∈ A, a GAI utility uj representing her preferences over
X has been elicited. For simplicity, we assume that each agent use the same absolute util-
ity scale, so as to have commensurability. Then, a classical way of defining the best com-
promise solution for the group of agents is to define an overall utilityu(x) which gives, for
anyx ∈ X , the value ofx for the group. Thus we consideru(x) = h(u1(x), . . . , um(x))
whereh is an aggregation function implicitly defining the type of compromise seek in
X . The best compromise solution is obtained by optimizingu overX . Whenh is non-
decreasing in each component,u-optimal solutions are weakly Pareto-optimal (i.e. there
is no other solution improving the satisfaction of all the agents). Moreover, ifh is strictly
increasing in each component thenu-optimal solutions are Pareto-optimal (i.e. there is no
other solution improving the satisfaction of an agent without decreasing the satisfaction
of another).

If h is linear, thenu is the sum of GAI utilities and, as such, is itself a GAI utility. Then
the problem reduces to a monoagent decision problem with a GAI utility. However, linear
aggregation functions are not good candidates as they may lead to choose a solution hav-
ing a very ill-balanced utility profile. For example, consider a problem with 3 agents and
assume thatX = {x, y, z, w} with u1(x) = 0, u2(x) = u3(x) = 100, u2(y) = 0, u1(y) =
u3(y) = 100, u3(z) = 0, u1(z) = u2(z) = 100, u1(w) = u2(w) = u3(w) = 65. All
solutions exceptw are unacceptable for at least one agent. Thusw is the only possible
compromise solution; yet it cannot be obtained by maximizing a linear combination (with
positive coefficients) of agent utilities. To find better compromise solutions, the following
non-linear criteria seem more adequate:

The maximin criterion: u(x) = minj∈A uj(x), to be maximized overX . This criterion
amounts to maximize the satisfaction of the least satisfied agent.

The minimax Regret criterion: u(x) = maxj∈A rj(x), whererj = u(xj) − uj(x), and
xj = Argmaxx∈Xuj(x) (i.e. xj denotes the optimal solution for agentj). This criterion is
to be minimized overX . It represents the maximal regret among agents, the regretrj of
agentj being defined as the utility gap betweenx andxj.

The Tchebycheff criterion: u(x) = maxj∈A wjr
j(x) wherewj are positive coefficients.

This criterion is to be minimized overX . It represents the distance (w.r.t. a weighted
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Tchebycheff norm) between two utility profiles:(u1(x), . . . , un(x)) obtained with so-
lution x, and the ideal utility profile(u1(x1), . . . , um(xm)) corresponding to a fictitious
ideal situation (generally not feasible) in which all agents are optimally satisfied simulta-
neously. This ideal point is an upper bound of the set of Pareto non-dominated solutions.
Tchebycheff criterion is a standard tool for generating compromise solutions in multiob-
jective optimization [19]. It can be seen as a sophistication of the minimax regret criterion
using coefficient defined bywj = ωj/(u(xj)−uj

∗) whereωj is the weight attached to agent
j anduj

∗ = mink∈A uk(xj). The term1/(u(xj) − uj
∗) is a normalization factor. It can be

used as a correcting factor when the range of utility values attached to solutions signif-
icantly varies from an agent to another. It can also be useful when the agents’utilities
are not commensurate. The weights allow to modulate the importance of agents and to
control the type of compromise. As shown in [20], any Pareto optimal solution can be
obtained by optimizing the Tchebycheff criterion with appropriate choices ofωj.

The above aggregation functions are weakly increasing w.r.t. each component, which
only ensures weak-Pareto optimality. However, they might be slightly modified to become
strictly increasing (so as to generate Pareto-optimal solutions). For example, it is sufficient
to add (resp. subtract)ǫ

∑
i∈A ui(x) for maximization (resp. minimization),ǫ being an

arbitrarily small positive value. We discuss in the next section the optimization of each of
the above functions to determine the better compromise solutions between agents.

3 Algorithms

3.1 The ranking approach for compromise search

Determining the optimal compromise solution among agents using a function of type
u(x) = h(u1(x), . . . , um(x)) is not trivial because we face two difficulties: the combina-
torial nature ofX and the possible non-decomposability of functionu (h is not linear).
For example, ifh = min (maximin utility), the determination of the best compromise
solution is NP-hard as soon as there aren ≥ 3 attributes,m ≥ 2 agents, each having a
GAI utility function including at least one factor of size greater than or equal to 3. This
can be proved using a reduction from 3-SAT. Indeed, consider an instance of 3-SAT with
n variables andm clauses. To each variable, we associate a Boolean attributeXi and to
any clauseCj over variables we associate an agent with Boolean functionuj. For instance
Cj = x∨y∨¬z will be represented by functionuj(x, y, z) = 1−(1−x)(1−y)z. Hence,
the optimal value of the maximin optimization problem overX = X1 × · · · × Xn with
functionsu1, . . . , um is 1 if and only if the initial 3-SAT problem is feasible. Similar re-
ductions might be proposed for minimax regret and Tchebycheff criteria which establish
the complexity of the search of a good compromise solution. To overcome the problem
and be able to optimize a non-decomposable functionf onX , we suggest resorting to a
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ranking approach based on the following 3-stage procedure:

Step 1: scalarization. we reformulate the problem as a monoagent problem, using an
overall criteriong(x) defined as a linear combination of individual utilities. Such a func-
tion is easier to optimize thanf since, as the sum of GAI functions, it is also a GAI
function.

Step 2: ranking. we enumerate the solutions ofX from best to worst using function
g(x). Here, an efficient ranking algorithm exploiting the GAI structure ofg to speed-up
enumeration is needed. This point will be the core of subsection 3.2.

Step 3: stopping condition.we need to stop enumeration as early as possible due to the
size of setX . This can be done efficiently using the following proposition.

Proposition 1 Consider two functionsf andg defined fromRn into R, to be minimized
overX , and such thatf(x) ≥ g(x) for all x ∈ X . Letx1, ..., xk be the ordered sequence
of k-best solutions generated during Step 2 with functiong, if g(xk) ≥ f(x∗) with x∗ =
Argmini=1,...,kf(xk) thenx∗ is optimal forf , i.e. f(x∗) = minx∈X f(x).

Proof. For any i > k, we have, by construction,f(xi) ≥ g(xi) ≥ g(xk). Since
g(xk) ≥ f(x∗) by hypothesis we getf(xi) ≥ f(x∗) which shows that no solution found
after stepk in the ranking can improve the current best solutionx∗. 2

This simple result can be applied to criteria introduced in the previous section. The fol-
lowing table givesg, the GAI approximation to be used, for any criterionf considered:

criterion f(x) g(x)

maximin −minj(u
j(x)) −1/m

∑
j uj(x)

minimax regret maxj(r
j(x)) 1/m

∑
j rj(x)

Tchebycheff maxj(wjr
j(x)) 1/m

∑
j wjrj(x)

Since1/m
∑

j rj(x) only differs from−1/m
∑

j uj(x) by a constant term, the same
ranking algorithm can be used for maximin and minimax regret criteria. Tchebycheff
is just an extension using weightswj and does not raise additional issues. Let us now
explain how to proceed to rank elements ofX with a GAI functiong (step 2).

3.2 Ranking using a GAI function

The ranking procedure we present in this subsection heavily relies on another one de-
signed to answerchoice queries, that is, to find the preferred tuple overX . To avoid
exhaustive pairwise comparisons which would be too prohibitive due to the combinato-
rial nature ofX , both procedures take advantage of the structure of the GAI network to
decompose the query problem into a sequence of local optimizations, hence keeping the
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computational cost of the overall ranking task at a very admissible level. We first briefly
present the choice algorithm and, then, derive the general ranking procedure. The former
corresponds to solving:

max
x∈X

u(x1, . . . , xn) = max
x∈X

∑

i

ui(xZi
). (1)

The optimum can be found efficiently by exploiting the following properties:

1. the max overX1, . . . , Xn of u(X1, . . . , Xn), can be decomposed asmaxX1
. . .

maxXn
u(X1, . . . , Xn), and the order in which the max’s are performed is unim-

portant;

2. if u(X1, . . . , Xn) can be decomposed asf() + g() wheref() does not depend on
Xi, thenmaxXi

[f() + g()] = f() + maxXi
g();

3. in a GAI-net, the running intersection ensures that a variable contained in an outer
cliqueC (i.e. a clique with at most one neighbor) but not contained inC ’s neighbor
does not appear in the rest of the net.

Properties 2 and 3 suggest computing the max recursively by first maximizing over
the variables contained only in the outer cliques as only one factor is involved in these
computations, then adding the result to the factor of their adjacent clique, remove these
outer cliques and iterate until all cliques have been removed. This leads to the following
algorithm:

Function Collect(cliqueCi, F )
01 for allCj in {cliques adjacent toCi}\F in the GAI-net do
02 letSij = Ci ∩ Cj be the separator betweenCi andCj

03 letu∗
j be defined onSij by Collect(Cj , {Ci})

04 substituteui(xCi
) by ui(xCi

) + u∗
j (xSij

) for all xCi
’s

05 done
06 if F 6= ∅ then
07 letCj be the only clique∈ F and letSij = Ci ∩ Cj

08 letM∗
i (xSij

) = Argmax{ui(yCi
) : ySij

= xSij
} and let

u∗
i (xSij

) = ui(M
∗
i (xSij

)) for all xSij
in

∏
Xk∈Sij

Xk

09 store matrixM∗
i in separatorSij and returnu∗

i

10 endif

This function recursively reduces Eq. (1) by removing one by one all the subutilities
(by extracting their max). Thus, calling functionCollect on any clique returns the
value of the utility of the most preferred element. For instance, on the example of Figure 1,
applyingCollect(BCD, ∅) results in the message propagations described in Figure 2,
where:
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u∗
1(B) = maxA u1(A,B), M1(B) = ArgmaxAu1(A,B)

u∗
2(C) = maxE u2(C,E), M2(C) = ArgmaxEu2(C,E)

u∗
5(B) = maxG u5(B,G), M5(B) = ArgmaxGu5(B,G)

u′
4(B,D, F ) = u4(B,D, F ) + u∗

5(B)
u∗

4(B,D)=maxF u′
4(B,D,F), M4(B,D)=ArgmaxF u′

4(B,D,F)

BCD
CE

BDF B BG
BAB

BD

C

M4(B,D)
u∗

4(B,D)
M5(B)
u∗

5(B)

u∗
1(B)

M1(B)

u∗
2(C)

M2(C)

Figure 2: The Collect phase

At the end of the collect,maxBCD u∗
3(B,C,D) = u3(B,C,D) + u∗

1(B) + u∗
2(C) +

u4(B,D) corresponds to the maximum value of the utility function. Let(b̂, ĉ, d̂) be a
solution tomaxBCD u∗

3(B,C,D). Then(b̂, ĉ, d̂) is obviously a projection onB × C × D
of a most preferred element ofX . But the corresponding utility isu3(b̂, ĉ, d̂) + u∗

1(b̂) +
u∗

2(ĉ)+u4(b̂, d̂) which, in turn, is obtained atM1(b̂), M2(ĉ) andM4(b̂, d̂). Finally,M4(b̂, d̂)
corresponds to utility valueu4(b̂, ĉ, d̂) + u∗

5(b̂), obtained atM5(b̂). Consequently, the
optimal tuple can be obtained by propagating recursively the attributes instantiations (the
Mi’s) from cliqueBCD toward the outer cliques, as shown on Figure 3. This leads to the
following algorithm:

Function Instantiate(Ci, F, xF )
01 if F = ∅ then
02 letx∗

Ci
= Argmax{ui(xCi

) : xCi
∈

∏
Xk∈Ci

Xk}

03 else
04 letCj be the only clique∈ F and letx∗

Cj
= xF

05 letSij = Ci ∩ Cj andDij = Ci\Cj

06 letx∗
Ci

= Argmax{ui(x
∗
Sij

, yDij
)}

07 endif
08 let{Ci1 , . . . , Cik} = {cliques adjacent toCi}\F
09 foreachj varying from 1 tok do
10 letxij = Instantiate (Cij , {Ci}, x∗

Ci
)

11 letyij be tuplexij without the values of the attributes inSij

12 return tuple(x∗
Ci

, yi1 , . . . , yik)
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BCD
CE

BDF B BG
BAB

BD

C

b̂, d̂ b̂

b̂
ĉ

Figure 3: The Instantiation phase

Function Optimal choice(GAI-net)
01 LetC0 be any clique in the GAI-net
02 callCollect(C0, ∅) and letx∗ = Instantiate(C0,∅,∅,∅)
03 return the optimal choicex∗

As for ranking, consider the example of Fig. 2. Assume thatOptimal choice
returnedx∗=(â, b̂, ĉ, d̂, ê, f̂ , ĝ). Then, the next best tuple, sayx2, differs fromx∗ by at
least one attribute, i.e. there exists a cliqueCi such that the projection ofx2 onCi differs
from that ofx∗. As we do not know on whichCi the difference occurs, we can test all the
possibilities and partition the feasible space into:
Set 1:(B,C,D) 6= (b̂, ĉ, d̂)

Set 2:(B,C,D) = (b̂, ĉ, d̂) and (B,D, F ) 6= (b̂, d̂, f̂)

Set 3:(B,C,D, F ) = (b̂, ĉ, d̂, f̂) and(B,G) 6= (b̂, ĝ)

Set 4:(B,C,D, F,G) = (b̂, ĉ, d̂, f̂ , ĝ) and(C,E) 6= (ĉ, ê)

Set 5:(B,C,D,E, F,G)=(b̂, ĉ, d̂, ê, f̂ , ĝ) and(A,B) 6=(â, b̂)

The construction of the above sets follows the decomposition advocated by [16]: the
cliques in which the attributes are constrained to be different from those ofx∗ are enu-
merated in the order in which the cliques are called by functionCollect within the call
toOptimal choice. Sets 1 to 5 above thus correspond to a collect phase encountering
successively cliques(B,C,D), (B,D, F ), (B,G), (C,E) and(A,B). Finding the best
element in a given Set is essentially similar to finding the optimal choice except that lines
02 and 06 in functionInstantiate need be modified to avoid some instantiations (like
(b̂, ĉ, d̂)).

Assume now that the second best tuple, sayx2 = (a2, b2, ĉ, d2, ê, f̂ , g2), is the optimal
choice of Set 1. Then the next tuple,x3, is the best tuple that is different from bothx∗

andx2. It can be retrieved using the same process. Asx2 is in Set 1, we should substitute
Set 1 by the sets below to excludex2 and, then, iterate the same process:
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Set 1.1:(B,C,D) 6∈ {(b̂, ĉ, d̂), (b2, ĉ, d2)}

Set 1.2:(B,C,D) = (b2, ĉ, d2) and(B,D, F ) 6= (b2, d2, f̂)

Set 1.3:(B,C,D, F ) = (b2, ĉ, d2, f̂) and(B,G) 6= (b2, g2)

Set 1.4:(B,C,D, F,G) = (b2, ĉ, d2, f̂ , g2) and(C,E) 6= (ĉ, ê)

Set 1.5:(B,C,D,E, F,G)=(b2,ĉ,d2,ê,f̂ ,g2) and(A,B) 6=(a2,b2)

This justifies the following algorithm:

Function k-best(GAI-net,k)
01 letx∗ be the tuple resulting fromOptimal choice
02 letS = {Setsi} as described above and letkbest = ∅
03 for each Seti, let opt(Seti) be the optimal choice in Seti
04 for i = 2 tok do
05 let Setj be an arbitrary element of

{Setj ∈ S : opt(Setj) ≥ opt(Setp), Setp ∈ S}
06 letxi, theith best element, beopt(Setj)
07 addxi to kbest and remove Setj from S
08 substitute Setj in S by sets6⊇ {xi} as described above
10 returnkbest

4 Numerical Tests

To evaluate our approach in practice, we have performed experiments on various instances
of the multiattribute multiagent search problem. We have recorded computation times and
the number of solutions generated before returning the optimal compromise solution for
each of the three criteria discussed in the paper. The experiments were performed on a
3.2GHz PC with a Java program.

4.1 Test data

To run the experiments, we generated synthetic data for GAI-decomposable preferences.
All GAI decompositions involved 20 variables, with 10 subutilitiesui(xZi

) of domain size
|xZi

| randomly drawn between 2 to 4. It does not seem realistic to consider higher-order
interactions as far as human preference modeling is concerned (such complex interaction
might actually be very difficult to assess in practice). Eachui’s domain variables were
randomly selected from the set of all variables. For variables that were not selected in any
subutility function, we created unary subutilities. Next, we created 5 different utility func-
tions for the structure previously generated, representing the preferences of 5 agents. For
each subutility functionuj

i of an agentj, we first generated its maximum valuemax(uj
i ),

in the interval[0, 1]. Then we uniformly generated the utility values for all configura-
tions ofuj

i in the interval[0, max(uj
i )]. This gave us 5 different GAI-decomposable utility
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functions with the same structure. We generated test data for variables of domain sizes 2,
5 and 10, resp. giving problems with220, 520 and1020 possible configurations.

4.2 Results

The average results (t: times in ms and#gen: number of generated solutions) over 100
runs are summarized below:

Domain maximin minimax Regret Tchebycheff
size t(ms) #gen t(ms) #gen t(ms) #gen
2 371 9145 118 2437 96 1916
5 2784 60020 1100 22364 1052 21640
10 4703 99709 3934 78518 3104 60479

As it can be seen, we obtained average times ranging from 0.1 to 4.7 seconds, de-
pending on the compromise criterion and the attributes domain size. Finding the maximin
compromise solution required the enumeration of more solutions than minimax Regret
and Tchebycheff. However, we can see that the most prominent factor is the attributes
domain size. Fortunately, the number of elements that need be enumerated before return-
ing the solution increases at a much lower rate than the problem size. For instance, from
20 attributes of domain size 5 to 20 attributes of domain size 10, the number of configu-
rations is multiplied by over106 while, at the same time, the average number of solutions
enumerated increased by a factor less than 3. We also ran experiments where each agent
had a different GAI decomposable preference structure. In these cases, to generate the
aggregated GAI network we triangulated the Markov graph induced by the subutilities
of all the agents. The more the discrepancy between the agents structures, the larger the
cliques, and the less efficient our algorithm. Whenever the GAI network structures were
very different, it turned out to be impossible to conduct the ranking procedure due to the
too large amount of memory required to fill the cliques. However, there are many practi-
cal situations where interacting attributes are almost identical for all agents, the difference
between individual utilities being mainly due to discrepancies in utility values.

5 Conclusion

In this paper we have shown how GAI-networks could be used not only to efficiently
perform individual recommendations (choice and ranking) on combinatorial sets, but also
to solve collective recommendation requests for multiagent decision problems. The pro-
posed procedure allows the determination of various types of compromise solutions and
remains very efficient provided the number of agents is not too important. It might be
used in many real-world situations like preference-based design of an holidays-trip for a
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group, preference-based configuration of a car for the family, or for content-based movie
recommendation tasks for a group of friends.

Further sophistication of our approach are possible, for instance using AND/OR trees
[9, 15] within the GAI structure instead of computing the wholeu∗

i ’s during the collect
phases and performing substitutions of whole utility tables. The ranking algorithm can
therefore be improved using a dynamic selection of the clique passed in argument to the
collect/instantiation phases (depending on the tuples ranked so far). This is left for further
research.
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On the difficulty of computing
the winners of a tournament

Olivier Hudry∗

Abstract

In voting theory, the result of a paired comparison method as the one suggested
by Condorcet can be represented by a tournament, i.e., a complete asymmetric di-
rected graph. When there is no Condorcet winner, i.e., a candidate preferred to any
other candidate by a majority of voters, it is not always easy to decide who is the
winner of the election. Different methods, called tournament solutions, have been
proposed to define the winners. They differ by their properties and usually lead to
different winners. Among these properties, we consider in this survey the algorithmic
complexity of the most usual tournament solutions: for each one of these methods,
we give its complexity.

Keywords : voting theory, tournament solutions, majority tournament, Copeland
solution, maximum likelihood, self-consistent choice rule, Markovian solution, un-
covered set, Banks solution, Slater solution, complexity, polynomial problems,NP -
hardness

1 Introduction

A tournamentT = (X,A) is a complete asymmetric directed graph: for any vertexx and
any vertexy with x 6= y, there exists exactly one of the two arcs (i.e., oriented edges)
(x, y) or (y, x). This kind of graphs may represent for instance the result of a paired
comparison method, as the one suggested by Condorcet [4] at the end of the18th century
as a voting procedure. In such a situation,X is the set of candidates; for each pair{x, y}
of distinct candidates, we compute the numbermxy of voters who preferx to y; if we

∗École nationale suṕerieure des t́elécommunications and CNRS, 46, rue Barrault, 75634 Paris cedex 13,
France.hudry@enst.fr
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havemxy > myx, x is preferred toy by a majority of voters. It is usual to represent
the result of this method by a graphT = (X,A) of which the vertex set is the set of
candidates and such that, for any vertexx and any vertexy with x 6= y, there is an arc
(x, y) if x is preferred toy by a majority of voters (i.e. ifmxy > myx). If there is no
tie (or, equivalently, if we have a tie-breaking rule), thenT = (X,A) is a tournament,
called themajority tournament. In the following, we keep this illustration arising from
the voting theory, though paired comparison methods may occur in other contexts (sports,
psychology, statistics, and so on).

If the tournamentT is transitive, then it is a linear order which gives a collective
ranking of the candidates. Even ifT is not transitive, it may happen that a vertexx is
collectively preferred to any other vertex; from a graph theoretic point of view, it means
that all the arcs adjacent tox go fromx towards the other vertices or, equivalently, that
the out-degree ofx is equal ton− 1, wheren denotes the number of vertices ofT . When
such a vertex exists, there are good reasons to consider it as the winner. Such a winner is
called aCondorcet winner. If a Condorcet winner exists, it is unique. When there is no
Condorcet winner inT , deciding who is the winner of the election may be a difficult task.

Different methods, calledtournament solutionshave been proposed to compute such
a winner (see [16] for the definitions and the properties of the tournament solutions con-
sidered below). They differ by their axiomatic properties and usually lead to different
winners. In this paper, we study the complexities of the most usual tournament solutions.
From a practical point of view, the complexity of a method plays an essential role; for
instance for an election, it is quite important to be able to declare who is the winner in
a “reasonable” time. With this respect, polynomial methods (i.e., methods of which the
algorithmic complexity is upper bounded by a polynomial function in the size of the data)
appear usually as preferable to exponential methods (i.e., methods of which the algorith-
mic complexity is not upper bounded by a polynomial function in the size of the data),
though this complexity is expressed for the worst case. When a problem is NP-hard (or
NP-complete if we deal with a decision problem, i.e. a problem in which a question is set
with “yes” or “no” as its answer), the only methods known nowdays to solve the problem
exactly are exponential. Hence the interest in the complexity of the tournament solutions
(for the theory of NP-completeness, see for instance [10] or [3]).

2 Tournament solutions and their complexities

We give now the definitions of the considered tournament solutions and their complexi-
ties. In the sequel,T = (X,A) will denote a tournament;n will denote the number of
vertices ofT ; the out-degree of any vertexx ∈ X is called the(Copeland) scoreof x and
is noteds(x). WhenT is not connected, it is possible to decompose it into its strongly
connected components; because of the structure of tournament, there exists a strongly
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connected component, sometimes called theTop CycleTC(T ) of T , such that all the
arcs with one extremity insideTC(T ) and the other outside are oriented fromTC(T ) to-
wardsX \ TC(T ). It is easy to computeTC(T ) polynomialy (more precisely inO(n2))
for instance thanks to the application of a depth-first search procedure (see for instance
[7]). Notice that, when a Condorcet winner exists inT , TC(T ) contains only this vertex;
in this case, all the solutions below select the Condorcet winner as their unique winner.
More generally, all the tournament solutions considered below select the winners ofT in
TC(T ); so we may restrict ourselves in searching the winners insideTC(T ), which in-
duces a strongly connected subtournament ofT . For this reason, we assume from now on
thatT is strongly connected (as a consequence,T does not admit any Condorcet winner).

Notice that, as the number of arcs ofT is equal ton(n − 1)/2, we need at least
n(n − 1)/2 bits to encodeT . On the other hand, encodingT by its adajency matrix
requiresn2 bits; thus, the (binary) size ofT isΘ(n2) and we may consider in the following
thatT is encoded by its adjacency matrix. So a method is polynomial with respect to the
size of the instance given byT if and only if it is polynomial with respect ton. It is with
respect to this parametern that we are going to state the complexity of the tournament
solutions described below.

2.1 Maximum scores: Copeland solution

An easy method to find the winners is the solution proposed by Copeland ([6]), leading
to theCopeland winners.

Definition 1 A Copeland winner of the tournamentT = (X,A) is any vertex with a
maximum score.

Then Copeland solution is obviously polynomial:

Theorem 1 Copeland winners can be computed inO(n2).

Proof. To get the Copeland winners ofT , it is sufficient to compute the scores of then
vertices ofT , what can be done inO(n2) by summing up the binary values of each row of
the adjacency matrix ofT , then to compute the maximum value of these scores, what can
be done inO(n), last to compare each score to this maximum value, what can be done
also inO(n). Hence the result. ⋄

Notice that this method can give all the Copeland winners with the same complexity.
Notice also that, if we assume that the out-degrees, i.e. the scores, are known, then the
complexity is onlyO(n). Last, notice also that ranking the vertices according to the
decreasing values of the scores gives a preorderP of which the maximal elements are the
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Copeland winners; if we want to rank the vertices according to a linear order, then we
may adopt any linear extension ofP ; in this case anyway, the number of rankings may be
very large (for instance,whenn is odd, if all the scores are equal to(n− 1)/2, then then!
linear orders are relevant rankings) and the method is no longer polynomial.

2.2 Maximum likelihood: Zermelo solution

Zermelo designed the following method in 1929 [22]. A positive “strength”σ(x) is asso-
ciated with each vertexx; for instance,σ(x) may be interpreted as the popularity rating of
the candidatex. Assume that these strengths are known. Then it would be natural to rank
the candidates according to the decreasing values of these strengths, and the candidates
with the greatest strength would be the Zermelo winners. So, the question is: how to
compute these strengths ?

To answer this question, Zermelo considers that the probabilityp(x, y) that a candidate
x is preferred to a candidatey by a majority of voters is given by

p(x, y) =
σ(x)

σ(x) + σ(y)
.

If we assume moreover that these collective preferences are independent the ones from
the others when we consider all the possible pairs of candidates (what is not obviously
the case in practice), then the conditional probabilityp(T/σ) to getT = (X,A) as the
majoritary tournament knowingσ is given by:

p(T/σ) =
∏

(x,y)∈A

σ(x)

σ(x) + σ(y)
.

So, the maximum likelihood method proposed by Zermelo consists in computing the
positive strengthsσ(x) for x ∈ X maximizingp(T/σ) with

∑
x∈X σ(x) = 1.

Though the strengths are not necessarily proportional to the Copeland scores, it is
possible to show that the Zermelo winners and the Copeland winners are the same (more
precisely, the ranking induced by the strenghts is the same as the ranking induced by the
scores). Consequently, because of the previous theorem, we get:

Theorem 2 Zermelo winners can be computed inO(n2) but the enumeration of all the
rankings compatible with the maximum likelihood rule may require an exponential time.

2.3 Self-consistent choice rule, or Markovian solution

The self-consistent choice rule is due to Levchenkov [17], [11], but the following presen-
tation has been proposed by Laslier [15]. We start with a vertexx0 randomly chosen, and
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we generate a series{xk} of elements belonging toX as follows. At each stepk, a vertex
x is randomly chosen with a uniform distribution overX. If (x, xk) is an arc ofT , then
we setxk+1 = x; otherwise, we keepxk: xk+1 = xk. Then we repeat the same process.
This random walk leads to the different vertices with different probabilities, depending
on their “attractiveness”. These probabilities may be used to sort the vertices and thus to
define the winners.

More precisely, we way associate a Markov chain with this random walk. The graph
G = (X,B) describing this Markov chain has the same vertex set asT , i.e. X, but
the arcs ofG, defining the possible transitions from the current state (i.e., the current
vertex) to another one, are exactly the arcs which do not belong toT , including the loops:
B = X × X \ A. The transition probabilitiesp are defined as follows: forx ∈ X and
y ∈ X with x 6= y and(x, y) ∈ B (hence(y, x) ∈ A), the transition probabilityp(x, y) to
go fromx to y is equal to 1

n−1
; for a loop(x, x), the transition probabilityp(x, x) to stay

on x is equal tos(x)
n−1

, wheres(x) still denotes the score ofx in T . Then, at each stepk
of this process, we may define a probability distribution vectorπk giving the probability
to be on each vertex ofT : for any integerk ≥ 0 and any vertexx ∈ X, πk(x) gives the
probability to be on vertexx at stepk. Let P = (pxy)(x,y)∈X2 denote the matrix of the
transition probabilities:pxy = p(x, y) if (x, y) ∈ B andpxy = 0 otherwise. Then the
expression ofπk+1 for k ≥ 0 is πk+1 = πk × P , or alsoπk+1 = π0 × P k+1, whereπ0

is the vector with only 0’s as components, except for the component associated with the
starting vertexx0, equal to 1.

The theory of Markov chains [8] shows that, asT is assumed to be strongly connected,
the series of the probability distributionsπk’s tends towards a limitπ∗, and this limit is
independent ofπ0. This distribution allows to define the self-consistent choice rule:

Definition 2 The self-consistent choice winners ofT (i.e., the winners according to the
self-consistent choice rule) are the verticesx∗ verifying:

π∗(x∗) = max
x∈X

π∗(x).

Lemma 1 The self-consistent choice winners can be computed within the same comple-
xity as the multiplication of two(n × n)-matrices.

Proof. Still from the theory of Markov chains [8], it is easy to show thatπ∗ satisfies the
equalityπ∗ = π∗ × P . This equality is obviously not sufficient to characterize the values
of π∗(x) for all the verticesx. But, becauseT is strongly connected, the linear system
defined byπ∗ = π∗ × P and

∑
x∈X π∗(x) = 1 admits a unique solution. Moreover, still

becauseT is strongly connected, we may remove any row of the systemπ∗ = π∗ × P
in such a way that the new system given by the remainingn − 1 rows, along with the
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equation
∑

x∈X π∗(x) = 1 still admits a unique solution. It yields that the computation
of the self-consistent choice winners may be done by the resolution of a linear system
with n variables andn equations admitting a unique solution. Hence the complexity of
the self-consistent choice rule, since the resolution of such a linear system has the same
complexity as the multiplication of two(n × n)-matrices (see [7] for instance). ⋄

Theorem 3 The self-consistent choice winners can be computed inO(n2.38).

Proof. The complexityO(n2.38) is a consequence of the previous lemma and of the
fact that it is possible to multiply two(n × n)-matrices inO(n2.38) [7]. ⋄

2.4 The uncovered set

Let x andy be two distinct vertices. We say thatx coversy if any successor ofy is also a
successor ofx:

∀z ∈ X, (y, z) ∈ A ⇒ (x, z) ∈ A.

Notice that, because of the asymmetry of a tournament (what involves thatT is irre-
flexive), if x coversy, then(x, y) is an arc ofT . A vertex is said to beuncoveredif
none vertex covers it; the uncovered set ofT is notedUC(T ). Adopting the elements of
UC(T ) as the winners ofT has been independently suggested by Fishburn in 1977 [9]
and by Miller in 1980 [18]. This method is polynomial:

Lemma 2 Computing the uncovered elements can be done within the same complexity as
the multiplication of two(n × n)-matrices.

Proof. It is well-known that a vertexx is uncovered if and only if, for any other vertex
y, there exists a directed path with one or two arcs fromx to y (it is the so-called “two
steps principle”, see [19]). IfM denotes the adjacency matrix ofT , the entriesm2

x,y

of M2 give the numbers of paths with two arcs fromx to y. Thus, to know whetherx
is uncovered, it is sufficient to compute the row ofM2 + M + I (whereI denotes the
identity matrix) associated withx: x is uncovered if and only of there is no entry of this
row equal to 0. As the complexity of this process is the same as the one of the computation
of M2 (the other steps are negligible), we may compute simultaneously all the uncovered
vertices within the same complexity as the multiplication ofM by itself. ⋄

Theorem 4 Computing the uncovered elements can be done inO(n2.38).
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Proof. The complexityO(n2.38) is a consequence of the previous lemma and of the
fact that it is possible to multiply two(n × n)-matrices inO(n2.38) [7]. ⋄

A variant of this solution consists in computing the seriesUCk(T ) defined as follows:
UC1(T ) is equal toUC(T ); for k > 0, UCk+1(T ) is the uncovered set of the subtour-
nament ofT induced byUCk(T ). The elements belonging toUCk(T ) for 2 ≤ k ≤ n
(notice that the setsUCk(T ) cannot evolve any longer for exponents greater thann) may
be proposed as the winners ofT (though some basic properties are not satisfied by this
method; see [15] or [16]). Because of the polynomiality ofUC and as it is possible to
build a subtournament induced by a subset of vertices in polynomial time, we get the
following result about the generalization ofUC:

Theorem 5 For 1 ≤ k ≤ n, computing the winners according toUCk can be done in
polynomial time.

2.5 Maximal transitive subtournaments: Banks solution

As said above, whenT is transitive, there exists a unique Condorcet winner, and it is quite
natural to select it as the winner ofT (notice anyway that there exist many voting proce-
dures which do not necessarily select the Condorcet winner, when such a winner exists;
it is the case for instance for the procedure applied in France to elect the President of the
Republic, or usually applied for the election of the members of the French parliament).
WhenT is not transitive, we may anyway consider the transitive subtournaments ofT
which are maximal with respect to inclusion, and then select their Condorcet winners as
the winners ofT . This defines the Banks solution [2]:

Definition 3 A Banks winner ofT is the Condorcet winner of any maximal (with respect
to inclusion) transitive subtournament ofT .

From the complexity point of view, this solution owns a maybe unexpected property.
Indeed, G. Ẅoginger recently shows the following theorem [21]:

Theorem 6 The following problem is NP-complete:

Instance: a tournamentT , a vertexx of T ;

Question: isx a Banks winner ofT?

Anyway the next theorem is proved in [12]:

Theorem 7 For any tournamentT , computing a Banks winner is polynomial, and more
precisely, can be done inO(n2).
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There is no paradox: when we compute a Banks winner, we do not (and cannot, in
the general case, ifP andNP are not equal) choose the Banks winner that we would like
to get. Moreover, as there are at mostn Banks winners and because of G. Woeginger’s
result, we get:

Theorem 8 Computing all the Banks winners ofT is anNP -hard problem.

Proof. It is easy to design Turing transformations showing that, on one hand, checking
that a given vertex is a Banks winner, and, on the other hand, enumerating all the Banks
winners are polynomialy linked. Indeed, if we can enumerate all the Banks winners with
some complexity, then we may obviously check whether a given vertex is a Banks winner
within the same complexity. Conversely, if we can check whether a given vertex is a
Banks winner thanks to an algorithm with some complexityc(n), then we may enumerate
all the Banks winners by applying this algorithm to then vertices of the tournament: this
gives an algorithm to solve the problem of the enumeration withn.c(n) as its complexity.
Because of this link (in fact, because of the first part of this link) and because of theNP -
completeness of the problem consisting in checking whether a given vertex is a Banks
winner, the problem of the enumeration of all the Banks winners isNP -hard. ⋄

2.6 Linear orders at minimum distance: Slater solution

The last solution described here consists in reversing a minimum number of arcs ofT
in order to get a transitive tournamentO, i.e. a linear order, and then to consider the
Condorcet winner ofO. This defines aSlater winner[20]:

Definition 4 Let O be a linear order defined onX. We define the distanced(T,O) bet-
weenT and O as the number of arcs ofT which have a different orientation inO. A
Slater order of T is a linear orderO∗ minimizingd(T,O) over the set of the linear orders
O defined onX. A Slater winner of T is the Condorcet winner of any Slater order ofT .
We notei(T ) the minimum number of arcs that must be reversed inT to get a Slater order
O∗ of T : d(T,O∗) = i(T ).

The complexity of Slater solution may be derived from a recent result dealing with a
problem calledthe Feedback Arc Set Problem. This problem consists, given a directed
graphG, in removing a minimum number of arcs fromG in order to get a graph without
any circuit. From the work by Karp [14], this problem is known to beNP -complete in the
general case. Recent results ([1] and [5]) show that this problem remainsNP -complete
even when restricted to tournaments. From this, we may prove the following theorem (see
[13] for details):
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Theorem 9 For any tournamentT , we have the following results:

1. the computation ofi(T ) is NP -hard;

2. the computation of a Slater winner ofT is NP -hard;

3. checking that a given vertex is a Slater winner ofT is NP -hard;

4. the computation of a Slater order ofT is NP -hard;

5. the computation of all the Slater winners ofT or all the Slater orders ofT is
NP -hard.

3 Conclusion

We may summarize the previous results as follows:

– some tournament solutions are polynomial with respect to the size ofT : it is the
case for the Copeland solution (maximum scores), the Zermelo solution (maximum like-
lihood), the self-consistent choice rule or Markovian solution (Levchenkov, Laslier), and
the uncovered set (Fishburn, Miller);

– Banks solution (maximal transitive subtournaments) is polynomial if we consider
the computation of one (not specified) Banks winner, butNP -hard if we consider the
problem consisting in checking that a given vertex is a Banks winner or the problem
consisting in enumerating all the Banks winners;

– Slater solution (linear order at minimum distance) isNP -hard for its different vari-
ants.

From a practical point of view in the context of voting theory, these results give an
advantage to the first methods, if we want to get the issue of the election in a “reasonable”
time.
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sciencéeconomique, université de Cergy-Pontoise.
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The Geometry Behind Paradoxes of Voting
Power

Michael A. Jones∗

Abstract

Despite the many useful applications of power indices, the literature on power in-
dices is raft with counterintuitive results or paradoxes, as well as real-life institutions
that exhibit these behaviors. This has led to a cataloging of sorts where new and
different paradoxes are calculated and then shown to exist in nature. Even though
the paradoxes sound different from one another with names like theparadox of re-
distribution, thedonor and transfer paradoxes, theparadox of quarreling members,
theparadox of a new member, and theparadox of large size, they can be classified
by the underlying geometric properties that induce the counterintuitive results. Per-
haps surprisingly, analyzing the geometry behind the paradoxes for three voters is
sufficient to understand the geometry behind the paradoxes. Voting power induces
a partition on games where two games are in the same part if each playeri has the
same power in each game. The paradoxes are a result of three geometric ideas and
how they interact with the partition: a point passing a hyperplane thereby changing
parts, moving hyperplanes that change the size or number of parts in a partition, and
changing the dimension of the space by adding or subtracting a voter.

Key words : Voting Power, Paradoxes, Geometry

Power indices are used to measure thea priori distribution of power among voters
under a given voting rule. Many of these power indices uniquely satisfy different sets of
axioms, including the most commonly used indices by Penrose (1946), Shapley and Shu-
bik (1954) and Banzhaf (1965), as well as others. Such axiomatic approaches have been
used to create new indices, as well as to champion one power index over others. Gener-
alized power indices, such as semivalues (Carreras, Freixas, and Puente, 2003, Laruelle
and Valenciano, 2003a, and Saari and Sieberg, 2001), measure power in broader classes
of cooperative games, often following the same axiomatic development.
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As a tool, power indices have been used to examine weighted voting in institutions in-
cluding the International Monetary Fund (Dreyer and Schotter, 1980 and Leech, 2002c),
the Electoral College (Mann and Shapley, 1964), the European Union Council of Min-
isters (Johnston, 1995 and Leech, 2002b), and the Israeli Knesset (Laruelle, 2001). Not
only have power indices been used to analyze existing institutions, but they have been
part of the debate about the design of new institutions. For example, Turnovec (1996) and
Widgren (1994) use power indices to model the effects of institutional reforms on, and
the introduction of new members into, the European Union. Because power indices rarely
agree on the measure of power for a voter, let alone on the ranking of the power of voters
(cf. Saari and Sieberg, 2001), the selection of a power index is paramount. Although a
productive way to generate power indices, the axiomatic approach has not been successful
in comparing how the power indices differ and when one power index is more applicable
than another.

Despite the many useful applications of power indices, the literature on power in-
dices is raft with counterintuitive results or paradoxes, as well as real-life institutions that
exhibit these behaviors. This has led to a cataloging of sorts where new and different para-
doxes are calculated and then shown to exist in nature. Felsenthal and Machover (1995,
1998) divide power indices according to their ability to measure ‘P-power’ (the power
to share a purse) and ‘I-power’ (the power to influence) and use the paradoxes (often de-
scribed as postulates, when an index is not susceptible to the paradox) as a way to compare
power indices. They cast doubt on the importance of some paradoxes, offer new perspec-
tives on other paradoxes, and generate new paradoxes. Laruelle and Valenciano (2003b)
also distinguish between power indices by introducing two measures (factual success and
decisiveness) that utilize the voting rule, as well as voters’ behavior.

Even though the paradoxes sound different from one another with names like the
paradox of redistribution(Dreyer and Schotter, 1980 and Schotter, 1981), thedonor and
transfer paradoxes(Felsenthal and Machover, 1998), theparadox of quarreling members
(Kilgour, 1974), theparadox of a new member(Brams, 1975 and Brams and Affuso,
1976), theparadox of large size(Brams, 1975 and Shapley, 1973), thefattening paradox
(Felsenthal and Machover, 1998),etc., they can be classified by the underlying geometric
properties that induce the counterintuitive result.

To provide a geometric setting, the discrete space of simple weighted-voting games
are viewed as points on a simplex. The voting rule partitions the simplex into different
regions or parts where the power of all games in a part yield the same power index. The
counterintuitive results described as paradoxes can be classified according to three geo-
metric properties: a change in the simple weighted-voting game causes the game to switch
to another part of the partition (geometrically, a point passes a hyperplane that partitions
the space), the voting rule changes or restrictions are placed on what coalitions can form
(geometrically, the size and/or shape of the parts of the partition change), and voters are
introduced, consolidated, or deleted from the game (geometrically, the dimension changes

194



Annales du LAMSADE n◦6

by adding or subtracting a voter). Combining these geometric ideas in succession results
in other paradoxes, e.g.,fattening paradox(Felsenthal and Machover, 1998).

Perhaps surprisingly, analyzing the geometry behind the paradoxes for three voters is
sufficient to understand the geometry behind the paradoxes for any number of voters. We
review simple weighted-voting games, view power as a discrete map, and introduce the
geometry for three voters in Section 2. In Section 3, we explain the relationship between
geometry and classes of paradoxes. Because of the low dimension and the inherent sym-
metry, the examples often are proof that all power indices suffer from a particular paradox
(e.g., the paradox of redistribution).

1 Simple Weighted-Voting Games, Power, and Geometry

Cooperative game theory models how groups or coalitions form to achieve a particular
goal (e.g., passing legislation) and the value received if their objective is met. Notation-
ally, a coalitionS is a subset of a finite set of votersN = {1, 2, . . . n} and the utility
derived byS is denoted asv(S) where the real-valued functionv has as its domain the
power set ofN and satisfiesv(∅) = 0 and super-additivity [v(S ∪ T ) ≥ v(S) + v(T )].
Intuitively, these two conditions are that a coalition of no size has no value and that the
sum of the whole is at least as great as the sum of its parts or that two coalitions can get
at least as much done together as they could apart.

A cooperative game issimpleif, for eachS ⊆ N , eitherv(S) = 0 or v(S) = 1, where
a coalitionS is viewed either as a losing coalition,i.e.,v(S) = 0, or a winning coalition,
i.e.,v(S) = 1. For a simple voting game, winning coalitions can pass measures and enact
legislation. These games offer a minimal number of restrictions of what subsets can be
winning coalitions. Let the collection of all winning subsets of a finite setN of voters be
denoted byW where

1. N ∈ W

2. ∅ /∈ W

3. Monotonicity: IfX ∈ W andX ⊆ Y ⊆ N , thenY ∈ W.

A priori power is determined by the structure of the institution and which subsets of voters
can coalesce to form winning or losing coalitions. This is markedly different than looking
at the voting behavior for a particular issue.

Although power can be defined for any simple voting game where the outcome only
depends on which subsets ofN are winning coalitions, we will assume that each voters’
vote has a weight associated to it. Many of the paradoxes relate changes in weights to
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the corresponding change in power. Asimple weighted-voting gameis a set ofn voters,
where voteri’s vote carries the weightwi, and a quota, a value that if the sum of the
voters’ weights in a coalition is greater than or equal to the quota,q, then the coalition is a
winning coalition. Denote a simple weighted-voting game by[q; w1, w2, . . . , wn]. Hence,

v(S) =

{
0 if

∑
i∈S wi < q,

1 if
∑

i∈S wi ≥ q.
(1)

The wi’s are restricted usually to be nonnegative integers and the sum of the weights
w = w1 + w2 + · · ·+ wn is fixed,e.g.,representing a fixed number of shares of stock or a
fixed number of seats in a senate. The weight of a voter is a crude form of measuring how
important, or how much power, an individual brings to a coalition, whereas power indices
calculate a voter’s contribution to a political process.

For simple weighted-voting games to be well-defined,q must satisfyw
2

< q ≤ w. In
words, for a coalition to pass a measure, the weights of the voters in the coalition must
be more than a majority of the total weight of all voters. Otherwise, two coalitions with
less than a majority of the total weight of voters could pass conflicting legislation. The
weights in the simple weighted-voting game[q; w1, w2, . . . , wn] can be normalized and
viewed as a point on the(n − 1)-dimensional simplex

Sn−1 =
{

(x1, x2, . . . , xn) | w1 + w2 + · · ·wn = w andxi =
wi

w
≥ 0 for all i

}
.

The quota induces the hyperplane
∑

i∈S xi =
q

w
to divide the simplex of all simple

weighted-voting games into those that haveS as a winning and losing coalition (Eq. 1).
The collection of all hyperplanes forms a partition of the simplex, where the number and
size of the parts of the partition depend on the quota.

Because most of the paradoxes can be understood by an analysis of simple weighted-
voting games with only three voters, we consider these games in detail. For a game with
3 voters, the normalized weights of the three voters can be viewed as a point on the 2-
simplex. The 2-simplex is the intersection of the planex1 + x2 + x3 = 1 and the positive
octant wherexi ≥ 0 for all i; this can be viewed as an equilateral triangle in the plane as
shown in Figure 1.

For 3-voter simple weighted-voting games, the hyperplanes associated with a fixed
normalized quotaq where 1

2
< q < 1 partition the simplexS2 = {(x1, x2, x3) : x1 +

x2 + x3 = 1 andxi ≥ 0} into ten regionsR1 − R10 (Table 1 and Figure 2). The games
in each region form an equivalence class because each game has the same sets of winning
and losing coalitions. For example, in Figure 2, the only winning coalitions in games in
regionR7 are{1, 2, 3}, {1, 2}, and{1, 3}; this follows because

x1 + x2 + x3 ≥ q x1 + x2 ≥ q x1 + x3 ≥ q

x2 + x3 < q xi < q for all i.
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Figure 1: The planex1 + x2 + x3 = 1 and the 2-simplex{(x1, x2, x3) | x1 + x2 + x3 =
1, x1 ≥ 0, x2 ≥ 0, andx3 ≥ 0.}
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Figure 2: Shape of regions for1
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< q
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< 2
3

(left), q
w

= 2
3

(middle), and2
3

< q
w

< 1 (right).

Notice that the inequalitiesx1 + x2 ≥ q, x2 + x3 < q andx1 + x3 ≥ q can be rewritten as
x3 ≤ 1 − q, x1 > 1 − q, andx2 ≤ 1 − q. Hence, the linesx1 = 1 − q, x2 = 1 − q, and
x3 = 1 − q are parallel to the sides of the equilateral triangle (wherex1 = 0, x2 = 0, and
x3 = 0). This holds in general: for 3-voter simple weighted-voting games withq < 1,
the hyperplanes that partition the simplex are lines parallel to the sides of the equilateral
triangle. Whenq = 1, there are four regions:Ri where playeri is the dictator (fori = 1
to 3) andR10 where all voters must be part of a coalition for it to be winning.

A power index is a discrete map from the space of normalizedn-voter, simple weighted-
voting games to vectors inRn where theith entry of the vector represents the power of
theith voter. For a fixed quota, let

Pq : Sn−1 → Rn (2)
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Region Ri; i = 1 − 3 Ri+3; i = 1 − 3 Ri+6; i = 1 − 3 R10

MWCs {i} N/{i} {i, j}, {i, k} {1, 2}, {1, 3}, {2, 3}∗

wherei 6= j 6= k or {1, 2, 3}∗∗

Table 1: Regions and their corresponding minimal winning coalitions (MWCs). The
coalition structure forR10 depends on whetherq ≤ 2

3

∗
or q > 2

3

∗∗
.

represent a power index. Because there are many specialized power indices (e.g.,Banzhaf,
1965, Coleman, 1971, Deegan and Packel, 1982, Penrose, 1946, and Shapley and Shubik,
1954) that measure different aspects of power, I refrain from giving too many details for
specific power indices or measures. Regardless of the method of measuring power, the
geometry of the domain and the partition that slices the simplex into parts (that indicate
the winning and losing coalitions) are the same. Also, note that we are measuringa priori
power that is independent of the position of the voters on a particular issue. It considers all
possible coalitions that can form and may weigh the outcome according to size (as semi-
values do) or other characteristics. The partitioned regions of the simplex are equivalence
classes where the voters’ powers are preserved for games in the region.

To be well defined, power indices must also satisfy certain regularity conditions. For
example, a power index should not be biased toward a voter: a permutation of the weights
of the voters should result in the same permutation of the resulting powers.Pq must satisfy
the following conditions:

1. (Invariance) Ifσ is a permutation of the set of votersN , then voteri’s power
in [q; x1, . . . , xn] should be the same as voterσ(i) = j in the permuted game
[q; y1, . . . , yn] whereyj = xi. Equivalently,

Pq(x1, x2, . . . , xn)i = Pq(y1, y2, . . . , yn)j whereσ(i) = j andyj = xσ(i) for all i.

2. (Symmetry) If two voters are members of the identical winning coalitions, then they
have the same power.

3. (Dummy voter) If a votera is never part of a minimal winning coalition, then voter
a’s power is 0.

Felsenthal and Machover (1998) distinguish between measures that satisfy the above con-
ditions and power indices that are normalized so that the elements of the resulting power
vector sum to 1.

To demonstrate possible paradoxes, it is helpful to have specific examples. I review
two of the most commonly used power indices: the Banzhaf and Shapley-Shubik power
indices. In 1965, Banzhaf introduced his power index in a lawsuit while examining the
fairness of voting involving the Nassau County (NY) Board of Supervisors (Banzhaf,
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1965). The Banzhaf index counts the number of times that a voter is necessary to be
part of a coalition for a measure to pass. This is referred to as a critical voter. Theith

component of the Banzhaf power index is given by

Bq(x)i =
∑

S⊆N

[v(S) − v(S/{i})] . (3)

The Shapley-Shubik power index (Shapley and Shubik, 1954) extends the Shapley
value (Shapley, 1953) to simple weighted-voting games. Theith component of the Shapley-
Shubik power index is given by

Sq(x)i =
∑

S⊆N

[v(S) − v(S/{i})] (|S| − 1)! (4)

Intuitively, Shapley-Shubik power index measures the power of a voter given every se-
quence of ‘yes’ votes. The notion is that the voters could join the coalition in any order
and in (|S| − 1)! of these orders, voteri joined last and made the coalition a winning
coalition. Voteri is often referred to as thepivotal voter. Under the Shapley-Shubik
power index, a voteri has to be critical in the Banzhaf sense above, but the value of being
critical depends on the number of elements inS. For both indices, the power of voter
i depends on the number and/or size of the winning coalitions for whichi is critical or
pivotal (whenv(S) − v(S/{i}) = 1). For three voters with fixed weights, the Shapley-
Shubik and Banzhaf power indices agree on the relative ranking of the voters’ power
(Saari and Sieberg, 2001). To get a sense of the calculation for a 3-voter game, consider
the following example.

Example 1. The simple weighted-voting game[3; 2, 1, 1] normalizes to[3
4
; 1

2
, 1

4
, 1

4
] and has

winning coalitions{1, 2, 3}, {1, 2}, and{1, 3}. Hence, voter 1’s power is determined by
potentially nonzero termsv(S)− v(S/{i}) in Eq. 3 (so,v(S) must be 1 for the difference
to be nonzero) and

B 3

4

(
1

2
,
1

4
,
1

4

)

1

= [v({1, 2, 3}) − v({2, 3})] + [v({1, 2}) − v({2})]

+ [v({1, 3}) − v({3})] = 1 + 1 + 1 = 3.

Similarly, voter 2 has Banzhaf power

B 3

4

(
1

2
,
1

4
,
1

4

)

2

= [v({1, 2, 3}) − v({1, 3})] + [v({1, 2}) − v({1})] = 0 + 1 = 1.

And, by symmetry, voter3’s power is also 1. And,B 3

4

(1
2
, 1

4
, 1

4
) = (3, 1, 1). The normal-

ized Banzhaf power index is3
5
:1
5
:1
5
. It follows from Eq. 4 thatS 3

4

(1
2
, 1

4
, 1

4
) = (4, 1, 1). The

normalized Shapley-Shubik power index is then4
6
:1
6
:1
6
.
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Due to the superadditivity assumption, only the minimal winning coalitions are neces-
sary to generate all winning coalitions. From Example 1, the coalition of voters 1 and 2 is
a minimal winning coalition because both are necessary (to vote “yes”) to pass a measure.
However, the grand coalition of all voters is not minimal because either voter 2 or voter
3 could exit the coalition (thereby voting “no”) and the remaining voters could still pass
the measure.

2 Geometry of Paradoxes of Voting Power

For games with more voters, higher dimensional simplices represent the domain of power
indices. Similarly, the quota partitions the simplex into regions where the voters’ powers
are constant. When a simple weighted-voting game is in the interior of the partition,
then a small perturbation may not cause the power to change. Only by changing parts in
the partitions can the power change. Changing parts requires passing a hyperplane, the
boundary of the part.

2.1 Domain Effects

Theparadox of redistributioncompares the change in a voter’s weight to the correspond-
ing change in the voter’s power. The counterintuitive outcome is that a voter’s weight
may increase, yet its power decreases, or a voter’s weight may decrease, yet its power
increases, or both of these situations may occur. For three voters, only the one-sided para-
dox can occur, not both. The geometry of the simplex readily explains why even the more
general paradox is true. Because simple weighted-voting games are domain points on the
simplex, a change in one voter’s weight (or coordinate) must be met with changes in at
least another voter’s weight, too. As described, there is a lot of freedom in how the other
voters’ weights can be adjusted. So, the paradox may not seem too remarkable.

The paradox of redistribution was first noted by Fischer and Schotter (1978). Schotter
(1981) uses simplices to determine the likelihood of the paradox for the Banzhaf and
Shapley-Shubik power indices. However, the paradox is not an artifact of the particular
power index used, as described in the following example.

Example 2. (The ubiquity of the paradox of redistribution) Consider the effect of voter
1’s weight increasing from1

3
to 5

16
in the gamesGa = [7

8
; 1

3
, 1

3
, 1

3
] andGb = [14

16
; 5

16
, 1

16
, 10

16
].

Figure 3 shows how with the quota fixed at7
8
, changing the weights of the voters results

in passing a hyperplane into another part of the partition. Specifically, the game moves
from regionR10 (using the notation from Figure 2) intoR5. Notice that because all three
voters are necessary to form a winning coalition inGa, the normalized power index for
Ga is 1

3
:1
3
:1
3
, regardless of the specific power index. This is due to the invariance under
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16
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16
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2
:0:1

2

Figure 3: The paradox of redistribution as an effect of passing a hyperplane. WhenGa →
Gb, voter 1’s weight decreases but its power increases. WhenGb → Ga, voter 1’s weight
increases but its power decreases.

of permutations of the voters. Similarly, because voters 1 and 3 are part of all the same
winning coalitions inGb and voter 2 is a dummy voter (her vote never changes a losing
coalition to a winning coalition), the power index is1

2
:0:1

2
. Due to symmetry, every power

index will exhibit this paradox under these changes (cf. Felsenthal and Machover, 1998).

Felsenthal and Machover (1998) consider a more surprising version of the paradox
of redistribution called thedonation paradox.They show that if the power index doesn’t
satisfy a monotonicity condition, then it is possible for a voter to donate some of its weight
to another voter and the donor’s power increases while the recipient’s power decreases.
Although this requires a nonmonotone power index, the geometry behind the paradox
remains the same: a perturbation in the weights of the voters causes the game to pass a
hyperplane.

2.2 Partition Effects

So far we have considered the effect of changing the voters’ weights in the simple weighted-
voting game. However, it is possible to achieve paradoxical outcomes by leaving the
weights fixed and changing the shape and number of partitions. Figure 2 and Table 1
indicate a geometric consequence to changing the value of the quota: the size, shape, and
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Figure 4: As the quota decreases fromq1 = 8
11

(left), q2 = 7
11

(middle), andq3 = 6
11

(right) point on the simplex representing the weights
(

5
11

, 4
11

, 2
11

)
is in regionR6, R7, and

R10, respectively.

characteristics of partitions of the simplex may change. Institutions that have changed
or considered changing their requirements for a measure to pass (by changingq) have
been analyzed. For example, Dreyer and Schotter (1980) consider quota effects on the
distribution of power in the International Monetary Fund.

In general, the quota affects the size and number of parts in the partition of the simplex.
It seems as if lowering the quota benefits the voter whose vote has the largest weight.
Winning coalitions from before the changed quota will be retained. However, the critical
voters may change. And, new winning coalitions may form. We see from Figure 2 that
a point may fall into different regions as the quota changes. The voter with the largest
weight may benefit from such a change or not. The following example demonstrates two
scenarios where the same weights are used to show how the quota affects the voter with
the largest weight.

Example 3. (The Shapley-Shubik power index and the quota paradox) Consider the effect
of the quota decreasing from8

11
to 7

11
to 6

11
for the game with voters 1-3 with weights

5
11

, 4
11

, 2
11

, respectively. Under the Shapley-Shubik power index, these three games (with
quota decreasing) have resulting power indices of1

2
:1
2
:0, 4

6
:1
6
:1
6

and 1
3
:1
3
:1
3
. The voter with

the largest weight initially benefits from a decrease in the quota, but a further decrease in
the quota lowers voter 1’s power. The quota effect appears in Figure 4. The fixed game is
in regionsR6, R7, andR10 as the quota decreases.

Realize that the Shapley-Shubik power index is not the only paradox susceptible to this
quota effect. Due to symmetry, the normalized power index for the games

[
8
11

; 5
11

, 4
11

, 2
11

]

and
[

6
11

; 5
11

, 4
11

, 2
11

]
always is 1

2
:1
2
:0 and 1

3
:1
3
:1
3
. A decrease in the quota has adversely

affected the voter with the largest weight. However, a decrease in the quota can also
have a positive effect on the voter with the largest weight. For a general power index,
this occurs when the quota decreases from8

11
to 7

11
resulting in the game

[
7
11

; 5
11

, 4
11

, 2
11

]
,
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Figure 5: The paradox of quarreling members: Voters 2 and 3 quarrel resulting in the
removal of a hyperplane that decreases the number of parts in the partition.

as long as the index gives more power to voter1 which is reasonable as voter 1 is in
two minimal winning coalitions while voters 2 and 3 are each in one minimal winning
coalition.

There are other ways to adjust the size and number of parts of the partition of the
simplex. Kilgour introduced theparadox of quarreling memberswhere restricting which
coalitions can form increases the power of the quarreling members. Specifically, if two
voters quarrel, they will never both vote “yes” on a measure. Even though they cannot
be part of the same winning coalition, it is possible that one of these voters power in-
creases. Quarreling restricts the freedom of the quarreling members, thereby decreasing
their options. It seems paradoxical that the additional restriction can help the quarreling
members. But, quarreling also restricts the non-quarreling voters’ options, too.

Measuring the power of the voters when certain coalitions cannot form requires mod-
ifications of the power indices. Modifying power indices can be viewed as restricting the
power index to the coalitions that can form. For quarreling members, realize that we do
not assume that the two quarreling members are always on opposite sides of a vote, but
that they would not be both part of a winning coalition. The following example demon-
strates how quarreling members reduce the number of regions in the partition.

Example 4. (The paradox of quarreling members) The simple weighted-voting game
[3
4
; 2

3
, 1

6
, 1

6
] is in regionR7 in Figure 2 and has minimal winning coalitions are{1, 2, 3}, {1, 2},

and{1, 3}. Consequently, as in Example 1, the normalized Banzhaf power index for this
game is3

5
:1
5
:1
5
. If voters 2 and 3 quarrel, then the winning coalition{1, 2, 3} is restricted

from forming. Figure 5 indicates the coarser partition that results from quarreling. Voter
1 is critical twice while voters 2 and 3 are each critical once. Modifying the normalized
Banzhaf power index for the restricted set of coalitions, the game with quarreling has
a power index of1

2
:1
4
:1
4
. In this case, the counterintuitive result is that voter 3’s power

increased because of its quarreling with voter 2.
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2.3 Dimensional Effects

So far, we have only considered the geometry for simple weighted-voting games with 3
voters. To consider the effect of introducing or removing a voter from a game, we also
consider the simplex generated by 2 voters. When normalized, these games are on the
unit interval [0, 1] wherex1 is represented by the distance from 0 andx2 is represented
by the distance from 1. Naturally,x1 + x2 = 1 as required. Adding a voter to a simple
weighted-voting game increases the dimension of the space. Brams (1975) and Brams and
Affuso (1976, 1985a, 1985b) consider theparadox of a new memberwhere a new voter
is introduced into the game while the relative weights of the other voters is constant (that
is, the weights of the “old” voters are proportional), yet an old voter’s weight increases.
Felsenthal and Machover (1998) mathematically represent this paradox in the following
way: when the game[q; u1, u2, . . . , un] changes to[q; v1, v2, . . . , vn, vn+1] wherevn+1 ∈
[0, 1] andvi = (1 − vn+1)ui for i = 1 to n and one of voters1 throughn has its power
increase. This seems paradoxical because the introduction of the new voter would seem
to take power away from the other voters. Introducing a new member to an organization
can have unanticipated consequences. Researchers have applied power indices to see the
effect of proposed expansion of the European Union (e.g., Turnover, 1996 and Widgrén,
1994). The following example demonstrates the paradox.

Example 5. (Paradox of a new member) Consider the 2-voter game[0.75; 0.7, 0.3].
Clearly, the power under any index is1

2
:1
2

as both voters are necessary for a coalition
to be winning. The line in Figure 6 shows the possible games for which a third voter can
be added and the ratio of voter 1’s and voter 2’s weights held constant. Notice that this line
intersects regionR7, in which case voter 1’s power increases. As a representative game in
this region, the game[0.75; 7

13
, 3

13
, 3

13
] satisfies the conditions. Under the Shapley-Shubik

power index, voter 1’s power is4
6

in the new 3-voter game while under the Banzhaf power
index voter 1’s power is3

5
; both are greater than1

2
.

Brams (1975) coined the termparadox of large size: if voters decide to form a bloc,
then the power of the bloc cannot be smaller than the sum of the power of its members.
We consider this paradox when one voter annexes another voter (absorbsing its weight).
Yet, by increasing its weight, the voter’s power decreases. Again, 3 voters is sufficient to
demonstrate that this paradox is independent of the measurement of power. The following
example considers this paradox.

Example 6. (Paradox of large size) Consider the simple weighted-voting gameGa =
[3
4
; 1

3
, 1

3
, 1

3
]. By symmetry, each voter’s power is1

3
. If voter 1 receives the entirety of

voter 3’s weight, the resulting game isGb = [3
4
; 2

3
, 1

3
]; as both voters are necessary to

form a winning coalition, the resulting power is1
2

for each voter. The paradox is that the
aggregate power of voter 1 and voter 2 before becoming a single player was2

3
while the

power of the combined voter decreases to1
2
. Figure 7 shows that combining voters 1 and 3

can be viewed as projecting the game in the interior to one on the boundary (representing
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Figure 6: The paradox of a new member: Voter 1’s power increases despite the introduc-
tion of a new voter.
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Figure 7: The Paradox of large size: Voter 3 coalesces with voter 1 and their cumulative
power decreases.

games where voter 2 has weight 0). Notice that every projection that re-allocates voter 3’s
weight to voters 1 and 2 results in the same power index1

2
:1
2
, as both voters are necessary

in the only winning coalition.

Saari and Sieberg (2001) show that complete reversals of rankings of voters under
power indices can occur when adding or subtracting a voter. When viewed as a projection,
there are many seemingly natural ways to project from the(n+1)-voter simplex to then-
voter simplex. These different methods result in different powers in the projected games.

2.4 Combining Geometric Elements

Felsenthal and Machover (1998) introduce thefattening paradoxwhere increasing a voter’s
weight while keeping the other voters’ weights fixed results in a decrease in power for the
(un)lucky recipient of the extra weight. This can be viewed as changing the position in the
simplex of the weights. Consider the example where voter 1’s weight increases from 4 in
the gameGa = [8; 4, 4, 1, 1, 1] to 5, resulting in[8; 5, 4, 1, 1, 1] (Felsenthal and Machover,
1998). Under the normalized Banzhaf power index, voter 1’s power is1

2
in Ga (due to

symmetry, as voters 1 and 2 are the only two critical voters). InGb, voter 1’s power
decreases to approximately 0.474 under the normalized Banzhaf power index. (Leech
(2002a) provides algorithms for computing various power indices.)

This paradox combines two geometric properties. Not only have the weights been
changed, but the normalized quota has changed too, from8

11
to 8

12
. Decreasing the nor-
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malized quota results in a change in the number and/or size of parts in the partition. This
can be viewed as moving the hyperplane at the same time as the increase in one voter’s
weight redistributes the normalized weights. These two actions cause the game to pass a
hyperplane. For the above example,

[8; 4, 4, 1, 1, 1] → [8; 5, 4, 1, 1, 1]

↓ ↓
[

8

11
;

4

11
,

4

11
,

1

11
,

1

11
,

1

11

]
→

[
8

12
;

5

12
,

4

12
,

1

12
,

1

12
,

1

12

]

In general, if voter 1’s weight increases byk from x1 to x1 + k, the above diagram
becomes

[q; x1, x2, . . . , xn] → [q; x1 + k, x2, . . . , xn]

↓ ↓
[ q

X
;
x1

X
,
x2

X
, . . . ,

xn

X

]
→

[
q

X + k
;
x1 + k

X + k
,

x2

X + k
, . . . ,

xn

X + k

]

whereX =
∑n

i=1 xi. The normalized quota has decreased fromq
X

to q
X+k

at the same
time as the game moves proportionally in the direction of the(1, 0, . . . , 0)-vertex of the
simplex. This is comparable to adding or subtracting a player. Hence, the fattening para-
dox has elements of each of the geometric properties.

3 Conclusion

The geometry that arises from the partition on the simplex of simple weighted-voting
games is a natural way to classify paradoxical outcomes in voting power. Although the
paradoxes’ names do not indicate the geometry behind the paradox, three geometric prop-
erties: changing regions in a partition by passing a hyperplane, altering the number and/or
size of the parts of a partition, and adding or subtracting a voter leads to the paradoxes
are the basis for the paradoxes. Not only does the geometry provide a tool to analyze
paradoxes, but also to construct new ones.
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Reasoning about controllable and
uncontrollable variables

Souhila Kaci∗, Leendert van der Torre†

Abstract

We consider the extension of non-monotonic preference logic with the distinction
between controllable (or endogenous) and uncontrollable (or exogenous) variables,
which can be used for example in agent decision making and deliberation. We as-
sume that the agent is optimistic about its own controllables and pessimistic about
its uncontrollables, and we study ways to merge these two distinct dimensions. We
consider also complex preferences, such as optimistic preferences conditional on an
uncontrollable, or optimistic preferences conditional on a pessimistic preference.

Key words : preference logic, non-monotonic reasoning, qualitative decision theory.

1 Introduction

Logics of preferences attract much attention in knowledge representation and reasoning,
where they are used for a variety of applications such as qualitative decision making [5].
In this report we oppose to the common wisdom that the very efficient specificity algo-
rithms used in some non-monotonic preference logics are too simple to be used for knowl-
edge representation and reasoning applications. In that logics we distinguish minimal and
maximal specificity principles which correspond to a gravitation towards the ideal and the
worst respectively. We counter the argument that a user is forced to chose among minimal
and maximal specificity by introducing the fundamental distinction between controllable
and uncontrollable variables from decision and control theory, and merging preferences
on the two kinds of variables as visualized in Figure 1. Our work is based on the hypothe-
sis that each set of preferences on controllable and uncontrollable variables is consistent.

∗CRIL, Rue de l’Universit́e SP 16, 62307 Lens Cedex, France.kaci@cril.univ-artois.fr
†ILIAS, University of Luxembourg, Luxembourg.leon.vandertorre@uni.lu
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The merging process aims to cohabit controllable and uncontrollable variables in an in-
tuitive way. Preferences on controllable variables are called optimistic preferences since
minimal specificity principle is used for such variables. This principle is a gravitation
towards the ideal and thus corresponds to an optimistic reasoning. Preferences on uncon-
trollable variables are called pessimistic preferences since maximal specificity principle
is used for such variables. This principle is a gravitation towards the worst and thus cor-
responds to a pessimistic reasoning.

Figure 1: Merging optimistic and pessimistic preferences.

A preference specification contains optimistic preferences (O) defined on control-
lablesx, y, z, . . ., and pessimistic preferences (P) defined on uncontrollablesq, r, t, . . .,
which are interpreted as constraints on total pre-orders on worlds. The efficient speci-
ficity algorithms (step 1 and 2 in Figure 1) calculate unique distinguished total pre-orders,
which are thereafter merged (step 3) by symmetric or a-symmetric mergers. If the op-
timistic and pessimistic preferences in Figure 1 are defined on separate languages, then
for step 1 and 2 we can use existing methods in preference logic, such as [6]. In this re-
port we also consider more general languages, in which preferences on controllables are
conditional on uncontrollables, or on preferences on uncontrollables (or vice versa).

The remainder of this report is organized as follows. After a necessary background,
we present a logic of optimistic preferences defined on controllable variables and a logic
of pessimistic preferences defined on uncontrollable variables. Then we propose some
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merging approaches of optimistic and pessimistic preferences. We also introduce a logic
of preferences where pessimistic and optimistic preferences are merged in the logic itself.
Lastly we conclude with future research.

2 Background

Let W be the set of propositional interpretations ofL, and letº be a total pre-order on
W (called also a preference order), i.e., a reflexive, transitive and connected (∀ω, ω′ ∈ W
we have eitherω º ω′ or ω′ º ω) relation. We writew ≻ w′ for w º w′ without w′ º
w. Moreover, we writemax(x,º) for {w ∈ W | w |= x,∀w′ ∈ W : w′ |= x ⇒ w º w′},
and analogously we writemin(x,º) for {w ∈ W | w |= x,∀w′ ∈ W : w′ |= x ⇒ w′ º w}.

The following definition illustrates how a preference order can also be represented by
a well ordered partition ofW . This is an equivalent representation, in the sense that each
preference order corresponds to one ordered partition and vice versa. This equivalent rep-
resentation as an ordered partition makes the definition of the non-monotonic semantics,
defined later in the report, easier to read.

Definition 1 (Ordered partition) A sequence of sets of worlds of the form
(E1, . . . , En) is an ordered partition ofW iff

• ∀i, Ei is nonempty,

• E1 ∪ · · · ∪ En = W and

• ∀i, j, Ei ∩ Ej = ∅ for i 6= j.

An ordered partition ofW is associated with pre-orderº on W iff ∀ω, ω′ ∈ W with
ω ∈ Ei, ω

′ ∈ Ej we havei ≤ j iff ω º ω′.

3 Preferences for controllables

Reasoning about controllables is optimistic in the sense that an agent or decision maker
can decide the truth value of a controllable proposition, and thus may expect that the best
state will be realized.
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3.1 Optimistic reasoning semantics

A preference statement is a comparative statement “xis preferred toy”, with x andy
propositional sentences of a propositional language on a set of controllable propositional
atoms. A reasoning about a preference can be optimistic or pessimistic with respect to
both its left hand side and right hand side, indicated byo andp respectively. Formally
we writex a>by, wherea, b ∈ {o, p}. An optimistic reasoning focuses on the best worlds
while a pessimistic reasoning focuses on the worst worlds. For example, the preference
x p>oy indicates that we are drawing a pessimistic reasoning with respect tox, and an
optimistic reasoning with respect toy. This means that we deal with the worstx-worlds
i.e. min(x,º) and the besty-worlds i.e.max(y,º).
An optimistic reasoning on a preference statement over controllable variables consists of
an optimistic reasoning w.r.t. its right and left hand side. This also includes the case
where the reasoning is pessimistic w.r.t. its left hand side and optimistic w.r.t. its right
hand side. This will be explained later in this subsection. For the sake of simplicity, such
a preference is calledoptimistic. Indeed we define anoptimisticpreference specification
as a set of strict and non-strict optimistic preferences:

Definition 2 (Optimistic preference specification) LetLC be a propositional language
on a set of controllable propositional atomsC. LetO¤ be a set of optimistic preferences
of the form{xi ¤ yi | i = 1, · · · , n, xi, yi ∈ LC}. A preference specification is a tuple
〈O¤ | ¤ ∈ { p>o, p≥o o>o, o≥o}〉.

We define preferences ofx over y as preferences ofx ∧ ¬y over y ∧ ¬x. This is
standard and known as von Wright’s expansion principle [10]. Additional clauses may be
added for the cases in which sets of worlds are nonempty, to prevent the satisfiability of
preferences likex > ⊤ andx > ⊥. To keep the formal exposition to a minimum, we do
not consider this borderline condition in this report.

Definition 3 (Monotonic semantics) Letº be a total preorder onW .

º|= x o>oy iff ∀w ∈ max(x ∧ ¬y,º) and∀w′ ∈ max(¬x ∧ y,º) we havew ≻ w′

º|= x o≥oy iff ∀w ∈ max(x ∧ ¬y,º) and∀w′ ∈ max(¬x ∧ y,º) we havew º w′

º|= x p>oy iff ∀w ∈ min(x ∧ ¬y,º) and∀w′ ∈ max(¬x ∧ y,º) we havew ≻ w′

º|= x p≥oy iff ∀w ∈ min(x ∧ ¬y,º) and∀w′ ∈ max(¬x ∧ y,º) we havew º w′.

A total pre-orderº is a model of an optimistic preference specificationO¤ if it is a model
of eachpi ¤ qi ∈ O¤.
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Note thatx p>oy means that eachx-world is preferred to ally-worlds w.r.t. º. This
preference can be equivalently written as a set of optimistic preferences of the form
{x′ o>oy : x′ is ax − world}. This is also true forx p≥oy preferences.

Example 1 Consider an agent organizing his evening by deciding whether he goes to the
cinema (c), with his friend (f) and whether he alos goes to the restaurant (r). We have
O = 〈O o>o ,O p>o ,O p≥o〉, whereO o>o = {c ∧ f o>o¬(c ∧ f)}, O p>o = {c ∧ r p>oc ∧
¬r}, O p≥o = {c∧ r p≥o¬c∧ r}. The strict preferencec∧ f o>o¬(c∧ f) means that there
is at least a situation in which the agent goes to the cinema with his friend which is strictly
preferred to all situations where the agent does not go to the cinema with his friend. The
strict preferencec ∧ r p>oc ∧ ¬r means that each situation in which the agent goes to the
cinema and the restaurant is strictly preferred to all situations in which the agent goes
to the cinema but not to the restaurant. Finally the non-strict preferencec ∧ r p≥o¬c ∧ r
means that each situation in which the agent goes to the cinema and the restaurant is at
least as preferred as all situations in which the agent goes to the restaurant but not to the
cinema.

We compare total pre-orders based on the so-called specificity principle. Optimistic
reasoning is based on the minimal specificity principle, which assumes that worlds are as
good as possible.

Definition 4 (Minimal specificity principle) Let º and º′ be two total pre-orders on
a set of worldsW represented by ordered partitions(E1, · · · , En) and (E ′

1, · · · , E ′
m)

respectively. We say thatº is at least as specific asº′, written asº⊑º′, iff ∀ω ∈ W ,
if ω ∈ Ei andω ∈ E ′

j theni ≤ j. º belongs to the set of the least specific pre-orders
among a set of pre-ordersO if there is noº′ in O s.t.º′

<º, i.e.,º′⊑º holds butº⊑º′

does not.

Algorithm 1 gives the (unique) least specific pre-order satisfying an optimistic preference
specification.

Following Definition 2 an optimistic preference specification contains the following
sets of preferences:

Oo>o = {Ci1 : xi1
o>oyi1}, Oo≥o = {Ci2 : xi2

o≥oyi2},

Op>o = {Ci3 : xi3
p>oyi3}, Op≥o = {Ci4 : xi4

p≥oyi4}.

Moreover, we refer to the constraints of these preferences by

C =
⋃

k=1,··· ,4

{Cik = (L(Cik), R(Cik))},
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where the left and right hand side of these constraints areL(Cik) = |xik ∧ ¬yik | and
R(Cik) = |¬xik ∧ yik | respectively;|φ| denotes the set of interpretations satisfyingφ.

The basic idea of the algorithm is to construct the least specific pre-order by calculat-
ing the sets of worlds of the ordered partition, going from the ideal to the worst worlds.

Algorithm 1: Handling optimistic preferences.

Data: An optimistic preference specification.
Result: A total preorderº onW .
begin

l ← 0;
while W 6= ∅ do

– l ← l + 1, j ← 1 ;
/** strict constraints **/
– El = {ω : ∀Ci1 , Ci3 ∈ C, ω 6∈ R(Ci1) ∪ R(Ci3)} ;
while j = 1 do

j ← 0;
for eachCi2 andCi4 in C do

/** constraints induced by non-strict preferences **/
if (L(Ci2) ∩ El = ∅ and R(Ci2) ∩ El 6= ∅) or (L(Ci4) 6⊆ El and
R(Ci4) ∩ El 6= ∅) then

El = El − R(Cik);
j ← 1

if El = ∅ then Stop (inconsistent constraints);
– fromW remove elements ofEl ;
/** remove satisfied constraints induced byo>o preferences **/
– fromC removeCik k ∈ {1, 2} such thatL(Cik) ∩ El 6= ∅ ;
/** update constraints induced byp>o constraints **/
– replace constraintsCik (k ∈ {3, 4}) by (L(Cik) − El, R(Cik)) ;
/** remove satisfied constraints induced byp>o preferences **/
– fromC removeCik (k ∈ {3, 4}) with emptyL(Cik).

return (E1, · · · , El)

end

At each step of the algorithm, we look for worlds which can have the current highest
ranking in the preference order. This corresponds to the current minimal valuel. These
worlds are those which do not falsify any constraint inC. We first put inEl worlds which
do not falsify any strict preference. These worlds are those which do not appear in the
right hand side of the strict preferencesCi1 andCi3 . Now we remove fromEl worlds
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which falsify constraints of the non-strict preferencesCi2 andCi4 . ConstraintsCi2 are
violated if L(Ci2) ∩ El = ∅ andR(Ci2) ∩ El 6= ∅, while the constraintsCi4 are violated
if L(Ci4) 6⊆ El andR(Ci4) ∩ El 6= ∅. OnceEl is fixed, satisfied constraints are removed.
Note that constraintsCik s.t.k ∈ {1, 2} are satisfied ifL(Cik)∩El 6= ∅ since in this case,
worlds ofR(Ci1) are necessarily inEh with h > l and worlds ofR(Ci2) are inEh′ with
h′ ≥ l. However constraintsCik with k ∈ {3, 4} are satisfied only whenL(Cik) ⊆ El

otherwise they should be replaced by(L(Cik) − El, R(Cik)).

Example 2 Let us consider again the optimistic preference specification given in Exam-
ple 1. LetW = {ω0 : ¬c¬f¬r, ω1 : ¬c¬fr, ω2 : ¬cf¬r, ω3 : ¬cfr, ω4 : c¬f¬r,
ω5 : c¬fr, ω6 : cf¬r, ω7 : cfr}.
We haveC = {({ω6, ω7}, {ω0, ω1, ω2, ω3, ω4, ω5})}∪{({ω5, ω7}, {ω4, ω6})}∪{({ω5, ω7},
{ω1, ω3})}.
We put inE1 all worlds which do not appear in the right hand side of strict constraints, we
getE1 = {ω7}. The constraint induced byc ∧ r p≥o¬c ∧ r is not violated. The constraint
induced byc ∧ f o>o¬(c ∧ f) is satisfied while the ones induced byc ∧ r p>oc ∧ ¬r and
c ∧ r p≥o¬c ∧ r are not. SoC = {({ω5}, {ω4, ω6})} ∪ {({ω5}, {ω1, ω3})}.
We repeat this process and getE2 = {ω0, ω1, ω2, ω3, ω5} andE3 = {ω4, ω6}.

4 Preferences for uncontrollables

Reasoning about uncontrollables is pessimistic in the sense that an agent cannot decide
the truth value of a uncontrollable proposition, and thus may assume that the worst state
will be realized (known as Wald’s criterion).

4.1 Pessimistic reasoning semantics

A pessimistic preference specification contains four sets of preferences, which are pes-
simistic on their left and right hand side. This also includes the case where preferences
are pessimistic with respect to their left hand side and optimistic with respect to their right
side (as in optimistic reasoning semantics). This will be explained later in this section.

Definition 5 (Pessimistic preference specification)LetLU be a propositional language
on a set of uncontrollable propositional atomsU . LetP¤ be a set of pessimistic prefer-
ences of the form{qi ¤ ri | i = 1, · · · , n, qi, ri ∈ LU}. A preference specification is a
tuple〈P¤ | ¤ ∈ { p>o, p≥o, p>p, p≥p}〉.

Definition 6 (Monotonic semantics) Letº be a total pre-order onW .
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º|= q p>pr iff ∀w ∈ min(q ∧ ¬r,º) and∀w′ ∈ min(¬q ∧ r,º) we havew ≻ w′

º|= q p≥pr iff ∀w ∈ min(q ∧ ¬r,º) and∀w′ ∈ min(¬q ∧ r,º) we havew º w′

º|= q p>or iff ∀w ∈ min(q ∧ ¬r,º) and∀w′ ∈ max(¬q ∧ r,º) we havew ≻ w′

º|= q p≥or iff ∀w ∈ min(q ∧ ¬r,º) and∀w′ ∈ max(¬q ∧ r,º) we havew º w′

A total pre-orderº is a model ofP¤ iff º satisfies each preferenceqi ¤ ri in P¤.

Note thatq p>or can be equivalently written as{q p>pr′ : r′ is ar − world}. This is
also true forq p≥or preferences.

Pessimistic reasoning is based on the maximal specificity principle, which assumes
that worlds are as bad as possible.

Definition 7 (Maximal specificity principle) º belongs to the set of the most specific
pre-orders among a set of pre-ordersO if there is noº′ in O such thatº<º′.

Algorithm 2 gives the (unique) most specific preorder satisfying a pessimistic preference
specification. It is similar to Algorithm 1.
This algorithm is based on the following four sets of preferences:

P p>p = {Ci1 : qi1
p>pri1}, P p≥p = {Ci2 : qi2

p≥pri2},

P p>o = {Ci3 : qi3
p>ori3}, P p≥o = {Ci4 : qi4

p≥ori4}.

Let C =
⋃

k=1,··· ,4{Cik = (L(Cik), R(Cik))}, whereL(Cik) = |qik ∧ ¬rik | andR(Cik) =
|¬qik ∧ rik |.

5 Merging optimistic and pessimistic preferences

In this section we consider the merger of the least specific pre-order satisfying the opti-
mistic preference specification, and the most specific pre-order satisfying the pessimistic
preference specification. From now on, letL be a propositional language on disjoint sets
of controllable and uncontrollable propositional atomsC ∪ U . A preference specification
PS consists of an optimistic and a pessimistic preference specification, i.e., optimistic
preferences on controllables and pessimistic preferences on uncontrollables. In general,
letº be the merger ofºo andºp. We assume that Pareto conditions hold:
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Algorithm 2: Handling pessimistic preferences.

Data: A pessimistic preference specification.
Result: A total pre-orderº onW .
begin

l ← 0;
while W 6= ∅ do

l ← l + 1, j ← 1;
El = {ω : ∀Ci1 , Ci3 in C, ω 6∈ L(Ci1) ∪ L(Ci3)};
while j = 1 do

j ← 0;
for eachCi2 andCi4 in C do

/** constraints induced by non-strict preferences **/
if (L(Ci2) ∩ El 6= ∅ andR(Ci2) ∩ El = ∅) or
(L(Ci4) ∩ El 6= ∅ andR(Ci4) 6⊆ El) then

El = El − L(Cik), j ← 1

if El = ∅ then Stop (inconsistent constraints);
– FromW remove elements ofEl;
/** remove satisfied constraints induced byp>p preferences **/
– FromC removeCik (for k ∈ {1, 2}) s.t.El ∩ R(Cik) 6= ∅;
/** update constraints induced byp>o preferences **/
– ReplaceCik (for k ∈ {3, 4}) in C by (L(Cik), R(Cik) − El);
/** remove satisfied constraints induced byp>o preferences **/
– FromC removeCik (k ∈ {3, 4}) with emptyR(Cik);

return (E ′
1, · · · , E ′

l) s.t.∀1 ≤ h ≤ l, E ′
h = El−h+1

end

Definition 8 Letºo, ºp andº be three total pre-orders on the same set.º is a merger
ofºo andºp if and only if the following two conditions hold:
If w1 ≻o w2 andw1 ≻p w2 thenw1 ≻ w2,
If w1 ºo w2 andw1 ºp w2 thenw1 º w2.

Given two arbitrary pre-orders, there are many possible mergers. We therefore again con-
sider distinguished pre-orders in the subsections below. The desideratum of a merger
operator is that the merger satisfies, in some sense, most of the preference specification.
However, it is clearly unreasonable to ask for an operator that satisfies the whole prefer-
ence specification. For example, we may have strong preferencesx p>o¬x andp p>o¬p,
which can be satisfied by a minimal and maximal specific pre-order separately, but which
are contradictory given together.
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The two minimal and maximal specific pre-orders of optimistic and pessimistic pref-
erence specifications satisfy the property that no two sets are disjoint.

Lemma 1 Let (E1, · · · , En) and (E ′
1, · · · , E ′

m) be the ordered partitions ofºo andºp

respectively. We have for all1 ≤ i ≤ n and all1 ≤ j ≤ m thatEi ∩ E ′
j 6= ∅.

Proof. Due to the fact thatºo andºp are defined on disjoint sets of variables.

5.1 Symmetric mergers

Let º be the merger ofºo andºp. The least and most specific pre-ordersº satisfy-
ing Pareto conditions, areuniqueand identical, and can be obtained as follows. Given
Lemma 1, thus far nonempty setsE ′′

k do not exist, but they may exist in extensions dis-
cussed in future sections.

Proposition 1 Let (E1, · · · , En) and (E ′
1, · · · , E ′

m) be the ordered partitions ofºo and
ºp respectively. The least/most specific merger ofºo andºp is º= (E ′′

1 , · · · , E ′′
n+m−1)

such that ifω ∈ Ei andω ∈ E ′
j thenω ∈ E ′′

i+j−1, and by eliminating nonempty setsE ′′
k

and renumbering the non-empty ones in sequence.

The symmetric merger, called also the least/most specific merger, is illustrated by the
following example.

Example 3 Consider the optimistic preference specificationp o>o¬p and the pessimistic
preference specificationm p>p¬m, wherep and m stand respectively for “I will work
on aproject in order to get money” and “my boss accepts to give memoneyto pay the
conference fee”.
Applying Algorithm 1 and Algorithm 2 onp o>o¬p andm p>p¬m respectively givesºo=
({mp,¬mp}, {m¬p,¬m¬p}) andºp= ({mp,m¬p}, {¬mp,¬m¬p}). The least/most
specific merger isº= ({mp}, {¬mp,m¬p}, {¬m¬p}).

Proposition 2 The least/most specific merger of two pre-orders satisfying Lemma 1 par-
tially satisfies the preference specification.

Proposition 3 The least/most specific merger is not complete, in the sense that there are
pre-orders which cannot be constructed in this way.

Proof. Consider a language with only one controllablex and one uncontrollablep.
The minimal and maximal specific pre-orders consist of at most two equivalence classes,
and the least/most specific merger consists therefore of at most three equivalence classes.
Hence, pre-orders in which all four worlds are distinct cannot be constructed.

We can also consider the product merger, which is a symmetric merger, defined by:
if ω ∈ Ei andω ∈ E ′

j thenω ∈ E ′′
i∗j.
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5.2 Dictators

We now consider dictator mergers that prefer one ordering over the other one. Themini-
max mergergives priority to the preorderºo associated to the optimistic preference spec-
ification, computed following the minimal specificity principle, overºp associated to the
pessimistic preference specification, computed following the maximal specificity princi-
ple. Dictatorship relation of≻o over≻p means that worlds are first ordered with respect
toºo and only in the case of equalityºp is considered.

Definition 9 w1 ≻ w2 iff w1 ≻o w2 or (w1 ∼o w2 andw1 ≻p w2).

The minimax merger can be defined as follows.

Proposition 4 Let (E1, · · · , En) and (E ′
1, · · · , E ′

m) be the ordered partitions ofºo and
ºp respectively. The result of mergingºo andºp is º= (E ′′

1 , · · · , E ′′
n∗m) such that if

ω ∈ Ei andω ∈ E ′
j thenω ∈ E ′′

(i−1)∗m+j.

Example 4 (continued) The minimax merger of the preference specification is
{{mp}, {¬mp}, {m¬p}, {¬m¬p}}.

The principle of themaximin mergeris similar to minimax merger. The dictator here is the
pre-order associated to the pessimistic preference specification and computed following
the maximal specificity principle.

Definition 10 w1 ≻ w2 iff w1 ≻p w2 or (w1 ∼p w2 andw1 ≻o w2).

Example 5 (continued) The maximin merger of the preference specification is
({mp}, {m¬p}, {¬mp}, {¬m¬p}).

6 Conditional preferences

The drawback of handling preferences on controllable and uncontrollable variables sepa-
rately is the impossibility to expressinteractionbetween the two kinds of variables. For
example my decision on whether I will work hard to finish a paper (which is a control-
lable variable) depends on the uncontrollable variable “money”, decided by my boss. If
my boss accepts to pay the conference fees then I will work hard to finish the paper. We
therefore consider in the remainder of this paper preference formulas with both control-
lable and uncontrollable variables.
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A general approach would be to define optimistic and pessimistic preference speci-
fications on any combination of controllables and uncontrollables, such as an optimistic
preferencep o>ox or evenq o>or. However, this approach blurs the idea that optimistic
reasoning is restricted to controllables, and pessimistic reasoning is restricted to uncon-
trollables. We therefore define conditional preferences. Conditional optimistic and pes-
simistic preferences are defined as follows.

Definition 11 (Conditional optimistic preference specification)LetO¤ be a set of con-
ditional optimistic preferences of the form{qi → (xi¤yi) | i = 1, · · · , n, qi ∈ LU , xi, yi ∈
LC}, whereq → (x ¤ y) = (q ∧ x) ¤ (q ∧ y). A conditional optimistic preference specifi-
cation is a tuple〈O¤ | ¤ ∈ { p>o, p≥o o>o, o≥o}〉.

Definition 12 (Conditional pessimistic preference specification)LetP¤ be a set of con-
ditional pessimistic preferences of the form{xi → (qi ¤ ri) | i = 1, · · · , n, xi ∈
LC, qi, ri ∈ LU}, wherex → (q ¤ r) = (x ∧ q) ¤ (x ∧ r). A conditional pessimistic
preference specification is a tuple〈P¤ | ¤ ∈ { p>o, p≥o, p>p, p≥p}〉.

In the following examples we merge the two pre-orders using the symmetric merger
operator since there is no reason to give priority neither toºo nor toºp. We start with
some simple examples to illustrate that the results of the merger behaves intuitively.

Example 6 The merger of optimistic preferencem → (p o>o¬p) and pessimistic prefer-
ence¬m p>pm is the merger ofºo= ({mp,¬mp,¬m¬p}, {m¬p}) and
ºp= ({¬mp,¬m¬p}, {mp,m¬p}), i.e.,º= ({¬m¬p,¬mp}, {mp}, {m¬p}).

The merger of optimistic preferencem → (p o>o¬p) and pessimistic preference
m p>p¬m is the merger of ºo= ({mp,¬mp,¬m¬p}, {m¬p}) and
ºp= ({mp,m¬p}, {¬mp,¬m¬p}), i.e.,º= ({mp}, {¬mp,m¬p,¬m¬p}).

The merger of optimistic preferencem → (p o>o¬p) and pessimistic preference
p → (m p>p¬m) is the merger of ºo= ({mp,¬mp,¬m¬p}, {m¬p}) and
ºp= ({mp}, {¬mp,m¬p,¬m¬p}), i.e.,º= ({mp}, {¬mp,¬m¬p}, {m¬p}).

Proposition 5 The most specific merger of two minimal and maximal pre-orders of condi-
tional preference specifications doesnotnecessarily partially satisfy the preference spec-
ification.

Proof. The merger of optimistic preferencem → (p o>o¬p) and pessimistic preference
¬p → (m p>p¬m) is the merger ofºo= ({mp,¬mp,¬m¬p}, {m¬p}) and
ºp= ({m¬p}, {mp,¬mp,¬m¬p}), i.e.,º= ({mp,m¬p,¬m¬p,¬mp}). The merger is
the universal relation which does not satisfy any non-trivial preference.
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We now consider an extension of our running example on working and money.

Example 7 Let’s consider another controllable variablew which stands for “I willwork
hard on the paper”. LetO = {money → (work o>o¬work),¬money → (¬work o>o

work), ¬money → (project p>o¬project)}.
This is equivalent to{money∧work o>omoney∧¬work,¬money∧¬work o>o¬money∧
work,¬money ∧ project p>o¬money ∧ ¬project}.
Applying Algorithm 1 gives
ºo= ({¬m¬wp,mwp,mw¬p}, {m¬w¬p,m¬wp,¬mwp}, {¬m¬w¬p,¬mw¬p}).

All preferences are true inºo. According to these preferences, the best situations for
the agent are when there is money and she works hard on the paper, or when there is no
money, she works on a project but does not work hard on the paper. This is intuitively
meaningful since when there is money the agent is motivated to work hard on the paper
however when there is no money, it becomes necessary to work on a project which prevents
her to work hard on the paper. The worst situations (as one would expect) are when there
is no money and she does not work on a project.

Example 8 Let P = {¬project → (money p>o¬money), ¬work → (¬money p>p

money)}.
This is equivalent to{¬project ∧ money p>o¬project ∧ ¬money,
¬work ∧ ¬money p>p¬work ∧ money}.
Applying Algorithm 2 gives
ºp= ({mw¬p,m¬w¬p}, {¬m¬w¬p,¬m¬wp}, {¬mw¬p,¬mwp,m¬wp,mwp}).

Now given a preference specificationPS = O ∪ P, the associated total pre-order is the
result of combiningºo andºp using the symmetric merger.

Example 9 The merger ofºo and ºp given in Examples 7 and 8 respectively isº=
({mw¬p}, {¬m¬wp,m¬w¬p}, {mwp}, {m¬wp,¬mwp,¬m¬w¬p}, {¬mw¬p}). The
best situation is when there is money, the agent works hard on the paper and does not
work on a project and the worst situation is when the agent works hard on the paper but
unfortunately neither she works on a project nor there is money.

The following example illustrates how our approach can be used in qualitative de-
cision making. The distinction between controllable and uncontrollable variables exists
in many qualitative decision theories, see e.g. [2], and most recently preference logic
for decision has been promoted in particular by Brewka [3]. We use Savage’s famous
egg breaking example [9], as also used by Brewka [3] to illustrate his extended logic
programming approach in decision making.
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Example 10 An agent is preparing an omelette. 5 fresh eggs are already in the omelette.
There is one more egg. She does not know whether this egg is fresh or rotten. The agent
can (i) add it to the omelette which means the whole omelette may be wasted, (ii) throw
it away, which means one egg may be wasted, or (iii) put it in a cup, check whether it is
ok or not and put it to the omelette in the former case, throw it away in the latter. In any
case, a cup has to be washed if this option is chosen.
There is one controllable variable which consists in putting the eggin−omelette, in−cup
or throw it away. There is also an uncontrollable variable which is the state of the egg
fresh or rotten. The effects of controllable and uncontrollable variables are the follow-
ing:

5−omelette ← throw−away,
6−omelette ← fresh, in−omelette
0−omelette ← rotten, in−omelette,
6−omelette ← fresh, in−cup,
5−omelette ← rotten, in−cup,
¬wash ← not in−cup,
wash ← in−cup.

Agent’s desires are represented as follows:
¬wash × wash
6−omelette × 5−omelette × 0−omelette.

We used here notations of logic programming [3]. For example5−omelette ← throw−away
is interpreted as: if the egg is thrown away then the agent will get an omelette with
5 eggs. The desire6−omelette × 5−omelette × 0−omelette is interpreted as: prefer-
ably6−omelette, if not then5−omelette and if neither6−omelette nor 5−omelette then
0−omelette.
Possible solutions are:
S1 = {6−omelette,¬wash, fresh, in−omelette},
S2 = {0−omelette,¬wash, rotten, in−omelette},
S3 = {6−omelette, wash, fresh, in−cup},
S4 = {5−omelette, wash, rotten, in−cup},
S5 = {5−omelette,¬wash, fresh, throw−away},
S6 = {5−omelette,¬wash, rotten, throw−away}.
Each solution is composed of an instantiation of decision variables and the satisfied de-
sires.

Let us run this example following Brewka’s approach [3].

Example 10 (Continued) Brewka generates a preference order on the solutions (called
answer sets in his framework) following agent’s desires. IndeedS1 is the single preferred
solution.S5 andS6 are equally preferred. They are preferred toS2 andS4 but incompa-
rable toS3. S3 is preferred toS4 and incomparable toS5, S6 andS2. LastlyS2 andS4
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are incomparable.

In our approach, controllable and uncontrollable variables are dealt with separately, re-
specting their distinct nature in decision theory. Our approach uses also various kinds of
preferences, and non-monotonic reasoning (based on specificity algorithms) to deal with
under-specification.

Example 10(Continued) Let us consider the following preferences on controllable and
uncontrollable variables:

O =





fresh → in−omelette > in−cup
fresh → in−cup > throw−away
rotten → throw−away > in−cup
rotten → in−cup > in−omelette

P =





in−omelette → fresh > rotten
in−cup → fresh > rotten
throw−away → rotten > fresh

The set of possible alternatives isW = {ω1, ω2, ω3, ω4, ω5, ω6} where
ω1 = fresh ∧ in−omelette, ω2 = rotten ∧ in−omelette, ω3 = fresh ∧ in−cup,
ω4 = rotten ∧ in−cup, ω5 = fresh ∧ throw−away andω6 = rotten ∧ throw−away.
We apply Algorithm 1 on the setO of optimistic preferences, we get({ω1, ω6}, {ω3, ω4},
{ω2, ω5}).
We apply Algorithm 2 on the setP of pessimistic preferences, we get({ω1, ω3, ω6},
{ω2, ω4, ω5}).
We merge the two preorders using the symmetric merger, we get({ω1, ω6}, {ω3}, {ω4},
{ω2, ω5}).
Now agent’s desires may be used to discriminateω1 andω6. Both satisfy¬wash however
ω1 satisfies6−omelette whileω6 satisfies5−omelette soω1 is preferred toω6.
Concerningω2 andω5, ω5 is preferred toω2. Indeed solutions of the previous example
are ordered as follows in our framework:S1 ≻ S6 ≻ S3 ≻ S4 ≻ S5 ≻ S2.

Our approach may be viewed as an extension of Brewka’s approach where preferences
among alternatives are used in addition to preferences among desires.

7 Concluding remarks

The distinction between controllable and uncontrollable propositions is fundamental in
decision and control theory, and in various agent theories. Moreover, various kinds of
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optimistic and pessimistic reasoning are also present in many decision theories, for ex-
ample in the maximin and minimax decision rules. However, their role seems to have
attracted less attention in the non-monotonic logic of preference [1, 4, 6, 8], despite the
recent interest in this area, and the recent recognition that preference logic plays a key
role in many knowledge representation and reasoning tasks, including decision making.

In this paper we study non-monotonic preference logic extended with the distinction
between controllable and uncontrollable propositions. We illustrate how the logic can be
used in decision making where preferences on controllables and preferences on uncon-
trollables have to be merged.

Our approach may also be used in more complex merging tasks such as social and
group decision making. For example, one such extension are preferences on controllable
variables conditional on preferences on uncontrollable variables, i.e.(q¤p r) → (x¤o y),
or conversely, i.e.(x ¤o y) → (q ¤p r). This extension can be used for social decision
making where an agent states its preferences given the preferences of another agent.

The following example illustrates how such social preferences can be used. Roughly,
for a conditional optimistic preference(q ¤p r) → (x¤o y), we first apply the pessimistic
ordering on uncontrollables and then use the result to incorporate preferences on control-
lables, combining the two using the maximin merger.

Example 11 Carl and his girlfriend Sandra go the restaurant. Menus are composed of
meat or fish, wine or jus and dessert or cheese. Sandra is careful about her fitness so each
menu without cake is preferred for her to all menus with cake. Even if Carl likes dessert,
he does want to attempt Sandra by choosing a menu composed of a cake so, to com-
pensate, he states that there is at least one menu composed of wine and cheese which is
preferred to all menus composed of neither cake nor wine. LetW = {ω0 : ¬d¬w¬m,ω1 :
¬d¬wm,ω2 : ¬dw¬m,ω3 : ¬dwm,ω4 : d¬w¬m,ω5 : d¬wm,ω6 : d¬w¬m,ω0 : dwm}
be the set of possible menus wherem, w andd stand formeat,wine anddessertrespec-
tively.¬m, ¬w and¬d stand forfish, jus andcheeserespectively.
Sandra’s preferences give the following preorderº= ({ω0, ω1, ω2, ω3}, {ω4, ω5, ω6, ω7})
and Carl’s preferences give the following preorderº′= ({ω2, ω3, ω4, ω5, ω6, ω7}, {ω0, ω1}).
We use the maximin merger and get:({ω2, ω3}, {ω0, ω1}, {ω4, ω5, ω6, ω7}).

Given a set of preferences of the form{qj ¤p rj → xi ¤o yi}, one may be tried to compute
the preorders associated to{qj ¤p rj} and{xi ¤o yi} and then to merge them. However
this way is misleading since each set of preferences may be inconsistent. The correct way
would be to compute the preorder associated to each ruleqj ¤p rj → xi ¤o yi as explained
above and then to merge the different preorders using the symmetric merger since there is
no reason to give priority to any preorder. The investigation of this idea is left to a further
research.
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Other topics for further research are preference specifications in which strong pref-
erencesp>o are defined on both controllables and uncontrollables to define a stronger
notion than weak satisfiability of a preference specification, the extension with beliefs,
and ceteris paribus preferences (see [7]).
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An axiomatic characterization of the prudent
order preference function

Claude Lamboray∗

Abstract

In this paper, we will axiomatize a preference function that associates to a profile
of linear orders the set of its corresponding prudent orders. We will introduce ax-
ioms that will restrict the set of linear orders to the set of prudent orders. By slightly
adapting these axioms, the prudent order preference function can be fully character-
ized. Finally, we will characterize the extended prudent order preference function by
introducing an additional Condorcet-like criterion.

Key words : Prudent Orders, Axiomatization

1 Introduction

Arrow and Raynaud[1] introduced a set of axioms that a ranking rule which combines a
profile of linear orders into a compromise ranking should verify. Among these, axiom
V’ states that the compromise ranking should be a so-called prudent order. Intuitively,
a prudent order is a linear order such that the strongest opposition against this solution
is minimal, which is considered by the authors to be an interesting compromise ranking
when working in an industrial or business-like context.

Apart from the works of Arrow and Raynaud [1] and Debord [3], prudent orders have
also been analyzed by Lansdowne [9, 10] who compared their properties to other social
ordering rules. However, the particular question of characterizing the set of prudent or-
ders has not been addressed yet. This will be the topic of this paper.
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L-1511 Luxembourg, claude.lamboray@uni.lu
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A characterization will be useful to highlight the particularities of prudent orders with
respect to other common social ordering rules. The results presented in this paper can
also be seen as a first step toward characterizing other prudent ordering rules, such as for
instance the ranked pairs rule proposed by Tideman [15, 18].

Let us emphasize that, in our setting, the type of solution which we will characterize
will be neither a ranking, nor a choice subset, but asetof rankings. This has also been
the case in Young’s [17] axiomatization of the set of Kemeny orders. A major difference
however with the Kemeny model is that the prudent order model is ”ordinal”. In the lit-
erature, we can find characterizations of ordinal ranking models by Barbera [2], Pirlot
[11] and Fortemps and Pirlot [5], although these authors were working in very different
contexts.

The size of the set of prudent orders can be rather large in comparison to other com-
mon social ordering rules. This has been pointed out by Debord [3], who performed
simulations to estimate the number of prudent orders for small profiles.

However, from a progressive decision aid perspective, the use of prudent orders as
possible compromise rankings does make sense. Sometimes, we do not necessarily aim
at finding directly one compromise ranking, but we can also be interested in depicting a
whole range of possible compromise rankings. That is why, on the one hand, we want to
keep the set of possible compromise rankings as large as possible in order to leave enough
room for a progressive refinement. On the other hand, we want to restrict the whole set of
linear orders to those which can be reasonably considered as potential compromise solu-
tions.

This paper is organized as follows. First, we are going to recall the concept of a pru-
dent order. We will introduce the relevant axioms in section 3. In section 4, we will
present results related to the set of prudent orders, whereas in section 5 we will refine the
set of prudent orders by taking into account an additional Condorcet criterion. Finally, we
will end the paper with a conclusion.

2 Prudent orders

We denote byO the set of all the linear orders (transitive, complete and asymmetric binary
relations) on a finite set ofn alternativesA = {a1, a2, . . . , an}. Letu = (O1, O2, . . . , Oq) ∈
Oq be a profile ofq linear orders.
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Given a profileu, we define majority marginsBij = |{k : (ai, aj) ∈ Ok}| − |{k :
(aj, ai) ∈ Ok}| ∀i, j. It is easy to see that∀i, j, Bij + Bji = 0. Furthermore, the majority
margins of a profile of linear orders are either all even or all odd (see Debord [4]). If they
are all even, then the number of linear orders belonging to the profile must also be even. If
they are all odd, then the number of linear orders belonging to the profile must also be odd.

A linear extensionO of a relationR is a linear order that containsR: R ⊆ O. We will
denote byE(R) the set of all the linear extensions of relationR.

If u = (O1, O2, . . . , Oq) is a first profile andu′ = (O′
1, O

′
2, . . . , O

′
q′) is a second profile,

then we will denote byu + u′ the profile(O1, O2, . . . , Oq, O
′
1, O

′
2, . . . , O

′
q′). We denote

by (aiajx) a linear order whereai is followed byaj and then by the alternativesx with
x being an arbitrary permutation of the alternativesA \ {ai, aj}. Furthermore, we denote
by −x the reverse permutation ofx. Finally, the strict majority relationM is defined as
follows:

∀i, j (ai, aj) ∈ M ⇐⇒ Bij > 0.

Let λ ∈ {−q, . . . 0, . . . , q} and let us define the cut-relationsR>λ andR≥λ as follows:
∀i 6= j, Bij ≥ λ ⇐⇒ (ai, aj) ∈ R≥λ andBij > λ ⇐⇒ (ai, aj) ∈ R>λ.

We say that a relationR contains a cycle if there exists a subset of alternativesai1 ,
ai2 , . . . , aip such that(ai1 , ai2) ∈ R, (ai2 , ai3) ∈ R, . . . , (aip , ai1) ∈ R. Whenλ is large,
thenR>λ is empty and consequently does not contain any cycle. By gradually decreasing
the cut value, some ordered pairs will be added to the corresponding strict cut-relation.
Let β be the smallest value such that the corresponding strict cut relation is acyclic:

β = min{λ ∈ {−q, . . . , O, . . . , q} : R>λ is acyclic}.

Let us note that, consequently, the relationR≥β must contain at least one cycle. A
prudent orderOP ∈ O is defined as a linear order that extends the relationR>β:

R>β ⊆ OP . (1)

We will characterize a functionPO, called prudent order preference function, that
associates to every profileu the set of all the linear extensions ofR>β :

PO(u) = {OP ∈ O : R>β ⊆ OP}

= E(R>β).
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Since it is always possible to extend an acyclic relation into a linear order (see Szpilrajn[13]),
the set of prudent orders will never be empty. Arrow and Raynaud justified such a com-
promise rankingOP to be prudent by the fact that ordered pairs that belong to the relation
R>β are pairs with no contradiction and a high majority. If these ordered pairs would not
belong to the final compromise ranking, there would be a large and non-divided majority
against such a ranking.

It can be shown that equation 1 is equivalent to stating thatOP is a linear order that, in
a way, minimizes the strongest opposition against this ranking, the value of this strongest
opposition being exactly equal toβ.

max
(ai,aj)6∈OP ,i6=j

Bij = β ≤ max
(ai,aj)6∈O,i6=j

Bij ∀O ∈ O. (2)

Equivalently, a prudent orderOP is a linear order that maximizes the weakest link. In
fact, sinceBij + Bji = 0, equation 2 can be rewritten as follows:

min
(ai,aj)∈OP

Bij ≥ min
(ai,aj)∈O

Bij ∀O ∈ O. (3)

Another interpretation of prudent orders worth mentioning here has been highlighted
by Debord [3]. Let us suppose that the profileu is such that the strict majority relation is
not a linear order. Let us now consider any linear orderO ∈ O and letµO be the minimal
number of times that one has to addO to u such that the majority relation of the profile
u + µOO corresponds exactly to the linear orderO. In fact,µO corresponds to the nec-
essary strength of the linear orderO to impose itself as the majority relation. We define
µmin = minO∈O µO.

Theorem 1 Debord (1987) [3]
Letu be a profile such that the strict majority relation is not a linear order.O is a prudent
order if and only if the majority relation of the profileu + µminO is equal toO.

Hence, a prudent order can be interpreted as a linear order that one has to add the
smallest number of times to the profile so that the majority relation of the new profile
corresponds exactly to this linear order.

Several algorithms can be imagined that construct prudent orders. Let us mention
three of them: Kohler’s rule [8], Arrow and Raynaud’s rule [1] and the Ranked Pairs rule
proposed by Tideman[15, 18]. Furthermore, the first two of these three algorithms verify
a form of sequential prudence (see Arrow and Raynaud [1], Lansdowne [9]). However,
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unlike conjectured by Arrow and Raynaud, Lansdowne [10] highlighted that Kohler’s rule
and Arrow and Raynaud’s rule may not be sufficient to find the whole set of prudent or-
ders.

There is a straightforward approach to enumerate all the prudent orders (see also De-
bord [4]). First, use Kohler’s algorithm to find one prudent orderOP . Find the strongest
opposition against this ranking, which means the largestBij such that(aj, ai) ∈ OP . This
value corresponds toβ. ComputeR>β. Enumerating all the prudent orders then comes
down to enumerating all the linear extensions ofR>β. A constant amortized time algo-
rithm for enumerating linear extensions, that is an algorithm that runs inO(|PO(u)|), is
presented in Pruesse and Ruskey [12].

The reader may wonder ifR>β can be any possible acyclic relation on the set of alter-
nativesA. The answer will be given by the following proposition, which states that the
set of linear extensions of any acyclic relation on the set of alternativesA can be seen as
the set of prudent orders corresponding to a certain profile.

Proposition 1 For every acyclic relationR on the set of alternativesA, there exists a
profileu of linear orders such thatPO(u) = E(R).

Proof: If R is a linear order, thenu trivially consists of this linear order, i.e.
PO(R) = R = E(R). If R is not a linear order, then we construct the profileu as
follows. For every ordered pair(ai, aj) such that(ai, aj) ∈ R, we consider the two linear
ordersV 1

ij andV 2
ij :

V 1
ij = (aiajx) V 2

ij = (−xaiaj).

The profileu then consists of all the linear ordersV 1
ij andV 2

ij such that(ai, aj) ∈ R:

u =
∑

(ai,aj)∈R

V 1
ij + V 2

ij .

This will lead to the following preference margins matrix:

Bij =





2 if (ai, aj) ∈ R
−2 if (aj, ai) ∈ R
0 otherwise

One may show that in this case,β = 0, and, consequently,PO(u) = E(R>β) = E(R). ¤
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Let us illustrate the prudent order preference function on the following example that
can be found in Taylor [14]. There are five alternativesa, b, c, d ande and the profile
consists of 7 linear orders:

O1 abcde
O2 adbec
O3 adbec
O4 cdbea
O5 cdbae
O6 bcdae
O7 ecdba

We thus have the following majority margins:

a b c d e
a . -1 -1 -1 3
b 1 . 1 -1 5
c 1 -1 . 3 1
d 1 1 -3 . 5
e -3 -5 -1 -5 .

In this case,β = 1, sinceR>1 is acyclic, whereasR≥1 contains a cycle sinceB(c, d) ≥
1, B(d, b) ≥ 1 andB(b, c) ≥ 1. Consequently, the relation

R>β = R>1 = {(a, e), (b, e), (c, d), (d, e)}.

The set of prudent orders thus corresponds to all the linear extensions of this relation.
These 12 prudent orders are listed below:

1 acbde 7 cadbe
2 abcde 8 bcade
3 cabde 9 cdabe
4 acdbe 10 cbdae
5 cbade 11 cdbae
6 bacde 12 bcdae

3 The axioms

In this section, we are going to introduce the axioms that we will need to characterize the
prudent order preference function. More generally, a preference functionf is a procedure
that combines a profileu into a non-empty set of linear ordersf(u).
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f : Oq 7→ P (O) \ ∅
u → f(u).

In general, the strict majority relationM contains cycles, which is commonly referred
to as Condorcet’s paradox. However, in caseM is acyclic, then the first axiom says that
this information must be contained in the set of solutions.

Axiom 1 Condorcet Consistency (CC):
If M is acyclic, then:

f(u) ⊆ E(M).

In other words, this means that, ifM is acyclic and if(ai, aj) ∈ M , thenai must be
preferred toaj in all the linear orders off(u). This axiom implies that, ifM is a linear
order, then this linear order is the unique solution of the preference function.

Lemma 1 If f verifies Condorcet Consistency and ifM is a linear order, thenf(u) =
{M}.

A stronger version of axiom CC says that, ifM is acyclic, thenf(u) corresponds
exactly to all the linear extensions of this relationM .

Axiom 2 Strong Condorcet Consistency (SCC):
If M is acyclic, then:

f(u) = E(M).

It is easy to see that Strong Condorcet Consistency implies Condorcet Consistency.

Let uE be a profile such thatBij = 0∀i, j. Adding such a profile touE to a given
profile will not alter the result.

Axiom 3 E-invariance (EI):

f(u + uE) = f(u).

The next axioms says that if the size of the profile is odd and we create a new profile
by taking twice the initial profile, then the set of compromise solutions may only increase.
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Axiom 4 Weak homogeneity (WH):
If q is odd, then:

f(u) ⊆ f(u + u).

A stronger version of this axiom simply says that if we double an odd profile, then the
result does not change at all.

Axiom 5 Homogeneity (H):
If q is odd, then:

f(u) = f(u + u)

Homogeneity implies weak homogeneity.

Before presenting our main axiom, let us introduce the concept of updating a linear
orderO by switching tow adjacent alternativesai andaj:

Definition 1 Let us consider a linear orderO and an ordered pair(ai, aj). We say that
the linear orderO′ is an update ofO in favor of pair (ai, aj) if O = (...ajai...) is such
thataj directly precedesai andO′ = (...aiaj...) is obtained by reversingaj andai in O.

The majority oriented profile update procedure then consists in applying an update for
each pair by taking into account the majority situation for this pair. More formally, let us
consider a profileu = (O1, . . . , Oq) with a majority margin matrixB. Let us furthermore
suppose thatq ≥ |M |, i.e. q is at least as large as the number of ordered pairs belonging
to the majority relation of that profile. We will construct a new profile by doing the fol-
lowing for every pair{ai, aj} (i 6= j):

• If Bij > 0, then letO′
k be an update in favor of pair(ai, aj) of a linear orderOk of

profileu that has not been updated yet. ReplaceOk with O′
k.

• If Bij = 0, then

– Do nothing.
OR

– Let O′
k be an update in favor of pair(ai, aj) of a linear orderOk of profile u

that has not been updated yet. ReplaceOk with O′
k.

OR
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– Let O′
k be an update in favor of pair(aj, ai) of a linear orderOk of profile u

that has not been updated yet. ReplaceOk with O′
k.

Let us denote byuupdate the profile obtained at the end of this procedure. We call this a
majority oriented profile update procedure because:

• If Bij > 0, then there is a strict majority of rankings in the initial profileu that
preferai over aj. Updating a linear order in favor of(ai, aj) only confirms this
idea.

• If Bij = 0, then there are as many rankings in the profileu that preferai overaj

than there are rankings that preferaj overai. For such a pair, three possibilities can
naturally be considered:

– We will do nothing since we do not want to discriminate betweenai andaj.

– We will update a linear order in favor of(ai, aj), which will break the indif-
ference by improving the situation ofai with respect toaj.

– We will update a linear order in favor of(aj, ai), which will break the indif-
ference by improving the situation ofaj with respect toai.

The next axioms says that if we update the profileu into a new profileuupdate by ap-
plying the above mentioned procedure, then the set of compromise solutions either stays
the same or shrinks.

Axiom 6 Majority Oriented Profile Convergence (MOPC):
Letu be a profile and letuupdate be the profile obtained using the majority oriented profile
update procedure. Then:

f(uupdate) ⊆ f(u).

The axiom means that if we update the profile in the direction of the majority relation,
then the set of compromise rankings can possibly converge. Let us note that for pairs
{ai, aj} such thatBij = 0, by breaking the indifference betweenai andaj in a certain
direction, or by leaving the indifference untouched, different profilesuupdate can be con-
structed. This will eventually pull the set of compromise solutionsf(uupdate) in possibly
different directions. Whatever choice will be made, the profileuupdate will always be con-
sidered as ”compatible” with the majority relation and the new setf(uupdate) will always
be contained in the setf(u).
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We will show that CC, MOPC and EI imply SCC.

Proposition 2 If f verifies Condorcet Consistency, Majority Oriented Profile Conver-
gence and E-invariance thenf verifies Strong Condorcet Consistency.

Proof: Let u be a profile such that the strict majority relationM is acyclic. CC tells
us that, sinceM is acyclic,f(u) ⊆ E(M). We are now going to show thatE(M) ⊆ f(u),
which will complete the proof.

Let O ∈ E(M) ⇒ M ⊆ O. We are going to show thatO ∈ f(u).

Let us denote byD = O \ M the ordered pairs that belong to the linear orderO but
not to the strict majority relationM .

Let B be the majority margins of profileu. It is easy to see thatBij = 0 ⇐⇒
(ai, aj) ∈ D or (aj, ai) ∈ D. In fact, if Bij = 0, then(ai, aj) 6∈ M and(aj, ai) 6∈ M .
SinceO is complete, either(ai, aj) ∈ D or (aj, ai) ∈ D. Reciprocally,(ai, aj) ∈ D ⇒
(ai, aj) 6∈ M ⇒ Bij ≤ 0. Furthermore, it is impossible thatBij < 0, since this would
mean thatBji > 0 ⇒ (aj, ai) ∈ M ⇒ (aj, ai) ∈ O. This is a contradiction since we
supposed(ai, aj) ∈ D ⇒ (ai, aj) ∈ O. The asymetry property of linear orders does not
allow that both(ai, aj) ∈ O and(aj, ai) ∈ O.

For every(ai, aj) ∈ O, let us consider the following two linear orders:

V 1
ij = (aiajx).

V 2
ij = (−xajai).

Let us add these linear orders to profileu:

u′ = u +
∑

(ai,aj)∈O

V 1
ij + V 2

ij .

Since for every pair(ai, aj) ∈ O, V 1
ij andV 2

ij are two opposite orders and sincef
verifies E-invariance, we must have:

f(u′) = f(u). (4)

Let us note that the majority marginsB′ of profile u′ are exactly the same as the
majority marginsB of profile u. We are going to apply the majority oriented update
procedure tou′ as follows:

For every pair{ai, aj}, do the following:
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+2+2+2

+2

+2 +2 +2

+2

M

D

Figure 1: The transformation of the majority margins of a profileu′ into the majority
margins of profileu′′ .

• If B′
ij > 0, then we are going to updateV 2

ij in favor of(ai, aj). Note thatV 2
ij actually

belongs to profileu′ sinceB′
ij > 0 ⇒ Bij > 0 ⇒ (ai, aj) ∈ O.

• If B′
ij = 0 and(ai, aj) ∈ D, then we are going to updateV 2

ij in favor of (ai, aj).
Note thatV 2

ij actually belongs to profileu′ since(ai, aj) ∈ D ⇒ (ai, aj) ∈ O.

Let us denote byB′′ the majority margins of the profileu′′ obtained at the end of the
procedure. In fact,B′′ can be obtained from the majority marginsB′ by shifting two units
to the right the positive pairs (B′ij > 0), and consequently shift two units to the left the
negative pairs(B′

ij < 0). Furthermore, the pairs such thatB′
ij = 0 and(ai, aj) ∈ D are

shifted to the right whereas the pairs such thatB′
ij = 0 and(ai, aj) 6∈ D are shifted to

the left. This is schematically represented in figure 1, where a square represents a major-
ity margin evaluationB′

ij of a pair(ai, aj) and the vertical axis represents the mid-value 0.

Since we suppose thatf verifies Majority Oriented Profile Convergence, we must
have:

f(u′′) ⊆ f(u′). (5)

Let us denote byM ′′ the strict majority relation of the profileu′′:

• (ai, aj) ∈ M ⇒ B′
ij = Bij > 0 ⇒ B′′

ij = B′
ij + 2 > 0 ⇒ (ai, aj) ∈ M ′′.

• (ai, aj) ∈ D ⇒ B′
ij = Bij = 0 ⇒ B′′

ij = B′
ij + 2 > 0 ⇒ (ai, aj) ∈ M ′′.

Consequently,M ∪ D = O ⊆ M ′′ ⇒ O = M ′′ (M ′′ is an asymmetric relation), and
henceM ′′ is a linear order. By applying lemma 1, we thus have thatf(u′′) = {O}. Given
equation 4 and 5, we can finally conclude thatO ∈ f(u). ¤
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We will also use a slightly different version of the MOPC axiom, namely Majority
Oriented Profile Invariance, which says that changing the profile in the sense of the ma-
jority does not alter the result at all.

Axiom 7 Majority Oriented Profile Invariance (MOPI):
Let u be a profile and letuupdate be a profile obtained using the majority oriented profile
update procedure. If the strict majority relation ofuupdate contains at least one cycle,
then:

f(uupdate) = f(u).

Axiom MOPI is the same as axiom MOPC, except that the inclusion is replaced by an
equality, under the condition that the strict majority relation of profileuupdate contains cy-
cles. It means that if we obtainuupdate by applying a majority oriented update procedure
to profileu, and the new profileuupdate contains cycles (either existing cycles of profileu
or new cycles created through the update procedure), then the set of compromise rankings
must stay the same.

Let us note that removing the cyclicity condition of profileuupdate from this axiom
will lead to a contradiction with axiom SCC. In fact, if the strict majority relation of pro-
file uupdate, denoted byMupdate, is acyclic, then the strict majority relation of profileu,
denoted byM , must also be acyclic, since one can show thatM ⊆ Mupdate. According
to SCC,f(u) = E(M) andf(uupdate) = E(Mupdate). If we suppose thatM ⊂ Mupdate,
then it can happen thatf(uupdate) ⊂ f(u).

4 Characterization

First, we are going to show that the prudent order preference function verifies the axioms
introduced so far.

Proposition 3 The prudent order preference function verifies Condorcet Consistency,
Strong Condorcet Consistency,E-Invariance, Weak Homogeneity, Homogeneity, Majority
Oriented Profile Convergence and Majority Oriented Profile Invariance.

Proof: It is easy to see that prudent orders verify EI, WH and H. Let us first prove
that that they also verify SCC, i.e. ifM is acyclic, thenPO(u) = E(M). EitherM is
complete or not.
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• M is complete.
Let γ = max{Bij : (ai, aj) 6∈ M} : M = R>γ and soR>γ is cycle-free. There
exists(ai, aj) 6∈ M such thatBij = γ. SinceM is complete and(ai, aj) 6∈ M ,
(aj, ai) ∈ M . Consequently,R≥γ contains a cycle. Hence,β = γ andPO(u) =
E(R>γ) = E(R>β) = E(M).

• M is not complete.
By definition,M = R>0 and soR>0 is cycle-free. SinceM is not complete, there
must exist two alternativesai andaj such that(ai, aj) 6∈ R>0 and(aj, ai) 6∈ R>0.
SinceBij ≤ 0, Bji ≤ 0 andBij + Bji = 0, we must have thatBij = Bji = 0.
ConsequentlyR≥0 contains a cycle. Henceβ = 0, and soR>β = R>0 = M .
Consequently,PO(u) = E(M).

SCC implies CC.

Let us now prove that prudent orders also verify MOPC. LetB be the majority mar-
gins of profileu and letBupdate be the majority margins of profileuupdate. Furthermore,
let β be the optimal cut-value for profileu and letβupdate be the optimal cut-value for
profileuupdate.

If β < 0, then the strict majority relation of profileu is a linear order. The strict
majority relation of the profileuupdate must then be exactly the same linear order. In that
case we have thatPO(u) = PO(uupdate) and so MOPC is verified. Let us from now on
suppose thatβ ≥ 0.

Let us cut relationB at levelβ (= R>β) and let us cut relationBupdate at levelβ + 2

(= Rupdate
>β+2 ). One may check that ifβ ≥ 0, then:

Rupdate
>β+2 = R>β. (6)

SinceR>β is acyclic, so isRupdate
>β+2 . Consequently,βupdate ≤ β, and so:

R>β = Rupdate
>β+2 ⊆ Rupdate

>βupdate .

This means thatPO(uupdate) = E(Rupdate
>βupdate) ⊆ E(R>β) = PO(u), which proves MOPC.

Let us finally show that prudent orders also verify MOPI. Let us suppose that the strict
majority relation of profileuupdate contains at least one cycle.
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• β < 0.
This means that the strict majority relation of profileu is a linear order. Conse-
quently, the strict majority relation of profileuupdate is also a linear order. We are
not interested in this case in the MOPI axiom, since we suppose that the strict ma-
jority relation of profileuupdate contains at least one cycle.

• β = 0
We know already thatβupdate ≤ β + 2 = 2 (see equation 6). We furthermore know
thatβupdate > 0, since we suppose that the strict majority relation of profileuupdate

contains at least one cycle. Sinceβ = 0, the profilesu anduupdate must be even
and consequently the majority margins and the optimal cut values take only even
values. Hence,βupdate = 2. Following equation 6, we have thatRupdate

>βupdate = R>β,
which means thatPO(u) = PO(uupdate).

• β ≥ 1
In that case, we can show thatRupdate

≥β+2 = R≥β. SinceR≥β contains at least one

cycle, then this means thatRupdate
≥β+2 also contains at least one cycle and consequently

βupdate = β+2. Following equation 6, we have thatRupdate
>βupdate = R>β, which means

thatPO(u) = PO(uupdate).

We thus showed that, if the the strict majority relation of profileuupdate contains at least
one cycle, thenPO(u) = PO(uupdate). This proves MOPI.

¤

Let us now present our first result. In fact, we will show that if i) we want to use the
axioms Condorcet Consistency, Majority Profile Convergence, E-Invariance and Weak
Homogeneity and ii) we want to have a set of possible compromise solutions as large as
possible, then we must use the prudent order preference function.

Let us insist on the interpretation of keeping the set of compromise rankings as large
as possible. In a progressive decision aid approach, it can be interesting to keep the set
of compromise solutions as large as possible. Since it is useless to consider all the linear
orders, the above mentioned axioms will restrict the set of possible compromise solutions
to all the prudent orders.

242



Annales du LAMSADE n◦6

Theorem 2 The prudent order preference function is the largest preference function (in
the sense of the inclusion) that verifies Condorcet Consistency, E-Invariance, Weak Ho-
mogeneity and Majority Oriented Profile Convergence.

Proof: We are going to show that any preference functionf that verifies the above
mentioned axioms is such such that

f(u) ⊆ PO(u)

Since, by proposition 3, prudent orders verify these axioms, the proof will be complete.

Let us suppose that the size of profileu is even. LetB be the majority margins of
this profile and letβ be the optimal cut-value of this profile. Hence,PO(u) = E(R>β).
If β < 0, then this means that the strict majority relation is a linear order. In that case,
lemma 1 tells us thatf(u) = {M} = PO(u). Let us from now on suppose thatβ ≥ 0.

Let us consider the following relations:

Λ1 = {(ai, aj) : Bij = 2}.

Λ2 = {(ai, aj) : Bij = 4}.

Λ3 = {(ai, aj) : Bij = 6}.

...

Λp = {(ai, aj) : Bij = β}.

For every(ai, aj) ∈ Λs, s = 1, . . . , p, we are going to consider the following linear
orders:

∀k = 1, . . . , s : V 1k
ij = (ajaix).

∀k = 1, . . . , s : V 2k
ij = (−xajai).

For every(ai, aj) ∈ R>β, we are going to consider the following linear orders:

∀k = 1, . . . , p : V 1k
ij = (ajaix)

∀k = 1, . . . , p : V 2k
ij = (−xajai)

We are going to define a new profileu0 as follows:

u0 = u +
∑

(ai,aj)∈Λ1

(V 11
ij + V 21

ij ) +
2∑

k=1

∑

(ai,aj)∈Λ2

(V 1k
ij + V 2k

ij ) + . . .
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+

p∑

k=1

∑

(ai,aj)∈Λp

(V 1k
ij + V 2k

ij ) +

p∑

k=1

∑

(ai,aj)∈R>β

(V 1k
ij + V 2k

ij ).

Let us denote byB0 the majority margins of profileu0. In fact,B0 is linked toB in the
following way:

∀i, j = 1, . . . , n





B0
ij = Bij − β if Bij > β

B0
ij = Bij + β if Bij < −β

B0
ij = 0 otherwise

Hence, the strict majority relationM0 of profile u0 is in fact equal toR>β, and soM0 is
acyclic. By applying axiom CC, we can tell that:

f(u0) ⊆ E(M0) = E(R>β) = PO(u).

Let us apply the majority oriented update procedure tou1 in the following way: For every
pair{ai, aj}, do the following:

• If B0
ij > 0, then(ai, aj) ∈ R>β. Let us updateV 11

ij in favor of (ai, aj) by reversing
the preference betweenaj andai.

• If B0
ij = 0 and(ai, aj) ∈ Λp, then let us updateV 11

ij in favor of (ai, aj) by reversing
the preference betweenaj andai.

Let us denote byu1 the profile obtained at the end of this procedure. Let us denote by
B1 the corresponding preference margins.B1 can be obtained from the majority margins
B0 of the profileu0 by shifting to the right the positive pairs(B0

ij > 0), and, consequently,
to the left the negative pairs (B0ij < 0). Furthermore, the pairs such thatB0

ij = 0 and
(ai, aj) ∈ Λp are shifted to the right whereas the pairs such thatB0

ij = 0 and(aj, ai) ∈ Λp

are shifted to the left. The remaining pairs such thatB0
ij = 0 and (ai, aj) 6∈ Λp and

(aj, ai) 6∈ Λp simply do not move. The transformation fromB0 into B1 is schematically
illustrated in figure 2.

By applying axiom MOPC, we know that:

f(u1) ⊆ f(u0) ⊆ PO(u).

Let us apply the majority oriented update procedure tou1. For every pair{ai, aj}, do
the following:

• If B1
ij > 0, then(ai, aj) ∈ R>β ∪ Λ1. Let us updateV 12

ij in favor of (ai, aj) by
reversing the preference betweenaj andai.
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Figure 2: The transformation fromB0 into B1.

Figure 3: The transformation fromB1 into B2.

• If B1
ij = 0 and (ai, aj) ∈ Λp−1, then let us updateV 11

ij in favor of (ai, aj) by
reversing the preference betweenaj andai.

Let us denote byu2 the profile obtained at the end of this procedure. Let us denote
by B2 the corresponding preference margins. The transformation fromB1 into B2 is
schematically represented in figure 3.

By reapplying axiom MOPC, we can tell that:

f(u2) ⊆ f(u1) ⊆ f(u0) ⊆ PO(u).

By reapplying these argumentsp times, we finally get:

f(up) ⊆ f(up−1) ⊆ . . . ⊆ f(u2) ⊆ f(u1) ⊆ f(u0) ⊆ PO(u).

In fact, the profileup can be written as follows, where we denote byV̄ 2k
ij = (aiajx)

the linear order that has been obtained by reversingaj andai in V 1k
ij (k = 1, . . . , p).

up = u +
∑

(ai,aj)∈Λ1

(V̄ 21
ij + V 21

ij ) +
2∑

k=1

∑

(ai,aj)∈Λ2

(V̄ 2k
ij + V 2k

ij ) + . . .
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+

p∑

k=1

∑

(ai,aj)∈Λp

(V̄ 2k
ij + V 2k

ij ) +

p∑

k=1

∑

(ai,aj)∈R>β

(V̄ 2k
ij + V 2k

ij ).

In fact,up can be written asu + uE, whereuE is a profile where all the majority margins
are zero. Using axioms EI, we thus have thatf(up) = f(u). Consequently:

f(u) ⊆ PO(u).

This completes the proof for even profiles. Let us now suppose thatu has an odd size. We
then create an even profile by taking the profileu twice. Applying the previous result to
the even profileu + u and using axiom WH, we get:

f(u) ⊆ f(u + u) ⊆ PO(u + u) = PO(u).

¤

Using similar axioms, the following theorem fully characterizes the prudent order
preference function.

Theorem 3 The prudent order preference function is the only preference function that
verifies Strong Condorcet Consistency, E-Invariance, Homogeneity and Majority Ori-
ented Profile Invariance.

Proof: We know from proposition 3 that the prudent order preference function veri-
fies SCC, MOPI, EI and H.

Let us suppose that the size of profileu is even. LetB be the majority margins of this
profile and letβ be the optimal cut-value of this profile. Hence,PO(u) = E(R>β). If
β ≤ 0, then this means that the strict majority relation is acyclic and consequently axiom
SCC tells us thatf(u) = E(M) = E(R>β) = PO(u). Let us from now on suppose that
the majority relation contains at least one cycle and consequentlyβ > 0.

As in the proof of theorem 2, let us define a profileu0 with majority marginsB0 and
an acyclic strict majority relationM0. Applying axiom SCC, we have:

f(u0) = E(M0) = E(R>β) = PO(u).

As in the proof of theorem 2, let us define a profileu1 by applying the majority oriented
profile update procedure tou0. Let us denote byM1 the strict majority relation of profile
u1. In fact,M1 = R>β ∪ Λp = R≥β, which must contain at least one cycle. HenceM1 is
not acyclic and we can apply axiom MOPI:

f(u1) = f(u0) = PO(u).
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As in the proof of theorem 2, let us define a profileu2 by applying the majority oriented
profile update procedure tou1. Let us denote byM2 the strict majority relation of profile
u2. In fact,M1 ⊆ M2 and sinceM1 is not acyclic,M2 is not acyclic. Consequently, we
can reapply axiom MOPI:

f(u2) = f(u1) = PO(u).

By reapplying the same argumentp times (as in the proof of theorem 2), and by using the
axiom EI, we finally get:

f(u) = f(up) = f(up−1) = . . . = f(u2) = f(u1) = f(u0) = PO(u).

This completes the proof for even profiles. In case, the profileu is odd, we apply the
previous result to the even profileu + u and using axiom H we have:

f(u) = f(u + u) = PO(u + u) = PO(u)

¤

In comparison to theorem 2, we strengthened Condorcet Consistency by Strong Con-
dorcet Consistency, and Weak Homogeneity by Homogeneity. Furthermore, Majority
Profile Convergence was replaced by Majority Profile Invariance, although the latter does
not imply the first.

Let us emphasize the independence between the five axioms used in the characteriza-
tion of theorem 3.

1. Strong Condorcet Consistency
The preference function that associates to every profile the whole set of linear or-
dersg1(u) = O ∀u trivially verifies MOPI, EI and H, but is clearly not SCC.

2. E-Invariance

Let us consider the following four linear orders:

O1 abcde O3 deabc
O2 eabcd O4 cdeab

Let us denote byu∗ = (O1, O2, O3, O4) the profile that consist of these 4 linear
orders. The following majority marginsB∗ are associated with this profileu∗:

B∗ a b c d e
a . 4 2 0 -2
b -4 . 2 0 -2
c -2 -2 . 2 0
d 0 0 -2 . 2
e 2 2 0 -2 .
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We are going to define a new preference functiong2 as follows:

g2(u) =

{
O if u = u∗

PO(u) otherwise

Henceg2 corresponds to the prudent order preference function except for the profile
u∗. It is easy to see thatg2 verifies SCC. It also verifies H. Letu be an odd profile.
Hence we know thatu 6= u∗ sinceu∗ is even. We thus have thatg2(u) = PO(u).
Furthermore,u + u 6= u∗ since, for instance, the linear orderabcde only appears
once in the profileu∗. We thus have thatg2(u + u) = PO(u + u).

g2 also verifies MOPI. Letu be a profile and letuupdate be the profile obtained
after applying the majority oriented profile update procedure tou. On the one
hand, we have thatu 6= u∗ because we would need a profile of at least 7 linear
orders are needed to apply the majority oriented profile update procedure, given
the majority marginsB∗. A similar argument shows thatuupdate 6= u∗. Hence
g2(u) = PO(u) = PO(uupdate) = g2(u

update).

However,g2 odes not verify EI: add the two linear ordersabcd anddcba to profile
u∗. We then have thatg2(u

∗) = O andg2(u
∗ + abcd + dcba) = PO(u∗ + abcd +

dcba) 6= O.

3. Homogeneity

Let us consider the preference margin matrixB∗ and the preference margin ma-
trix B′ compatible in the sense of the majority with a profile yielding a preference
margin matrixB∗.

B∗ a b c
a . 3 -1
b -3 . 3
c 1 -3 .

B′ a b c
a . 2 -2
b -2 . 2
c 2 -2 .

We are going to define a new preference functiong3 as follows, whereB denotes
the majority margin matrix of the profileu.

g3(u) =

{
O if ∃λ ∈ N : B = B∗ + λB′

PO(u) otherwise

Henceg3 corresponds to the prudent order preference function except for profiles
with majority marginsB∗ + λB′.

Such a procedureg3 verifies SCC and EI. It also verifies MOPI.
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u update in favor of uupdate

O1 dcba (a, b) dcab
O2 cabd (a, c) acbd
O3 cbda (b, c) bcda
O4 dbac (b, d) bdac
O5 dcab (c, d) cdab
O6 adbc (d, a) dabc
O7 abcd n.a. abcd
O8 abcd n.a abcd
O9 abcd n.a abcd
O10 bcda n.a bcda
O11 cbda n.a cbda
O12 dabc n.a dabc
O13 dabc n.a dabc
O14 cbda n.a cbda
O15 bacd n.a. bacd

Table 1: The profileu before and after the update procedure.

However,g3 does not verify H. Letu be a profile with majority margins equal to
B∗. Consequently,g3(u) = O. However,g3(u + u) = {abc}. Although the size of
profileu is odd,g3(u) 6= g3(u + u).

4. Majority Profile Invariance

Kemeny orders [6] can be defined as follows:

g4(u) = {OK ∈ O :
∑

(ai,aj)∈OK

Bij ≥
∑

(ai,aj)∈O

Bij ∀O ∈ O}.

Kemeny orders verify SCC, EI, H but not MOPI, as will be shown by the example
depicted in table 1. The majority margins of this profile will be:

B a b c d
a . 1 1 -3
b -1 . 3 3
c -1 -3 . 3
d 3 -3 -3 .

→ g4(u) = {bcda}

Let us apply the majority oriented profile update procedure tou as shown in table
1. Let us then compute the Kemeny orders of the profileuupdate with preference
marginsBupdate:
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Bupdate a b c d
a . 3 3 -5
b -3 . 5 5
c -3 -5 . 5
d 5 -5 -5 .

→ g4(u) = {abcd}

Henceg4(u
update) 6= g4(u).

Let us note that the same counter examples can be used to check the independence of the
axioms of theorem 2:

1. g1 verifies EI,WH and MOPC but not CC.

2. g2 verifies CC,WH and MOPC, but not EI.

3. g3 verifies CC,EI and MOPC, but not WH.

4. g4 verifies CC,EI and WH, but not MOPC.

5 Extended prudent orders

Let us come back to Taylor’s example introduced in section 2. The strict majority relation
of this profile can be graphically represented as follows:

e

a

c

db

This strict majority graph seems to indicate thatb, c andd could be put beforea in a
compromise ranking. However, the prudent orders 1-9 do not follow this argument. One
reason for this is that prudent order preference function does not verify what Truchon [16]
calls the extended Condorcet Criterion. Let us introduce this additional condition.
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Given a strict majority relationM , we say thatTC(M) is the top cycle ofM if it is the
smallest possible subset ofA such that for allai ∈ TC(M) and for allaj ∈ A \ TC(M)
we have(ai, aj) ∈ M . We partitionA into ordered subsetsA1,A2, . . . ,Ap with Ai =
TC(M |A\∪j<iAj). We call this ordered partition the top-cycle partition (see for instance
Truchon[16] or Klamler[7] for further comments on this partition). In Taylors example,
the top-cycle partition consists of three blocs:A1 = {b, c, d},A2 = {a} andA3 = {e}.

If the strict majority relation is acyclic, then we know already from axiom CC that

∀ai ∈ Ak, aj ∈ Al, k < l : (ai, aj) ∈ O ∀O ∈ f(u).

The following axiom then says that, also for profiles with a non-acyclic strict majority
relation, the top-cycle partition should not be contradicted by any solution belonging to
the set of compromise rankings.

Axiom 8 Extended Condorcet Criterion (XCC):
Let us suppose that the strict majority relation contains at least one cycle and letA1,
A2, . . . ,Ap be the top-cycle-partition. We say that a preference functionf verifies the
Extended Condorcet criterion if:

∀ai ∈ Ak, aj ∈ Al, k < l : (ai, aj) ∈ O ∀O ∈ f(u).

Given a top-cycle partition, we can very naturally define the following partial order
T :

(ai, aj) ∈ T ⇐⇒ ai ∈ Ak andaj ∈ Al andk < l

Axiom XCC simply says thatf(u) ⊆ E(T ). In order to incorporate this axiom into the
prudent order model, we define the following new preference functionXPO, called the
extended prudent order preference function :

∀u XPO(u) = E(R>β ∪ T )

The set of compromise rankings thus corresponds to all the linear extensions of the re-
lation R>β ∪ T . We will show thatR>β ∪ T is acyclic. Since we can always extend an
acyclic relation into a linear order (see Szpilrajn[13]), the setE(R>β ∪ T ) is never empty
and consequentlyXPO is a true preference function.

Proposition 4 The relationR>β ∪ T is acyclic.
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Proof: If β < 0, thenM is a linear order andM = R>β = T . Consequently,
R>β ∪ T = R>β is acyclic. Let us supposeβ ≥ 0. Let us suppose by contradiction that
R>β ∪ T contains a cycle. Since this cycle cannot appear inside a bloc of the top-cycle-
partition (by definitionT is empty inside a bloc andR>β is acyclic), there must existai

andaj such thatai ∈ Ak, aj ∈ Al, k < l and(aj, ai) ∈ R>β. Hence,Bji > β ≥ 0 ⇒
(aj, ai) ∈ M ⇒ (ai, aj) 6∈ M . This is impossible since we supposed thatai belongs to a
higher bloc in the top-cycle partition thanaj.

¤

It is clear that∀u,XPO(u) ⊆ PO(u). In Taylor’s example, the setXPO will consist
of the prudent orders 10-12.

Interestingly, the extended prudent order preference function verifies all the axioms
used in theorem 2.

Proposition 5 The extended prudent order preference function verifies Condorcet Con-
sistency, Majority Oriented Profile Convergence, E-Invariance, Weak Homogeneity and
Condorcet Criterion.

Proof: EI and WH are easy to check. Furthermore, XCC is verified by construction.

Let us show that CC is verified. IfM is acyclic, thenR>β = M (see proposition
3). Furthermore,T ⊆ M ⇒ T ⊆ R>β ⇒ R>β ∪ T = R>β = M . Consequently,
XPO(u) = E(R>β ∪ T ) = E(M).

Let us show that MOPC is verified. We denote byM the strict majority relation and
T the top-cycle relation of profileu. We denote byMupdate the strict majority relation
andT update the top-cycle relation of profileuupdate. Furthermore, letβ be the optimal cut-
value for profileu and letβupdate be the optimal cut-value for profileuupdate. We know
from proposition 3 thatPO(update) = E(Rupdate

>βupdate) ⊆ PO(u) = E(R>β). Hence:

R>β ⊆ Rupdate
>βupdate .

We are now going to show thatT ⊆ T update, which will prove MOPC sincePO(uupdate) =
E(T update ∪ Rupdate

>βupdate) ⊆ E(T ∪ R>β) = XPO(u).

Let us show that if(ai, aj) ∈ T , then(ai, aj) ∈ T update. Since(ai, aj) ∈ T , there
exists two blocks in the top-cycle partitionAk,Al such thatai ∈ Ak, aj ∈ Al and such
thatk < l. LetA′

k′ be the block of the top-cycle partition ofMupdate to whichai belongs
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and letA′
l′ be the block of the top-cycle partition ofMupdate to which aj belongs. We

want to show thatk′ < l′, which will prove that(ai, aj) ∈ T update. Let us suppose
by contradiction thatk′ ≥ l′. If k′ > l′, then this means that(aj, ai) ∈ Mupdate, since
ai ∈ A′

k′ andaj ∈ A′
l′. This is impossible since we know that(ai, aj) ∈ M,M ⊆ Mupdate

andMupdate is asymmetric. Ifk = l, then this means thatai andaj belong to the same
block in the top-cycle partition ofMupdate. Let us denote this block byA′ = A′

k′ = A′
l′.

Let us consider the following subsets of alternatives:D′
1 = A′ ∩ A1, D′

2 = A′ ∩ A2,
. . . , D′

p = A′ ∩ Ap. Let D+ = ∪k
r=1D

′
rand letD− = A \ D+. We know that bothD+

andD− are non-empty since{ai} ⊆ D′
k ⊆ D+ and{aj} ⊆ D′

l ⊆ D−. We know that
∀x ∈ D+ and∀y ∈ D−, (x, y) ∈ M ⇒ (x, y) ∈ Mupdate. HenceA′ cannot be a block of
the top-cycle partition ofMupdate sinceD+ is dominatingD−. This proves thatT ⊆ T ′.

¤

It will now be easy to show that if i) we want to use the axioms Condorcet Con-
sistency, E-Invariance, Weak Homogeneity, Majority Profile Convergence and Extended
Condorcet Criterion and ii) we want to have a set of compromise solutions as large as
possible, then we must use the extended prudent order preference function.

Theorem 4 The extended prudent order preference function is the largest preference
function (in the sense of the inclusion) that verifies the Condorcet Consistency, E-Invariance,
Weak Homogeneity, Majority Profile Convergence and Extended Condorcet Criterion.

Proof: We know from theorem 2 that axioms CC, MOPC, EI and WH imply:

f(u) ⊆ E(R>β)

Axiom XCC implies that
f(u) ⊆ E(T )

Combining these two inclusions, we get:

f(u) ⊆ E(T ∪ R>β) = XPO(u)

Since the extended prudent order preference function verifies the 5 axioms (see proposi-
tion 5), it is consequently the largest preference function that verifies the 5 axioms. This
completes the proof. ¤

Let us finally check the independence between the axioms CC, EI, WH, MOPC and XCC.

1. The preference functionf1(u) = E(T ) verifies EI, WH, MOPC, XCC but not CC.
Consider for instance a profile with three alternatives{a, b, c, d} and with the fol-
lowing acyclic strict majority relationM = {(a, b), (a, c), (c, d)}. Thenf1(u) = O,
and consequentlyf1(u) 6⊆ E(M).
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2. The preference functionf2 will be defined as follows (see preference functiong2):

f2(u) =

{
O if u = u∗

XPO(u) otherwise

f2 verifies CC, WH, MOPC, XCC but not EI.

3. The preference functionf3 will be defined as follows (see preference functiong3):

f3(u) =

{
O if ∃λ ∈ N : B = B∗ + λB′

XPO(u) otherwise

f3 verifies CC, EI, MOPC, XCC, but not WH.

4. The preference functionf4(u) = g4(u) (Kemeny orders) verifies CC, EI, WH, XCC
but not MOPC.

5. The prudent order preference functionf5(u) = PO(u) verifies CC, EI, WH, MOPC
but not XCC. Consider for instance Taylor’s example.

6 Conclusion

In this work we presented a first axiomatic characterization of a preference function that
associates to a profile of linear orders the whole set of prudent orders. Among the axioms
that we introduced, the axioms of Majority Oriented Profile Convergence and Invariance
are the most specific of the prudent approach.

The main issue of future work will be to analyze and characterize other prudent rank-
ing rules in the same axiomtatic framework. As a first illustration, we introduced the
extended prudent order preference function, which could be characterized by simply con-
sidering an additional axiom.
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Vote and aggregation in combinatorial domains
with structured preferences

Jérôme Lang

Abstract

In many real-world collective decision problems, the set of alternatives is a Carte-
sian product of finite value domains for each of a given set of variables. The pro-
hibitive size of such combinatorial domains makes it practically impossible to rep-
resent preference relations explicitly. Now, the AI community has been developing
languages for representing preferences on such domains in a succinct way, exploiting
structural properties such as conditional preferential independence. In this paper we
reconsider voting and aggregation rules in the case where voters’ preferences have a
common preferential independence structure, and address the issue of decomposing
a voting rule or an aggregation function following a linear order over variables.

Key words : vote, combinatorial domains, compact preference representation

1 Introduction

Researchers in social choice have extensively studied the properties of voting rules and
aggregation functions, up to an important detail: candidates are supposed to be listed
explicitly (typically, they are individuals or lists of individuals), which assumes that they
are not too numerous. In this paper, we consider the case where the set of candidates has
a combinatorial structure, i.e., is a Cartesian product of finite value domains for each of
a finite set of variables.

Since the number of possible alternatives is then exponential in the number of vari-
ables, it is not reasonable to ask voters to rank all alternatives explicitly. Consider for
example that voters have to agree on a common menu to be composed of a first course,

∗IRIT - Universit́e Paul Sabatier, Toulouse (France)
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a main course, a dessert and a wine, with a choice of 6 items for each. This makes64

candidates. This would not be a problem if each of the four items to be chosen were inde-
pendent from the other ones: in this case, this vote over a set of64 candidates would come
down to four independent votes over sets of6 candidates each, and any standard voting
rule could be applied without difficulty. Things become more complicated if voters ex-
press dependencies between items, such as “if the main course is meat then I prefer red
wine, otherwise I prefer white wine”. Indeed, as soon as variables are not preferentially
independent, it is generally a bad idea to decompose a vote problem withp variables into
a set ofp smaller problems, each one bearing on a single variable: “multiple election para-
doxes” [5] show that such a decomposition leads to suboptimal choices, and give real-life
examples of such paradoxes, including simultaneous referenda on related issues. They ar-
gue that the only way of avoiding the paradox would consist in “voting for combinations
[of values]”, but they stress its practical difficulty without giving any hint for a practical
solution.

Because the preference structure of each voter in such a case cannot reasonably be
expressed by listing all candidates, what is needed is a compactpreference representation
language. Such preference representation languages have been developed within the Ar-
tificial Intelligence community so as to escape the combinatorial blow up of the explicit
representation. Such languages allow a much moresuccinctrepresentation than explicit
representations. Many of these languages (including CP-nets and their extensions) are
graphical: preferences are expressed locally (on small subsets of variables). The common
feature of these languages is that they allow for a concise representation of the preference
structure, while preserving a good readability (and hence a proximity with the way agents
express their preferences in natural language).

Thus, AI gives a first answer to the problem pointed in [5]. However, another problem
then arises:once preferences have been elicited, and represented in some compact rep-
resentation language, how is the voting or aggregation rule computed?The prohibitive
number of candidates makes it practically impossible to compute these rules in a straight-
forward way.

When domains are not too large, it may still be reasonable to first generate the whole
preference relations from their compact representations and then compute the outcome by
a direct implementation of the voting rule. However, when domains become bigger, this
naive method becomes too greedy and then we need to find a more sophisticated way of
computing the outcome of the vote. Two methods come to mind: either (1) give up opti-
mality and compute anapproximationof the voting or aggregation rule, or (2) assume that
the voters’ preferences enjoy specific structural properties that can be exploited so asde-
composethe problem into smaller, local subproblems. Here we address (2), and we focus
on a specific restriction of preference profiles where all voters have a preference rela-
tion enjoying conditional preferential independencies compatible with a common acyclic
graphG. After giving some background on preference relations over combinatorial do-
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mains and vote in Section 2, we introduce and study sequential voting rules in Section 3.
Section 4 then considers preference aggregation over combinatorial domains, and Section
5 concludes.

2 Background

2.1 Preferences on combinatorial domains

Let V = {x1, . . . ,xp} be a set ofvariables. For eachxi ∈ V , Di is thevalue domain
of xi. A variablevi is binary if Di = {xi, xi}. Note the difference between the variable
xi and the valuexi. If X = {xi1 , . . . ,xim} ⊆ V , with i1 < . . . < ip, thenDX denotes
Dxi1

× . . . × Dxim
.

X = D1 × ... × Dp is the set of allalternatives, orcandidates. Elements ofX
are denoted by~x, ~x′ etc. and represented by concatenating the values of the variables:
for instance, ifV = {x1,x2,x3}, x1x2x3 assignsx1 to x1, x2 to x2 andx3 to x3. We
allow concatenations of vectors of values: for instance, letV = {x1,x2,x3,x4,x5},
Y = {x1, x2}, Z = {x3, x4}, ~y = x1x2, ~z = x3x4, then~y.~z.x5 denotes the alternative
x1x2x3x4x5.

A (strict) preference relationon X is a strict order (an irreflexive, asymmetric and
transitive binary relation). Alinear preference relation is acompletestrict order, i.e., for
any~x and~y 6= ~x, either~x ≻ ~y or ~y ≻ ~x holds. IfR is a preference relation, we generally
note~x ≻R ~x′ instead ofR(~x, ~x′).

Let {X,Y, Z} be a partition of the setV of variables and≻ a preference relation over
DV . X is (conditionally) preferentially independentof Y givenZ (w.r.t. ≻) if and only if
for all ~x1, ~x2 ∈ DX , ~y1, ~y2 ∈ DY , ~z ∈ DZ ,

~x1.~y1.~z ≻ ~x2.~y1.~z iff ~x1.~y2.~z ≻ ~x2.~y2.~z

Unlike probabilistic independence, preferential independence is a directed notion:X
may be independent ofY givenZ withoutY being independent ofX givenZ.

A CP-netN [2] over V is a pair consisting of a directed graphG over V and a
collection of conditional preference tablesCPT (xi) for eachxi ∈ V . Each conditional
preference tableCPT (xi) associates a total order0 ≻i

~u with each instanciation~u of xi’s
parentsPa(xi) = U . For instance, letV = {x,y, z}, all three being binary, and assume
that preference of a given agent over2V can be defined by a CP-net whose structural
part is the directed acyclic graphG = {(x, y), (y, z), (x, z)}; this means that the agent’s

0More generally, the entries of conditional preference tables may contain partial orders over the domains
of the variables (see [2]), but we don’t need this here.
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preference over the values ofx is unconditional, preference over the values ofy (resp.z)
is fully determined given the value ofx (resp. the values ofx andy).

The conditional preference statements contained in these tables are written with the
usual notation, that is,x1x2 : x3 ≻ x3 means that whenx1 is true andx2 is false then
x3 = x3 is preferred tox3 = x3. In this paper we make the classical assumption thatG is
acyclic. A CP-netN induces a preference ranking onX : ~x ≻N ~y iff there is a sequence
of improving flips from~y to ~x, where an improving flip is the flip of a single variable~xi

“respecting” the preference tableCPT (xi) (see [2]). Note that the preference relation
induced from a CP-net is generally not complete.

Let G be a directed graph overV , and≻ a linear preference relation.≻ is said to
becompatible withG iff for eachx ∈ V , x is preferentially independent ofV \ ({x} ∪
Par(x)) givenPar(x). The following fact is obvious, but important:

Observation 1 A linear preference relation≻ is compatible withG if and only if there
exists a CP-netN whose associated graph isG and such that≻ extends≻N .

Let G be an acyclic graph overV and letO = x1 > ... > xp be a linear order onV . G
is said tofollowO iff for every edge(xi,xj) in G we havei < j. A preference relation≻
is said to followO iff it is compatible with some acyclic graphG following O. Clearly,≻
follows O = x1 > ... > xp if and only if for all i < p, xi is preferentially independent of
{xi+1, ...,xp} given{x1, ...,xi−1} with respect to≻. If ≻ followsO then theprojectionof
≻ onxi given(x1, . . . , xi−1) ∈ D1 × . . . × Di−1, denoted by≻xi|x1=x1,...,xi−1=xi−1, is the
preference relation onDi defined by: for allxi, x

′
i ∈ Di, xi ≻xi|x1=x1,...,xi−1=xi−1 x′

i iff
x1...xi−1xixi+1...xp ≻ x1...xi−1x

′
ixi+1..xp holds for all(xi+1, . . . , xp) ∈ Di+1× . . .×Dp.

Due to the fact that≻ follows O and that≻ is a linear order,≻xi|x1=x1,...,xi−1=xi−1 is
a well-defined linear order as well. Note also that if≻ follows bothO = x1 > ... > xp

andO′ = xσ(1) > ... > xσ(k−1) > xi(= xσ(k)) > ... > xσ(p), then≻xi|x1=x1,...,xi−1=xi−1

and≻xi|xσ(1)=xσ(1),...,xσ(k−1)=xσ(k−1) coincide. In other words, the local preference relation
on xi depends only on the values of the parents ofxi in G: ≻xi|x1=x1,...,xi−1=xi−1 and
≻xi|xσ(1)=xσ(1),...,xσ(k−1)=xσ(k−1) both coincide with≻xi|par(xi)=y, whereY = par(xi).

Lastly, for any acyclic graphG over V , we say that two linear preference relations
R1 and R2 are G-equivalent, denoted byR1 ∼G R2, if and only if R1 and R2 are
both compatible withG and for anyx ∈ V , for any ~y, ~y′ ∈ Dom(par(x)) we have
R

x|par(x)=~y
1 = R

x|par(x)=~y′

2 .

Observation 2 For any linear preference relationsR and R′, R ∼G R′ if and only if
there exists a CP-netN whose associated graph isG and such thatR andR′ both extend
≻N .
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Example 1 LetV = {x,y, z}, all three being binary. and letR andR′ be the following
linear preference relations:

R : xyz ≻ xyz̄ ≻ xȳz̄ ≻ xȳz ≻ x̄yz̄ ≻ x̄ȳz̄ ≻ x̄yz ≻ x̄ȳz
R′ : xyz ≻ xyz̄ ≻ x̄yz̄ ≻ xȳz̄ ≻ x̄yz ≻ x̄ȳz̄ ≻ xȳz ≻ x̄ȳz

LetG the graph overV whose set of edges is{(x,y), (x, z)}. R andR′ are both compat-
ible with G. Moreover,R ∼G R′, since all local preference relations coincide:x ≻x

R x̄

andx ≻x

R′ x̄; z ≻
z|x=x,y=y
R z̄ andz ≻

z|x=x,y=y
R′ z̄; etc. The CP-netN such thatR andR′

both extend≻N is defined by the following local conditional preferences:x ≻ x̄; y ≻ ȳ;
xy : z ≻ z̄; xȳ : z̄ ≻ z; x̄y : z̄ ≻ z; x̄ȳ : z̄ ≻ z.

2.2 Voting rules and correspondences

LetA = {1, ..., N} be a finite set ofvotersandX a finite set ofcandidates. A(collective)
preference profilew.r.t. A andX is a collection ofN individual preference relations over
X : P = (≻1, ...,≻N ) = (P1, ..., PN ). LetPA,X set of all preference profiles forA andX .

A voting correspondenceC : PA,X → 2X \ {∅} maps each preference profileP
of PA,X into a nonempty subsetC(P ) of X . A voting ruler : PA,X → X maps each
preference profileP of PA,X into a single candidater(P ). A rule can be obtained from a
correspondence by prioritization over candidates (for more details see [4]).

To give an example, consider the well-known family ofpositional scoring rules and
correspondences. A positional scoring correspondence is defined from ascoring vector,
that is, a vector~s = (s1, . . . , sm) of integers such thats1 ≥ s2 ≥ . . . ≥ sm ands1 > sm.
Let ranki(x) be the rank ofx in ≻i (1 if it is the favorite candidate for voteri, 2 if it is the
second favorite etc.). The score ofx is defined byS(x) =

∑N
i=1 sranki(x). The candidates

chosen by the correspondence defined from~s is the set of all candidates maximizingS. A
positional voting rule is defined as a positional scoring correspondence plus a tie-breaking
mechanism, for the case where more than one candidate have a maximum score. Well-
known examples are theBorda rule, given bysk = m − k for all k = 1, . . . ,m; the
plurality rule, bys1 = 1, andsk = 0 for all k > 1; and thevetorule, bysk = 1 for all
k < m, andsm = 0.

We also recall the definition of aCondorcet winner(CW). Given a profileP = (≻1,
...,≻N ), x ∈ X is aCondorcet winneriff it is preferred to any other candidate by a strict
majority of voters, that is, for ally 6= x, #{i, x ≻i y} > N

2
. It is well-known that there

are some profiles for which no CW exists. Obviously, when a CW exists then it is unique.
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3 Sequential voting

Given a combinatorial set of alternatives and a compact representation (in some prefer-
ence representation languageR) of the voters’ preferences, how can we compute the (set
of) winner(s)? The naive way consisting in “unfolding” the compactly expressed prefer-
ence relations (that is, generating the whole preference relations onD1 × . . . × Dp from
the input), and then applying a given voting rule, is obviously unfeasible, except if the
number of variables is really small. We can try to do better and design an algorithm for
applying a given voting ruler on a succinctly described profileP without generating the
preferences relations explicitly. However, we can’t be too optimistic, because it is known
that the latter problem is computationally hard, even for simple succinct representation
languages and simple rules (see [6]).

A way of escaping this problem consists inrestricting the set of admissible prefer-
ence profilesin such a way that computationally simple voting rules can be applied1.
A very natural restriction (that we investigate in the next Section) consists in assuming
that preferences enjoy some specific structural properties such as conditional preferential
independencies.

3.1 Sequential voting rules and correspondences

Now comes the central assumption to the sequential approach:there exists an acyclic
graphG such that the preference relation of every voter is compatible withG. This as-
sumption is not as restrictive as it may appear at first look: suppose indeed that preference
relations(≻1, . . . ,≻N) are compatible with the acyclic graphsG1, . . . , GN , whose sets
of edges areE1, . . . , EN . Then they are a fortiori compatible with the graphG∗ whose
set of edges isE1 ∪ . . . ∪ EN . Therefore,if G∗ is acyclic, then sequential voting will
be applicable to(≻1, . . . ,≻N) (of course, this is no longer true ifG∗ has cycles). More-
over, in many real-life domains it may be deemed reasonable to assume that preferential
dependencies between variables coincide for all agents.

Sequential votingconsists then in applying “local” voting rules or correspondances on
single variables, one after the other, in such an order that the local vote on a given variable
can be performed only when the local votes on all its parents in the graphG have been
performed.

We defineCompG as the set of all collective profilesP = (≻1, . . . ,≻N) such that
each≻i is compatible withG.

1Such an assumption is called a “domain restriction” in social choice theory – here, the “domain” has to
be understood as the set of admissible preferences, not the set of alternatives.
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Definition 1 LetG be an acyclic graph onV ; let P = (P1, ..., PN ) in CompG,O = x1 >
... > xp a linear order onV following G, and(r1, . . . , rp) a collection of deterministic
voting rules (one for each variablexi). Thesequential voting ruleSeq(r1, . . . , rp) is
defined as follows:

• x∗
1 = r1(P

x1

1 , . . . , P x1

N );

• x∗
2 = r2(P

x2|x1=x∗

1

1 , . . . , P
x2|x1=x∗

1

N );

• . . .

• x∗
p = rp(P

xp|x1=x∗

1
,..,xp−1=x∗

p−1

1 , .., P
xp|x1=x∗

1
,..,xp−1=x∗

p−1

N )

ThenSeq(r1, . . . , rp)(P ) = (x∗
1, . . . , x

∗
p).

Example 2 Let N = 12, V = {x,y} with Dom(x) = {x, x̄} andDom(y) = {y, ȳ},
andP = 〈P1, . . . , P12〉 the following 12-voter profile:

P1, P2, P3, P4 : xy ≻ x̄y ≻ xȳ ≻ x̄ȳ
P5, P6, P7: xȳ ≻ xy ≻ x̄y ≻ x̄ȳ
P8, P9, P10: x̄y ≻ x̄ȳ ≻ xy ≻ xȳ
P10, P11: x̄y ≻ x̄ȳ ≻ xȳ ≻ xy

All these preference relations are compatible with the graphG over {x,y} whose
single edge is(x,y); equivalently, they follow the orderx > y. Hence,P ∈ CompG.
The corresponding conditional preference tables to are:

voters 1,2,3,4 voters 5,6,7 voters 8,9,10 voters 11,12

x ≻ x̄
x : y ≻ ȳ
x̄ : y ≻ ȳ

x ≻ x̄
x : ȳ ≻ y
x̄ : y ≻ ȳ

x̄ ≻ x
x : y ≻ ȳ
x̄ : y ≻ ȳ

x̄ ≻ x
x : ȳ ≻ y
x̄ : y ≻ ȳ

Takerx andry both equal to the majority rule, together with a tie-breaking mechanism
which, in case of a tie betweenx and x̄ (resp. betweeny and ȳ), electsx (resp. y). The
projection ofP onx is composed of 7 votes forx and 5 forx̄, that is,P x

i is equal tox ≻ x̄
for 1 ≤ i ≤ 7 and tox̄ ≻ x for 8 ≤ i ≤ 12. Thereforex∗ = rx(P

x

1 , . . . , P x

12) = x: the
x-winner isx∗ = x. Now, the projection ofP ony givenx = x is composed of 7 votes for
y and 5 forȳ, thereforey∗ = y, and the sequential winner is now obtained by combining
thex–winner and the conditionaly-winner givenx = x∗ = x, namelySeqrx,ry(P ) = xy.

In addition to sequential voting rules, we also definesequential voting correspon-
dencesin a similar way: if for eachi, Ci is a correspondence onDi, thenSeq(C1, . . . , Cp)(P )
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is the set of all outcomes(x1, . . . , xp) such thatx1 ∈ C1(P
x1

1 , . . . , P x1

N ), and for alli ≥ 2,
xi ∈ Ci(P

xi|x1=x1,..,xi−1=xi−1

i , .., P
xi|x1=x1,..,xi−1=xi−1

N ). Due to the lack of space, we give
results for voting rules only.

An important property of such sequential voting rules and correspondences is that
the outcome does not depend onO, provided thatG follows O. This can be expressed
formally:

Observation 3 LetO = (x1 > . . . > xp) andO′ = (xσ(1) > . . . > xσ(p)) be two linear
orders onV such thatG follows bothO andO′. Then

Seq(r1, . . . , rp)(P ) = Seq(rσ(1), . . . , rσ(p))(P )
and similarly for voting correspondences.

Note thatwhen all variables are binary, all “reasonable” neutral voting rules (we have
no space to comment on what “reasonable” means – and this has been debated extensively
in the social choice literature) coincide with the majority rule when the number of candi-
dates is 2 (plus a tie-breaking mechanism). Therefore, if all variables are binary and the
number of voters is odd (in which case the tie-breaking mechanism is irrelevant), then the
only “reasonable” sequential voting rule isSeq(r1, . . . , rn) where eachri is the majority
rule.

It is important to remark that, in order to computeSeq(r1, . . . , rp)(P ), we do not
need to know the preference relationsP1, . . . ,PN entirely: everything we need is the local
preference relations: for instance, ifV = {x,y} andG contains the only edge(x,y), then
we need first the unconditional preference relations onx and then the preference relations
ony conditioned by the value ofx. In other words, if we know the conditional preference
tables (for all voters) associated with the graphG, then we have enough information
to determine the sequential winner for this profile, even though some of the preference
relations induced from these tables are incomplete. This is expressed more formally by
the following fact (a similar result holds for correspondences):

Observation 4 LetV = {x1, . . . ,xp}, G an acyclic graph overV , andP = (P1, . . . , PN),
P ′ = (P ′

1, . . . , P
′
N) two complete preference profiles such that for alli = 1, . . . , N we

havePi ∼G P ′
i . Then, for any collection of local voting rules(r1, . . . , rp), we have

Seq(r1, . . . , rp)(P ) = Seq(r1, . . . , rp)(P
′).

This, together with Observation 2, means that applying sequential voting to two col-
lections of linear preference relations corresponding to the same collection of CP-nets
gives the same result. This is illustrated on the following example.

Example 3 Everything is as in Example 2, except that we don’t know the voters’ complete
preference relations, but only their corresponding conditional preference tables. These
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conditional preferences contain strictly less information thanP , because some of the
preference relations they induce are not complete: for instance, the induced preference
relation for the first 4 voters isxy ≻ x̄y ≻ x̄ȳ, xy ≻ xȳ ≻ x̄ȳ, with xȳ and x̄y being
incomparable. However, we have enough information to determine the sequential winner
for this profile, even though some of the preference relations are incomplete. For instance,
taking again the majority rule forrx andry, the sequential winner isxy for any complete
profile P ′ = (P ′

1, . . . , P
′
12) extending the incomplete preference relations induced by the

12 conditional preference tables above.

3.2 Sequential decomposability

We now consider the following question: given a voting ruler, is there a way of comput-
ing r sequentially when the preference relations enjoy common preferential independen-
cies?

Definition 2 A voting ruler onX = D1 × . . .×Dp is decomposableif and only if there
existn voting rulesr1, . . . , rp on D1, . . . , Dp such that for any linear orderO = x1 >
... > xp on V and for any preference profileP = (P1, ..., PN ) such that eachPi follows
O, we haveSeq(r1, . . . , rp)(P ) = r(P ). The definition is similar for correspondences.

An interesting question is the following: for which voting rulesr does the sequential
winner (obtained by sequential applications ofr) and the “direct” winner (obtained by a
direct application ofr) coincide? The following result shows that this fails for the the
whole family of scoring rules (and similarly for correspondances).

Proposition 1 No positional scoring rule is decomposable.

Proof sketch: We give a proof sketch for the case of two binary variables (this generalizes eas-
ily to more variables, as well as to non-binary variables). Letr be a decomposable scoring rule
on 2{x,y}: there exist two local rulesrx andry such that wheneverP follow x > y, we have
Seq(rx, ry)(P ) = r(P ). Then we show thatrx andry are both the majority rule (this follows
easily from the fact that some properties ofr, including monotonicity, carry on torx andry.) Now,
consider the same preference profileP as in Example 3. P follows the orderx > y. Now, let
s1 ≥ s2 ≥ s3 ≥ s4 = 0 (with s1 > 0) the weights definingr. The score ofxy is 4s1 + 3s2 + 3s3;
the score of̄xy is 5s1 +4s2 +3s3, which is strictly larger than the score ofxy, thereforexy cannot
be the winner forr, whatever the values ofs1, s2, s3. ¥

Such counterexamples can be found for many usual voting rules outside the family
of scoring rules (we must omit the results due to the lack of space), including the whole
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family of voting rules based on the majority graph. Positive results, on the other hand,
seem very hard to get. Obviously, dictatorial rules (electing the preferred candidate of
some fixed voter) and constant rules (electing a fixed candidate whatever the voters’ pref-
erences)are decomposable. But the latter rules are of course not reasonable, and we
conjecture that the answer to the above question is negative as soon as a few reasonable
properties are required2.

A particular case of preferential independence is whenall variables are preferen-
tially independent from each other, which corresponds to a dependency graphG with no
edges. In this case, the preference profile follows any order on the set of variables, and
the sequential winner is better called aparallel winner, since the local votes on the single
variables can be performed in any order. We might then consider the following property
of separability:

Definition 3 A deterministic ruler is separableif and only if for any preference profileP
= (≻1, ...,≻N ) such that the variables are pairwise conditionally preferentially indepen-
dent, the parallel winner ofr w.r.t. P is equal tor(P ).

Obviously, any decomposable rule is separable. Are there any separable rules? Fo-
cusing on positional scoring rules, we find a rather intriguing result (the proof of which is
omitted):

Proposition 2 LetV = {x1, . . . ,xp} (with p ≥ 2).

• if p = 2 and both variables are binary, exactly one positional scoring rule is sepa-
rable: the rule associated with the weightss1 = 2s2 = 2s3 (ands4 = 0).

• in all other cases (p≥ 3 or at least one variable has more than 2 possible values),
then no positional scoring rule is separable.

3.3 Sequential Condorcet winners

We may now wonder whether a Condorcet winner (CW), when there exists one, can be
computed sequentially. Sequential Condorcet winners (SCW) are defined similarly as for
sequential winners for a given rule: the SCW is the sequential combination of “local”
Condorcet winners.

2More precisely, itcouldbe the case that the only correspondence satisfying anonymity, neutrality and
decomposability is the correspondence such thatC(P ) = X for all P . We spent a lot of time trying to
prove such an impossibility theorem, without success.
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Definition 4 LetG be an acyclic graph andP = (≻1, ...,≻N ) a profile inCompG. LetO
= x1 > ... > xp be a linear order onV followingG. (x∗

1, . . . , x
∗
p) is asequential Condorcet

winnerfor P if and only if

• ∀x′
1 ∈ D1, #{i, x∗

1 ≻x1

i x′
1} > N

2
;

• for everyk > 1 and∀x′
k ∈ Dk,

#{i, x∗
k ≻

xk|x1=x∗

1
,...,xk−1=x∗

k−1

i x′
k} > N

2
.

This definition is well-founded because we obtain the same set of SCWs for anyO
following G. The question is now, do SCWs and CWs coincide? Clearly, the existence
of a SCW is no more guaranteed than that of a CW, and there cannot be more than one
SCW. We have the following positive result:

Proposition 3 LetG be an acyclic graph andP = (≻1, ...,≻N ) in CompG. If (x∗
1, x

∗
2, . . . , x

∗
n)

is a Condorcet winner forP , then it is a sequential Condorcet winner forP .

Proof sketch: Let > be an order onV following G. Assume there is a CW~x∗ for P : for any
~x′ 6= ~x∗, #{i, ~x∗ ≻i ~x′} > N

2 . Let x1 ∈ D1 s.t. x′
1 6= x∗

1. Sincex1 is preferentially independent
of x2, . . . ,xp, x∗

1 ≻x1

i x′
1 iff (x∗

1, x
∗
2, . . . x

∗
p) ≻i (x′

1, x
∗
2, . . . x

∗
p); hence,#{i, x∗

1 ≻x1

i x′
1} > N

2 :
x∗

1 is a “local” CW. Similarly, for allk, by comparing~x∗ to (x∗
1, . . . , x

∗
k−1, x

′
k, x

∗
k+1, . . . , x

∗
p), we

show thatx∗
k is a “local” CW for (≻

xk|x1=x∗

1
,...,xk−1=x∗

k−1

i )i=1,...,N . ¥

The following example shows that the converse fails: 2 voters have the preference
relationxȳ ≻ x̄ȳ ≻ xy ≻ x̄y, one voterxy ≻ xȳ ≻ x̄y ≻ x̄ȳ, and 2 voters̄xy ≻ x̄ȳ ≻
xy ≻ xȳ. x andy are mutually preferentially independent in all relations, therefore the
SCW is the combination of the locals CW for{x} and for{y}, provided they exist. Since
3 voters unconditionally preferx to x̄, x is the{x}-CW; similarly, 3 voters unconditionally
prefery to ȳ and is the{y}-CW. Therefore,xy is the SCW for the given profile;butxy is
not a CW for this profile, because 4 voters preferx̄ȳ to xy.

We now give a condition on the preference relations ensuring that SCWs and CWs
coincide. LetO = x1 ⊲ . . . ⊲ xp be a linear order onV . We say that a preference
relation≻ onDX is conditionally lexicographicw.r.t. O if there existp local conditional
preference relations≻xi|x1=x1,...,xi−1=xi−1 x′

i for i = 1, .., p, such that~x ≻ ~y if and only
if there is aj ≤ p such that (a) for everyk < j, xk = yk and (b)xj ≻

xj |x1=x1,...,xj−1=xj−1

yj. A profile P = (≻1, . . . ,≻N) is conditionally lexicographic w.r.t.O if each≻i is
conditionally lexicographic w.r.t.O. Such preference relations can be represented by
TCP-nets [3] or conditional preference theories [8].
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Proposition 4 LetO be a linear strict order overV . If P = (≻1, . . . ,≻N) is condition-
ally lexicographic w.r.t.O, then~x is a sequential Condorcet winner forP if and only if it
is a Condorcet winner forP .

Proof sketch: Let ~x∗ a SCW forP , and~x′ 6= ~x∗. Let k = min{i, x∗
i 6= x′

i} andIk ⊆ A be
the set of voters who preferx∗

k to x′
k givenx1 = x1, . . . ,xk−1 = xk−1. Because~x∗ is a SCW,

|Ik| > N
2 . We have~x∗ ≻i ~x′ for everyi ∈ Ik, because≻i is lexicographic w.r.t.x1 ⊲ . . . ⊲ xp.

Therefore a majority of voters prefers~x∗ to ~x′. This being true for all~x′ 6= ~x∗, ~x∗ is a CW. ¥

4 Arrow’s theorem and structured domains

We end this paper by considering decomposable domains from the point of view of pref-
erence aggregation. A preference aggregation function maps a profile to an aggregated
profile representing the preference of the group. Arrow’s theorem [1] states that any
aggregation function defined on the set of all profiles and satisfying unanimity and inde-
pendence of irrelevant alternatives (IIR) is dictatorial. An Arrow-consistent domainD is
a subset ofP allowing for unanimous, IIR and nondictatorial aggregation functions.

It is easy to see that for any acyclic graphG, Comp(G) is an Arrow-consistent. In-
deed, consider the preference aggregation function defined as follows:

• reorder the variables in an order compatible withG, i.e., w.l.o.g., assume that there
is no edge(xi,xj) in G with i ≥ j. Such an order exists becauseG is acyclic.

• let h : V → A associating a voter to each variable, such thath is not constant (it is
possible because|V| ≥ 2).

• for any~x and~y 6= ~x, let k(~x, ~y) = min{j, xj 6= yj}.

• for any collective profile〈≻1, . . . ,≻N〉, define≻∗= fh(≻1, . . . ,≻N) by: for all ~x
and~y, ~x ≻∗ ~y if xk ≻

xk|x1=x1,...,xn=xn

h(k) yk, wherek = k(~x, ~y).

Proposition 5 fh is a nondictatorial aggregation function onComp(G) satisfying una-
nimity and IIR.

Therefore,Comp(G) is Arrow-consistent.fh is easier to understand when it is turned
into a voting rule: voterh(x1) first chooses his preferred value for variablex1, then voter
h(x2) comes into play and chooses his preferred value for variablex2 given the value
assigned tox1, and so forth.
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Now, even iffh is truly nondictatorial, it however hasp local dictators (one for each
variable), since voterh(i) imposes his preference on the domain ofxi We may then won-
der whether a weaker form of Arrow’s theorem holds forComp(G). This is actually the
case. Let us first express the following properties (P1), (P2), (P3).

(P1) preservation of the independence structure
f is a mapping fromComp(G)N to Comp(G).

(P2) independence of irrelevant values and variables
For anyxi ∈ V , ~z ∈ DPar(xi), andP = 〈P1, . . . , PN〉, Q = 〈Q1, . . . , QN〉 in

Comp(G)N such that for everyj and allx, x′ ∈ Dxi
, x ≻

xi|~z
Pj

x′ iff x ≻
xi|~z
Qj

x′, we
have
x ≻

xi|~z
f(P ) x′ if and only if x ≻

xi|~z
f(Q) x′.

(P3) local unanimity
For anyP ∈ Comp(G), xi ∈ V and~z ∈ DPar(xi), if P

xi|~z
1 = . . . = P

xi|~z
N then

f(P )xi|~z = P
xi|~z
1 .

(P1) expresses that the preferential independencies expressed in the graphG should
be transferred to the aggregated preference relation. Therefore, under (P1), for any pref-
erence relation≻∗ resulting from the aggregation ofN preferences relations inComp(G)

there existp local conditional preference relations≻xi|Par(xi)
∗ , for i = 1, . . . , p.

(P2) is a local version of independence of irrelevant alternatives: whether the society
prefers a valuexi to another valueyi of xi given an assignment~z of the parent variables
of xi depends only on the voters’ preferences between these two values given~z (and not
on their preferences on other values ofxi nor on their preferences on other variables.)

(P3) tells that if all voters have the same local preference relation over the values of a
variablexi given a fixed value~z of its parents, then the local collective preference onDxi

given~z should be equal to this local preference relation.

Importantly, note that the way (P2) and (P3) are writtendepends on the assumption
that (P1) holds– otherwise we would not have been allowed to write≻

xi|~z
f(P ).

Proposition 6 Let G be an acyclic graphG over a set of variablesV = {x1, . . . ,xp}
with domainsD1, . . . , Dp such that for everyi, |Di| ≥ 3. An aggregation functionf on
Comp(G) satisfies (P1), (P2) and (P3) if and only if there exists a local dictatord(xi, ~z)
for each variablexi and each~z ∈ DPar(xi), such that for each~t ∈ DV \(Par(xi)∪{xi}), we
have

~z~txi ≻f(≻1,...,≻N ) ~z~tx′
i ⇔ ~z~txi ≻d(xi,~z) ~z~tx′

i.
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Proof sketch: The⇐ direction is straightforward. For the⇒ direction, letf satisfying (P1), (P2)
and (P3). (P1) guarantees that for everyxi and~z ∈ DPar(xi), xi is independent ofV \(DPar(xi)∪

{xi}) given~z, therefore there exists a well-defined, local collective preference relation≻
xi|~z
∗ such

that for all~t ∈ DV \(Par(xi) ∪ {xi}) and for allxi, x
′
i ∈ Dxi

, ~z~txi ≻∗ ~z~tx′
i. (P2) implies that

≻
xi|~z
∗ is fully determined by the voters’ preferences on the values ofxi given~z. Therefore, there

exists a local aggregation functionfxi|~z such that≻xi|~z
∗ = fxi|~z(≻

xi|~z
1 , . . . ,≻

xi|~z
N ). It remains to

be shown that these local aggregation functions satisfy the conditions of Arrow’ theorem, which
does not present any particular difficulty. Applying then Arrow’s theorem to each local aggrega-
tion functionfxi|~z enables us to conclude to the existence of a dictatord(xi, ~z) for each variable

xi and each~z ∈ DPar(xi), such thatxi ≻
fxi|~z(≻

xi|~z

1
,...,≻

xi|~z

N
)

x′
i ⇔ xi ≻

xi|~z
d(xi,~z) x′

i. Now, the

fact that≻xi|~z
∗ = fxi|~z(≻

xi|~z
1 , . . . ,≻

xi|~z
N ) allows us to conclude thatxi ≻

xi|~z
d(xi,~z) x′

i is equivalent

to xi ≻
xi|~z
f(≻1,...,≻N ) x′

i , which in turn is equivalent to: for all~t ∈ DV \(Par(xi)∪{xi}) and for all

xi, x
′
i ∈ Dxi

, ~z~txi ≻∗ ~z~tx′
i, where≻∗= f(≻1, . . . ,≻N ). ¥

Note that the local dictator for a given variable may depend on the values of its parents.
For instance, with two variablesx andy and a dependency graph with the edge(x,y),
we have a single dictator forxi and up to|Dx| dictators fory.

Corollary 1 Let Sep(V ) be the domain of fully separable prefence relations onDV . An
aggregation functionf on Sep(V ) satisfies (P1), (P2) and (P3) iff there existsp local
dictatorsd(xi), . . . , d(xp) such that for each~t ∈ DV \{xi},

~txi ≻f(≻1,...,≻N )
~tx′

i ⇔ ~txi ≻d(xi)
~tx′

i.

Finally, note that knowing the local dictators does not fully determinef . Suppose for
instance that we have two voters and two binary variablesx andy, and thatG has no
edge. Assume voter 1 prefersx to x̄ and voter 2 prefersy to ȳ. Then≻∗= f(≻1,≻2) is
such thatx ≻~x

∗ x̄ andy ≻~y
∗ ȳ, but this does not tell whetherxȳ ≻∗ x̄y or x̄y ≻∗ xȳ.

5 Conclusion

As far as we know, aggregating structured preferences on combinatorial domains ex-
ploiting preferential independence properties has never been considered neither in social
choice nor in AI. [7] define a multi-agent extension to CP-nets and propose various se-
mantics for aggregating preferences; but they do not address computational issues.

This paper contains several negative results. But one important question is left unan-
swered:what are the sequentially decomposable voting rules?Answering this question
(by finding a small set of properties implying that a rule cannot be decomposable) seems
much more difficult than we thought, and this is of course an issue for further research.
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Next, we identified a domain for which direct and sequential Condorcet winners co-
incide. Clearly, lexicographic preferences are very specific, so that we would like to find
more reasonable restrictions for the latter property to hold.

Another important issue stems from the fact that in combinatorial domains with struc-
tural properties (independencies), direct (global) voting rules are generally not computable
by a sequential application of local rules: so, what should we favor? Global voting rules,
which are well studied in social choice but which take no advantage of preferential inde-
pendencies, or sequential local rules, which are based on the dependency graph, thereby
being more intuitive and easier to compute? A theoretical comparison between global
voting and sequential local voting is a highly promising issue.
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Multilayered Decision Problems
Dmitrii Lozovanul∗, Stefan Pickl†

Abstract

If we generalize the Kyoto game which was presented at Lamsade-Dimacs work-
shop in 2004, we obtain a decision problem which can be described by a multilay-
ered structure. This structure represents a hidden multiobjective control problem of
a time-discrete systems with given starting and final states. The dynamics of the sys-
tem are controlled byp actors (players). Each of the players intends to minimize his
own integral-time cost of the system’s passages using a certain admissible trajectory.
At each stage (level) decisions are made by the players.

Nash Equilibria conditions can derived and algorithms for solving dynamic games
in positional form are described. The existence theorem for Nash equilibria is related
with the introduction of an auxiliary dynamic c-game.

We present the decision problem in that c-game which is defined on a special
layered structure. The algorithmic principle which exploits this special structure for
the decision processes will be described. New complexity results are presented and
first numerical results are discussed.

Key words : Decision Theory, c-Game, Layered Network

1 Introduction - The General Model

In the following we describe the general underlying model for our decision problem. This
is a short summary. For details we refer to [3, 4].
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Let L be a discrete dynamical system with the set of statesX ⊆ Rm. At every time-
stept = 0, 1, 2 . . . the state ofL is x(t) ∈ X. Two statesx0 andxf are given inX, where
x0 = x(0) represents the starting point ofL andxf is the state into which the systemL
must be brought, i.e.xf is the final state ofL. We assume that the systemL reaches the
final statexf at the time stepT (xf ) such that

T1 ≤ T (xf ) ≤ T2,

whereT1 andT2 are given. The dynamics of the system are described as follows

x(t + 1) = gt(x(t), u(t)), t = 0, 1, 2, . . .

where
x(0) = x0

andu(t) ∈ Rm represents the vector of control parameters.

Foru(t) at any time stept let there be given a nonempty setUt(x(t)) such that

u(t) ∈ Ut(x(t)), t = 0, 1, 2, . . . , (1)

i.e. Ut(x(t)) is the admissible (decision) set for vector of control parameters at the time-
stept when the state of systemL is x = x(t) ∈ X. We assume that the derivatives
gt(x(t), u(t)) are known and uniquely determinex(t + 1) for givenx(t) andu(t) at every
moment of timet = 0, 1, 2, . . . . In addition we assume that at each point in timet the cost
ct(x(t), x(t + 1)) is known withct(x(t), x(t + 1)) = ct(x(t), gt(x(t), u(t))) of system’s
passage from the statex(t) to the statex(t + 1).

Let
x0 = x(0), x(1), x(2), . . . , x(t), . . .

be the trajectory generated by given vectors of control parameters

u(0), u(1), . . . , u(t − 1), . . . .

Either this trajectory passes through the statexf at timeT (xf ) or it does not pass through
xf . By

Fx0xf
(u(t)) =

T (xf )−1∑

t=0

ct(x(t), gt(x(t), u(t))) (2)

we denote the integral-time cost of system’s passage fromx0 to xf if T1 ≤ T (xf ) ≤ T2;
otherwise we stipulateFx0xf

(u(t)) = ∞.
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Multiobjective Control Problem

The multiobjective control problem is defined in the following way:
Minimize the functionFx0xf

(u(t)) which is defined by (2) according to (1).

Thus, we consider the discrete control problem which consists of cases with a fixed
number of stages (T1 = T2) and the number of stages is not limited (T1 = 1, T2 = ∞).

Before we deal with the decision problem we introduce in the following section the
special structure of Nash equilibria.

2 Problem Formulation for Determining a Nash Equilib-
rium

In order to characterize suitable Nash equilibria we consider the dynamic systemL over
discrete moments in timet = 0, 1, 2, . . . . At every time-stept the state of thisL is
x(t) ∈ X ⊆ Rm. The dynamics of the systemL are controlled byp players and it is
described as follows

x(t + 1) = gt(x(t), u1(t), u2(t), . . . , up(t)), t = 0, 1, 2, . . . . (3)

Herex(0) = x0 is the starting point of the systemL andui(t) ∈ Rmi represents
the vectors of control parameters of playeri, i ∈ {1, 2, . . . , p}. The statex(t + 1) of the
systemL at time-stept+1 is obtained uniquely if the statex(t) at the time-stept is known
and the players1, 2, . . . , p fix their vectors of control parametersu1(t), u2(t), . . . , up(t),
respectively. For each playeri, i ∈ {1, 2, . . . , p} the admissible setsU i

t (x(t)) for the
vectors of control parametersui(t) are given, i.e.

ui(t) ∈ U i
t (x(t)), t = 0, 1, 2, . . . ; i = 1, p.

We assume thatU i
t (x(t + 1)), t = 0, 1, 2, . . . ; i = 1, p, are non-empty finite sets and that

U i
t (x(t)) ∩ U j

t (x(t)) = ∅, i 6= j, t = 0, 1, 2, . . .

We assume that the players1, 2, . . . , p fix their vectors of control parameters
u1(t), u2(t), . . . , up(t); t = 0, 1, 2, . . . ,

respectively, and the starting statex0 and final statexf of the systemL are known. Then
for fixed vectors of control parametersu1(t), u2(t), . . . , up(t) either a unique trajectory

x0 = x(0), x(1), x(2), . . . , x(T (xf )) = xf
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from x0 to xf exists andT (xf ) represents the time-moment when the statexf is reached,
or such trajectory fromx0 to xf does not exist. We denote by

F i
x0xf

(u1(t), u2(t), . . . , up(t)) =
T−1∑

t=0

ci
t(x(t), gt(x(t), u1(t), u2(t), . . . , up(t)))

the integral-time cost of system’s passage fromx0 to xf for the playeri, i ∈ {1, 2, . . . , p}
if the vectorsu1(t), u2(t), . . . .up(t) generate a trajectory

x0 = x(0), x(1), x(2), . . . , x(T (xf )) = xf

from x0 to xf such that

ui(t) ∈ U i
t (x(t)), t = 0, 1, 2, . . . , T (xf ) − 1,

and
T1 ≤ T (xf ) ≤ T2.

Otherwise we stipulate

F i
x0xf

(u1(t), u2(t), . . . , up(t)) = ∞.

Note thatci
t(x(t), gt(x(t), u1(t), u2(t), . . . , up(t))) = ci

t(x(t), x(t + 1)) represent the
costs of the system’s passage from the statex(t) to the statex(t + 1) at the stage[t, t + 1]
for the playeri. Then we obtain the following problem on networks:

Problem: Decison Problem on Networks

If we find vectors of control parameters

u1∗(t), u2∗(t), . . . , ui−1∗(t), ui∗(t), ui+1∗(t), . . . , up∗(t)

which satisfy the following condition

F i
x0xf

(u1∗(t), u2∗(t), . . . , ui−1∗(t), ui∗(t), ui+1∗(t), . . . , up∗(t)) ≤

≤ F i
x0xf

(u1∗(t), u2∗(t), . . . , ui−1∗(t), ui(t), ui+1∗(t), . . . , up∗(t))

∀ui(t) ∈ Rmi , t = 0, 1, 2. . . . ; i = 1, p

(the expressioni = 1, p is equivalent toi = {1, . . . , p}.), then we get a solution in the
sense of Nash for our control problem on a network. In the following we present a sketch
of the algorithmic principle.
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3 Algorithmic Determination - Layered Structure

If we search for an suitable algorithmic principle we can orientate on similar problems
of shortest path on a network. For that reason we present an application of Dijkstra’s
algorithm for a multiobjective version of the optimal paths problem in a weighted directed
graph. The algorithm is able to determine the stationary Pareto strategys∗ ∈ S of the
players for the multiobjective control problem on the network(G,X, c1, c2, . . . , cp, x0, xf ,
T1, T2) with an arbitrary starting positionx ∈ X and given final positionsxf ∈ X. We
then obtain a tree which obtains all Pareto optimal paths from everyx ∈ X to xf .

4 Complexity Results

If we consider the following

INSTANCE: [Multiobjective Decision Problem]
Let L be a dynamic system with a finite set of statesX, |X| = n. We interprete these
states as nodes of a graphG(X,E) whereX is now the set of nodes (i.e. the states of our
dynamic system) andE is a set of edges which have the following property:

At every discrete moment of timet = 0, 1, 2, . . . the state of the systemL isx(t) ∈ X.
Note, that here we associatex(t) with anabstract element. Furthermore we have a multi-
objective control problem on the network(G,X, c1, c2, . . . , cp, x0, xf ) with p players:
The dynamics of the system L is described by a directed graph of passages in the graph
G = (X,E). Two statesx0 andxf are chosen inX, wherex0 is a starting point of the
systemL, x0 = x(0), andxf is a final state of the system, i.e.xf is a state in which
the systemL must be brought. Anedge e = (x, y) signifies the possibility of passages
of the systemL from the statex = x(t) to the statey = x(t + 1) at any point in time
t = 0, 1, 2, . . . , T (xf ). (We assume that the systemL reaches the final statexf at the
time stepT (xf )). For simplicity we assume that the graphG = (X,E) is connected. To
each edgee = (x, y) ∈ E of the graph of passagesp functionsc1

e(t), c
2
e(t), . . . , c

p
e(t) are

assigned, whereci
e(t) expresses the cost of system’s passage from the statex = x(t) to

the statey = x(t + 1) at the stage[t, t + 1] for the playeri. For the stationary case the
functionsci

e(t) do not depend ont.

According to the algorithmic principle the existence of a partitionX = X1(t) ∪
X2(t) ∪ . . . ∪ Xp(t), (X i(t) ∪ Xj) = ø, i 6= j can be proved. Here,X i(t) correspond
to the set of positions of playeri at time-stept. The proposed algorithm determines the
optimal strategys∗ which is closely related with a distinguished partition for the setX.

According to following input parameter we define the problem for the instanceMulti-
objective Decision Problem:
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Instance Multiobjective Decision Problem
Input Parameter: n, p, T

PROBLEM: Determine a stationary Pareto strategy.

Then we can prove that

Theorem: Our constructive algorithm determines for the instanceMultiobjective De-
cision Problem Pareto stationary strategies of the players for every given starting position
x and final positionxf . The running-time of the algorithm is O(n3Tp).

5 Conclusion

Games which are defined on networks are very interesting from a practical and theoretical
point of view. We present a decision problem in the context of emissions trading. A
special structure is exploited to obtain a polynomial algorithm. First numerical results
will be discussed.
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A simple Bayes factor for testing
measurement-theoretic axioms

Thierry Marchant∗

Abstract

A lot of models used to represent preferences or other relations have been charac-
terized in the framework of measurement theory. To assess the empirical validity of
one of these models, we can either test the model itself or test the axioms character-
izing it. When a model is rejected, the latter approach has the advantage of indicat-
ing why it is rejected. The available statistical techniques for testing measurement-
theoretic axioms are complex and not always satisficing. In this paper, we present a
new statistical technique based on a Bayes factor, very simple and flexible.

Key words : Measurement theory, empirical test

1 Introduction

Measurement is a fundamental and ubiquitous operation in most modern sciences and has
usually been considered as unproblematic until the end of the nineteenth century. Hölder
[1901] was one of the first scientists to question the very nature of measurement and made
the first steps towards the development of a theory of measurement. In the second half of
the twentieth century, measurement-theory made enormous progress [Krantz et al., 1971,
Suppes et al., 1989, Luce et al., 1990] and helped us to understand what measurement is
and which hypotheses (called axioms) underly the various measurement techniques. Si-
multaneously with these theoretical developments, some researchers started to cast doubts
on the empirical validity of some axioms [e.g. Allais, 1953, Tversky, 1969]. For instance,
Tversky [1969] used an experiment to produce data in contradiction with transitivity. Un-
fortunately, these data were not easy to use in a statistical analysis and the first sound
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analysis of Tversky’s data appeared in Iverson and Falmagne [1985]. The approach fol-
lowed by Iverson and Falmagne was based on a likelihood ratio and was very complex,
making its use with large data sets or other axioms than transitivity very difficult or even
impossible. Actually, since 1985, this technique was almost never used. Since then, a lot
of empirical research took place, usually producing difficult to analyze data, but no signif-
icant advance occured in the statistical analysis of experimental data, until very recently,
with different papers by Iverson, Karabatsos and Myung [e.g. Karabatsos, 2005, Myung
et al., 2005].

In Karabatsos [2005], it is assumed that, at the time of the experiment, the subject
chooses at random one binary relation according to some probability distribution. Based
on the data, the probability of each possible binary relation is estimated and the hypothesis
that is actually tested is whether the total probability, of all relations satisfying the axiom
under scrutiny, is larger than1/2. A drawback of this method is that it can lead to the ac-
ceptance of an axiom with strange probability distributions. Suppose for instance that we
test transitivity, on four elementsa, b, c, d, and that the probability distribution governing
the subject’s choices isP [ordera ≻ b ≻ c ≻ d] = .26, P [orderd ≻ c ≻ b ≻ a] = .26,
P [hamiltonian cyclec ≻ b ≻ a ≻ d ≻ c] = .48 andP [any other relation] = 0. The total
probability of the relations satisfying transitivity is.52 > 1/2. So, according to Karabat-
sos [2005], transitivity holds. Yet, the relation with the largest (by far) probability is not
at all transitive. Furthermore, the only two transitive relations with a positive probability
are contradictory. This does not speak in favor of transitivity.

Myung et al. [2005] assume that the subject has in mind a probabilitypab for each
pair (a, b) and, when presented with the pair(a, b), selectsa with probabilitypab or b with
probability 1 − pab. Using a very sophisticated Bayesian technique, based on posterior
parameter samples, they then test a stochastic recasting of the axiom under scrutiny. For
example, instead of transitivity, they test weak stochastic transitivity, i.e.pab ≥ .5 and
pbc ≥ .5 implies pac ≥ .5. This approach has two weaknesses: (1) for each parame-
ter pab, they assume a prior Beta distribution on[0, 1] which is very convenient for the
computations but difficult to motivate and (2) as they say in the footnote on p. 207, “The
approach based on posterior model probabilities may be theoretically more appealing than
that based on posterior parameter samples . . . ”

In this paper, we propose an approach based on a Bayes factor, thus based on posterior
model probabilities. It is a generalization of the approach proposed by Desimpelaere and
Marchant [2006]. In Section 2, we present the probabilistic model, supposed to generate
the data, that we will test, and, in Section 3, we show how to test the model, using a Bayes
factor.
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2 Probabilistic model

2.1 Notation and model

Let X = {a, b, c, . . .} be the set of objects or stimuli that we will use in a forced choice
experiment (#X= m). We suppose that the subject has a complete binary relation onX
in mind. This relation, called true relation and denoted by%T , is of course unknown. The
symmetric (respectively asymmetric) part of this relation is denoted by∼T (resp. ≻T ).
When we ask the subject to choose between two objectsa andb from X, we assume that
he chooses according to%T . But, since humans are not always consistent, the subject
makes some errors. So, ifa ≻T b, the subject choosesa with probabilitypab ( ≥ 1/2 and
unknown) orb with probability1 − pab (we assumepab = pba but this can be relaxed). If
a ∼T b, the subject choosesa or b with equal probability (pab = 1/2).

Let C be the set of all complete binary relations onX andA be the set of all relations
in C that satisfy a given axiom (also calledA). The hypothesis that we will test is that
%T belongs toA. Let D be the set of all unordered pairs of distinct objects inX. Since
we will follow a Bayesian approach, we consider that%T is a random variable taking
its values inC and, attached to each relationR in C, there is a vector of parameters
p(R) = (pab(R))(a,b)∈D. This is in contrast with Myung et al. [2005]: they consider that
the parameterspab are continuous random variables with values in[0, 1]. Nevertheless,
in our model, once the value of%T is fixed, the parametersp are fixed and satisfy weak
stochastic transitivity, just like in Myung et al. [2005].

2.2 Likelihood

Suppose each of them(m− 1)/2 pairs inD is presentedNab times (Nab ≥ 0) to a subject
and he choosesnab timesa (this implies that he chooses(Nab − nab) timesb). Our data
consist then of the vectorn = (nab)(a,b)∈D. Suppose we know%T andp(%T ). The
likelihood is then

P [n| %T ,p(%T ),N] =
∏

(a,b):a≻T b

pnab

ab (1 − pab)
Nab−nab

∏

(a,b):a∼T b

(1/2)Nab .

If we know %T but do not knowp(%T ), we can estimate it. We havêpab(%T ) =
max(nab/Nab, 1/2) if a ≻T b andp̂ab(%T ) = pab(%T ) = 1/2 if a ∼T b. It is then possible
to estimate the likelihoodP [n| %T ,p(%T ),N] by P [n| %T , p̂(%T ),N].
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3 Bayes factor

In this section, we will use the Bayes factor

P [%T∈ A|n,N]

P [%T∈ A∗|n,N]
,

whereA∗ = C \ A in order to weigh the evidence in favour ofA against the evidence in
favour ofA∗. The Bayes factor can be estimated by

P [n| %T∈ A,N]

P [n| %T∈ A∗,N]

P [%T∈ A]

P [%T∈ A∗]
, (1)

whereP [%T∈ A] is the prior probability ofA andP [%T∈ A∗] = 1 − P [%T∈ A] is the
prior probability ofA∗. Using standard probability rules, we have

P [n| %T∈ A,N] =

∑
R∈A (P [n| %T = R,N] P [%T = R])

P [%T∈ A]
(2)

and a similar expression forP [n| %T∈ A∗,N]. Using these, we can rewrite the Bayes
factor (1) as ∑

R∈A (P [n| %T = R,N] P [%T = R])∑
R∈A∗ (P [n| %T = R,N] P [%T = R])

. (3)

If we know the priorsP [%T = R], for all R ∈ A and allR ∈ A∗, it is possible to
compute (3). If we have no prior information, we can use Laplace’s principle and assume
that all relations inA have the same probability (i.e.P [%T = R] = P [%T∈ A]/#A, for
R ∈ A) and that all relations inA∗ have the same probability (i.e.P [%T = R] = P [%T∈
A∗]/#A∗, for R ∈ A∗). The Bayes factor then becomes

P [%T∈ A]

P [%T∈ A∗]

#A∗

#A

∑
R∈A P [n| %T = R,N]∑
R∈A∗ P [n| %T = R,N]

. (4)

Here, again, in absence of prior information, we can assume thatP [%T∈ A] = P [%T∈
A∗] = 1/2 and the Bayes factors simplifies to

#A∗

#A

∑
R∈A P [n| %T = R,N]∑
R∈A∗ P [n| %T = R,N]

. (5)

Exact values of expressions (3–5) can easily be computed form ≤ 5 but are intractable
for largem. Desimpelaere and Marchant [2006] showed that a Monte Carlo approxima-
tion converges in a reasonable time form ≤ 10. Using fast computers, optimized code
and good approximation algorithms, it is probably possible to go untilm = 11 or 12
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but not much further. This is a weakness of the approach we present but, since almost
all empirical studies of measurement-theoretic axioms involve less than 10 objects, this
weakness does not seem very important.

When we have prior information, it is sometimes possible to speed up the computa-
tions. Suppose for example that the objects inX are binary lotteries of the form(x, q; y),
wherex obtains with probabilityq andy with probability1 − q, with x andy real num-
bers. We may assume (or we may have previously tested) that preferences over loteries
are monotone in the following sense:x > x′ andy > y′ implies (x, q; y) ≻T (x′, q; y′).
We then haveP [%T = R] = 0 for any relationR violating monotonicity (denoted byM ).
Expression (3) can then be rewritten as

∑
R∈A∩M (P [n| %T = R,N] P [%T = R])∑
R∈A∗∩M (P [n| %T = R,N] P [%T = R])

. (6)

The sums being now overA ∩ M (or A∗ ∩ M ), they can be computed faster.

4 Conclusion

We presented a simple technique to test any deterministic measurement-theoretic axiom
involving a binary relation. It is based on a Bayes factor and can handle prior information
that we have about the axiom under scrutiny or about other characteristics of the relation.
The computation of the Bayes factor requires a lot of time, thereby limiting the size of the
problems we can analyze. Our approach can easily be adapted to measurement techniques
involving ak-ary relation instead of a binary one.
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Condorcet domains and distributive lattices 
 

Bernard Monjardet1 

 

Abstract 

Condorcet domains are sets of linear orders where Condorcet’s effect can never 
occur. Works of Abello, Chameni-Nembua, Fishburn and Galambos and Reiner 
have allowed a strong understanding of a significant class of Condorcet domains 
which are distributive lattices –in fact covering distributive sublattices of the 
permutoèdre lattice- and which can be obtained from a maximal chain of this 
lattice. We describe this class and we study three particular types of such 
Condorcet domains. 

 
Key words: acyclic set, alternating scheme, Condorcet, effect, distributive lattice, 
maximal chain of permutations, permutoèdre lattice 

 

1 Introduction 
 

Condorcet domains (called also acyclic or consistent sets) are sets of linear orders 
where Condorcet’s effect (called also voting’s paradox) can never occur. The search for 
large Condorcet domains has lead to many interesting results and questions. In 
particular, Abello, Chameni-Nembua and Galambos and Reiner have investigated a  
class of Condorcet domains which are distributive lattices. Indeed, these Condorcet 
domains are covering distributive sublattices of the lattice –called the permutoèdre 
lattice- defined on the set of all linear orders on (equivalently, permutations of) a set. 
Such a Condorcet domain can be defined from a maximal chain in the permutoèdre 
lattice, and so I shall call it a CH-Condorcet domain. In  this paper I describe the main 
results obtained on the class of CH-Condorcet domains and I study more precisely some 
of them. Section 2 is devoted to notations and preliminaries firstly on distributive 
lattices (2.1), secondly on the permutoèdre lattice (2.2), thirdly on Condorcet domains 
(2.3). Section 3 offers a synthesis of the main results obtained on CH-Condorcet 
domains. Since such a domain is a distributive lattice it can be obtained as the lattice of 
ideals of a poset and I propose another algorithm to get this poset. In section 4, I 
                                                 
1 CES, Université Paris 1 and CAMS, EHESS, monjarde@univ-paris1.fr  
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describe a maximal chain and the poset generating three significant types of CH-
Condorcet domains : those which are minimal, those obtained by Fishburn’s alternating 
scheme, and those supplied by Black’s single-peaked linear orders. The conclusion 
contains some questions and conjectures.  

N.B. All sets considered in this paper are finite. 

2   Notations and preliminaries 

2.1  Distributive lattices 
Let (D,<) be a distributive  lattice i.e., a poset such that any two elements x and y of 

D have a meet x∧y and a join x∨y and such that the meet (respectively, the join) 
operation is distributive over the join (respectively, the meet) operation.  

A join-irreducible  element of D is an element covering a unique element of D. An 
ideal of a poset (X,<) is a subset I of X such that x ∈ I and y < x implies y ∈ I. Now, by 
Birkhoff’s duality between distributive lattices and posets, a distributive  lattice D is 
isomorphic to the set ordered by inclusion of all the ideals of the poset JD of its join-
irreducible  elements. It is well-known that in this duality the maximal chains of D are 
in a one-to-one correspondence with the linear extensions of the poset JD (i.e., with the 
linear orders containing the partial order between the join-irreducible  elements). 
Indeed, when xk is covered by xk+1 in a maximal chain of D, then there exists a unique 
join-irreducible element jk such that xk+1 = xk∨jk ; so the covering relation xk p xk+1 can 
be labelled by jk and the linear order j1j2 ....j|JD| obtained on JD is a linear extension of the 
poset JD. Since any poset is the intersection of all its linear extensions, one sees that the 
poset JD can be obtained as the intersection of all the linear orders on JD defined by the 
labelled maximal chains of D. In fact, one need only to use |dimJD| such (suitably 
chosen) chains, where dimJD, the dimension of JD, is the minimum number of linear 
orders of which the intersection is JD. 

2.2 The permutoèdre lattice  
A = {1,2,...i,j,k,…..n} is a finite set of n elements denoted by the n first integers. (in 

section 2.3 A will be the set of alternatives). A strict linear order L on A is an 
irreflexive, transitive and complete (x ≠ y implies xLy or yLx) binary relation on A. 
Henceforth, we will omit the qualifier strict and sometimes, when there is no ambiguity, 
the qualifier linear. Linear orders on A are in a one-to-one correspondence with 
permutations of A. So if L is a linear order on A one can write it as a permutation 
x1...xkxk+1...xn.Then one says that xk has rank k and is covered by xk+1 and that xk and 
xk+1 are consecutive in L. I denote by τk the transposition which exchanges xk and xk+1  

in L: τk(L) = x1...xk+1xk...xn. The set of all linear orders on A of size n is denoted by Ln. 
D denotes any subset of Ln.  
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Let L be an arbitrary linear order of Ln; it will be convenient to take L = 1<2<….n. 
For L’ ∈ Ln, one sets InvL' = {{i,j} ⊆ A such that iLj and jL'i} (i.e. the set of pairs {i,j} 
on which L and L' «disagree»}. For L', L'' ∈ Ln, one sets L'' ≤ L' if InvL' ⊆  InvL''. It has 
been shown by Guilbaud and Rosenstiehl (1963) that the poset (Ln, ≤) -henceforth 
denoted simply by Ln- is a lattice2 called the "permutoèdre" lattice in French tradition 
(see for instance Barbut et Monjardet 1970). Its maximum element is 1<2<….n denoted 
by Lu and its minimum element is the dual linear order  n<…2<1 denoted by L0. The 
lattice L4 is represented on Figure 1 by a (Hasse) diagram giving its covering relation. 
The undirected covering relation of this lattice is the adjacency relation between linear 
orders where a linear order is adjacent to another one if they differ on a unique pair of 
elements. The set of all linear orders endowed with this adjacency relation is called the 
permutoèdre graph.  

 

                                                 
2Some authors attribute this result to Yanagimoto and Okamoto (Partial orderings of permutations and 
monotonicity of a rank correlation statistic. 1969, Annals Institute of Statistics 21: 489-506). One can 
admit that a paper published in French will be less known that a paper written in English. But Guilbaud 
and Rosenstiehl’s paper which precedes Yanagimoto and Okamoto’s paper has been quoted in many 
english-written papers ; moreover its proof that Ln is a lattice is reproduced in Principles of combinatorics 
(Berge 1971) and above all Yanagimoto and Okamoto’s paper does not contain a real proof of their 
assertion (read it !). The permutoèdre lattice is not distributive and its properties are studied in Barbut and 
Monjardet (1970), Le Conte de Poly-Barbut (1990), Duquenne and Cherfouh (1994), Markowsky (1994) 
and Caspard (2000). The lattice (Ln, ≤) is isomorphic to (Sn,≤)  the group of the permutations of a n-set 
ordered by the so-called weak Bruhat order. More generally Björner (1984) proved that all finite Coxeter 
groups partially ordered by the weak Bruhat order are lattices.  
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B(4) AS(4)
 

Figure 1 

The permutoèdre lattice Ln and two covering distributive sublattices 

2.3 Condorcet domains 
The problem to get a collective preference from various voter’s preferences on a set 

A of n alternatives (candidates, issues, decisions, outcomes…) is an old problem dealed 
on by Condorcet in his 1785 Essai sur l'application de l'analyse à la probabilité des 
décisions rendues à la pluralité des voix. He proposed to use the majority rule on the 
pairs of alternatives: alternative y is preferred by the majority to alternative x -denoted 
by xRMAJy- if the number of voters preferring y to x is greater than the number of voters 
preferring x to y. His Essay contains the first examples of what has come to be called 
the “Condorcet effect” (Guilbaud 1952) or the “Paradox of Voting”: when the voters 
express their preferences by means of linear orders on the set of alternatives, the 
majority relation of these orders can contain cycles.  
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The simplest example is obtained with 3 alternatives x, y, z and 3 voters of which the 
set of preferences is a 3-cyclic set like xyz, yzx and zxy3, since then the majority 
relation is the 3-cycle xRMAJyRMAJzRMAJx. 

In 1948 Black initiated a way to escape the Condorcet effect. He proved that this 
effect cannot occur if the preferences of the voters are restricted to a subset of all 
possible linear orders, namely the set of the so-called single-peaked linear orders. So 
this set of linear orders was the first example of Condorcet domains, i.e., subsets of 
linear orders where the Condorcet effect can never occur. In fact, the simplest and more 
general way to prevent Condorcet effect is to forbid 3-cyclic sets in the domain D of 
linear orders allowed for preferences’voters: for every 3-set of alternatives, the 
restrictions of the linear orders of D to this set must not contain a 3-cyclic set. This 
condition has been given by Ward (1965) under the name of Latin-Square-Lessness and 
is equivalent (in the case of linear orders) to Sen’s Value Restricted-Preferences 
condition (1966). This last condition says that for every 3-set of alternatives there exists 
an alternative which is either never ranked first or never ranked second or never ranked 
third in the restrictions of the linear orders of D to these alternatives. It is useful to write 
particular cases of this last condition by using Fishburn’s notion of Never Condition.  
For h ∈ {i,j,k} ⊆ A and r ∈ {1,2,3} a set D of linear orders satisfies the Never Condition 
hN{i,j,k}r if h has never rank r in the restrictions to {i,j,k} of the linear orders of D. 
Consider now the linear order 1<2<….n on A. A Condorcet domain D satisfies the 
Never Condition hNr if for every ordered triple i<j<k, the same Never Condition 
hN{i,j,k}r is satisfied. For instance D satisfies jN1 if for every ordered triple i<j<k, j has 
never rank 1 in the restrictions to {i,j,k} of the orders of D. In fact, in this case D is 
nothing else that the domain of single-peaked linear orders. 

When A is a n-set Black’s domain of single-peaked linear orders and many other 
Condorcet domains found in the sixties and seventies contain no more than 2n-1 orders 
(see Arrow and Raynaud 1986). Let us denote by f(n) the maximum size of a Condorcet 
domain on a n-set. It is not clear when has been raised for the first time the natural 
question “how large can be Condorcet domains ?“ i.e., the problem of determining f(n). 
This problem has shown daunting (see, for instance, Fishburn 1997 and for an overview 
Monjardet 2006)4.  

Here I will only consider the class of CH-Condorcet domains, a class containing 
some large Condorcet domains5. It has been first studied by Abello which derived such 
a Condorcet domain from a maximal chain of the permutoèdre lattice Ln. Abello (1984 
                                                 
3 We denote a linear order by a permutation, where xyz means x<y<z, and we say that the least preferred 
alternative x has the first rank, the middle element y the second rank and the best preferred element z the 
third rank.  
4 Observe that the 1992 Craven conjecture  f(n) = 2n-1 have been disproved  as soon as 1980 in Kim and 
Roush’s book where  it is shown that f(n) ≥ 2n-1 + 2n-3-1 (> 2n-1 for n ≥ 4).   
5 But Fishburn (1997) have shown that at least for n ≥ 16 there exist larger Condorcet domains which -
contrary to the CH-Condorcet domains - are not connected subgraphs of the permutoèdre graph.  
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with Johnson, 1985, 1991) showed that a CH-Condorcet domain is an upper 
semimodular sublattice of Ln. Independently Chameni-Nembua (1989) showed that 
covering distributive sublattices of Ln i.e., distributive sublattices of Ln which keep the 
covering relation of Ln are Condorcet domains6. Recently Galambos and Reiner (2006) 
have shown that Abello’s lattices are the same that Chameni-Nembua’s maximal lattices 
and that these CH-Condorcet domains are characterized by means of some sets of Never 
Restrictions. Previously a particular type of CH-Condorcet domain satisfying a set of 
Never Restrictions (the alternating scheme) have been given by Fishburn (1997). This 
type of CH-Condorcet domain apparently supplies the largest CH-Condorcet domains. 
In the next section I give the known main results on the CH-Condorcet domains.  

  

3 CH-Condorcet domains (maximal covering 
distributive sublattices of Ln) 

 

I present here a synthesis of the main results on the CH-Condorcet domains.  These 
results have been obtained by Abello, Chameni-Nembua and Galambos and Reiner 
(these last two authors using also some more general Ziegler’s results on Bruhat orders). 
It is necessary to give several definitions, notations and preliminary results.  

For L = x1...xkxk+1...xn a linear order of Ln I denote by t3(L) the set of ordered triples 
xi…xj...xk  contained in L. For instance t3(2431) = {243,241,231, 431}. I denote by C a 
maximal chain of the lattice Ln and I set t3(C) = ∪{ t3(L), L ∈ C}. So t3(C) is the set of 
all ordered triples occurring in the orders of the maximal chain C and it is easy to see 
that |t3(C)| = 4n(n-1)(n-2)/6. On the other hand another easy observation is that the set of 
ordered triples contained in the orders of a Condorcet domain D of Ln has size at most 
4n(n-1)(n-2)/6 (if not D contains a 3-cyclic profile). So when one adds to a Condorcet 
domain D all the linear orders which don’t increase the set of ordered triples already 
present in D one gets a maximal acyclic domain. More generally the map which adds to 
an arbitrary set of linear orders all the linear orders which don’t increase the set of 
ordered triples is a closure operator on the subsets of Ln

7. So by applying this closure 
operator to the maximal chain C one obtains a maximal Condorcet domain called a CH-
Condorcet domain and denoted by D(C). 

I denote by P2(n) the set of the n(n-1)/2 ordered pairs (i<j) -written simply ij-of A = 
{1<2<…n}. Every maximal chain C = L0p...pLppLp+1...pLu of the lattice Ln induces a 

                                                 
6  For his thesis Chameni-Nembua answered  some of my questions raised by Guilbaud’s observation in 
his 1952 paper: the set of Black’s single-peaked linear orders  has a distributive lattice structure (other 
such examples are in Frey and Barbut’s 1971 book). 

 
7  This closure operator appears already in Kim and Roush’s 1980 book (see Definition 5.12) 



Annales du LAMSADE n°6 

   291

linear order λC (written only λ if there is no ambiguity) on P2(n): the order of the first 
apparition of an ordered pair in an order of C. More formally λC = (ij)1p...p(ij)pp(ij)p+1 
p...(ij)n(n-1)/2 where if Lp = x1...xkxk+1...xn, then Lp+1 = x1...xk+1xk...xn with (ij)p+1 = (xk+1, 
xk ) (see an example below).  

A linear order on P2(n) is called admissible if it is induced by a maximal chain of Ln. 
From a more general Ziegler’s result one gets: a linear order λ on P2(n) is admissible if 
and only if for every ordered triple i<j<k –henceforth written simply ijk- the three 
ordered pairs ij, ik and jk are ordered by λ either lexicographically ((ij)λ(ik)λ(jk)) or 
dually lexicographically ((jk)λ(ik)λ(ij)).  I  denote by Λn the set of all admissible linear 
orders on P2(n) and for λ ∈ Λn I set: 

LEX2λ = {[(ij),(ik),(jk)] : (ij)λ(ik)λ(jk)} 

ALEX2λ = {[(ij),(ik),(jk)] : (jk)λ(ik)λ(ij)} 

LEX3λ = {ijk : [(ij),(ik),(jk)] ∈ LEX2λ} 

ALEX3λ = {ijk : [(ij),(ik),(jk)] ∈ ΑLEX2λ} 

So the ordered triple ijk belongs to LEX3λ (respectively, ALEX3λ) if the three ordered 
pairs ij, ik and jk are lexicographically (respectively, dually lexicographically) ordered 
by λ.  

I define also a partial order <λ  on P2(n) contained in the linear order λ: 

<λ = transitive closure of the binary relation ∪{((ij)<(ik)<(jk)),ijk 
∈ LEX3λ}∪{(jk)<(ik) < (ij), ijk ∈ ΑLEX3λ}.  

I illustrate these definitions for C = 4321p4231p4213p2413p2143p2134p1234 a 
maximal chain of L4. The associated linear order on P2(4) is λ = 23p13p24p14p34p12. 
One gets: 

LEX2λ = {(34,14,13), (34,24,23)}  ; LEX3λ = {134,234} 

ALEX2λ = {(12,13,23), (12,14,24)} ; ALEX3λ = {123,124} 

The partial order  <λ is represented on Figure 2c by its diagram.  
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Figure 2 

The four types of posets on P2(4) associated to the CH-Condorcet domains of L4 

 

Let D (= D(C)) be a CH-Condorcet domain. By point 1 of the below theorem D is a 
lattice. An (admissible) linear order on P2(n) is associated to each maximal chain of D. I 
denotes by Λ( D) ⊆ Λn the set of all these linear orders on P2(n).  

One can now gather together the main results on the CH-Condorcet domains in the 
following theorem. 

 

Theorem 1 

 Let C be a maximal chain of the lattice Ln and λ the associated linear order on P2(n) : 

 

1. The closure D = D(C) of C is a maximal Condorcet domain and a maximal 
covering distributive sublattice of Ln. One goes from a maximal chain of D to 
another one by a sequence of «quadrangular transformations» of linear orders: 
let L = x1…xkxk+1…xixi+1…xn be a linear order such that xk, xk+1, xi and xi+1 are 
four different alternatives ; then L is transformed into L’ = 
x1…xk+1xk…xi+1xi…xn (= τiτk(L) = τkτi(L)).  

 

2. The poset JD of the join-irreducible elements of the distributive lattice D is 
isomorphic to the poset (P2(n), <λ). Any order in D  corresponds to an ideal of 
(P2(n), <λ) obtained by applying to L0 = n<…2<1 all the transpositions of the 
ordered pairs belonging to this ideal. 

 

3. D is the set of all linear orders satisfying the following Never Conditions: 
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jN1, ∀ i<j<k  with ijk ∈ LEX3λ 

jN3, ∀ i<j<k  with ijk ∈ ΑLEX3λ. 

4. ∀ λ’ ∈ Λ(D), ∀ p = 2,3  LEXpλ’ = LEXpλ, ALEXpλ’ = ALEXpλ and  

<λ’ = <λ = ∩{λ’ ∈ Λ(D)}. 

One goes from a linear order in Λ(D) to another one by a sequence of interchanges of 
two ordered pairs (ij) and (kl) which are disjoint ({i,j}∩{k,l} = Ø) and consecutive in 
the linear order.  

One can illustrate these results on the case of the maximal chain of L4 already 
considerd above C = 4321p4231p4213p2413p2143p2134p1234. One checks that D(C) 
contains two more linear orders 2431 and 1243. The nine orders in D(C) form the 
distributive lattice marked by black ellipsoids on Figure 1 and they correspond to the 
nine ideals of the poset of Figure 2c (for instance, the order 2413 corresponds to the 
ideal {23,24,13}). One one can check easily all the other properties of the theorem, for 
instance one has 3N{134}1 and 2N{124}3. 

There are two natural equivalence relations associated to the previous notions. Two 
maximal chains C and C’ of Ln are equivalent if they have the same closure: D(C) = 
D(C’). Two admissible linear orders in Λn are equivalent if LEXéλ’ = 
LEXéλ (equivalently, ALEX λ’ = ALEX3λ or <λ = < λ’) or still if they corresponds to 
two maximal chains of the same CH-Condorcet domain D. Points 1 and 3 of the above 
theorem give a constructive way to determine the corresponding equivalence classes. 
Each of these classes corresponds to a CH-Condorcet domain and to a partial order on 
P2(n). For instance, the 16 maximal chains of L4 are partitionned into 8 equivalence 
classes, two containing 4 chains, two containing 2 chains and four containing one 
unique chain. The corresponding partial orders on P2(4) are represented on Figure 1 (by 
only 4 of these partial orders, the 4 others beeing isomorphic). I shall present the three 
types of CH-Condorcet domain generalizing those  corresponding to Figure 1 in section 
4.  

As recalled in section 2.1 the poset of join-irreducible elements of a distributive 
lattice is obtained by the intersection of some labelled maximal chains of this lattice. It 
is rather intriguing that in the case of the distributive lattice D which is a CH-Condorcet 
domain any maximal chain of this lattice allows to get its poset of join-irreducible. 
Indeed, this poset is isomorphic to (P2(n), <λ) where λ is the linear order on P2(n) 
associated to this maximal chain.  

 

From point 4 of theorem 1 the partial order <λ  depends only of D and not of the 
particular linear order λ in Λ(D), and so it will be also denoted by <D.  Observe that one 
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obtains also D from a single of its maximal chains (since elements of D correspond to 
the ideals of (P2(n), <D).  

An interesting algorithmic problem is to construct D(C) from a maximal chain C. 
Abello gives an algorithm which constructs a sequence of Condorcet domains from L0 
(the least element of C) to D(C). As just said another way to construct D(C) is to 
construct the poset (P2(n), <D) (= <λ for the linear order λ on P2(n) associated to C) and 
the distributive lattice of the ideals of this poset. Galambos and Reiner give a 
representation of (P2(n), <D) in terms of arrangement of pseudolines which don’t give in 
general an explicit construction of this poset. I propose here an algorithm to construct 
this poset based on the observation that if (i,j) is covered by (k,l) in <D  then (ij) and (kl) 
intersect ({i,j}∩{k,l} ≠ Ø) and i = k or j = l.  

 

Algorithm to get P2(n), <D) 

Let λ = (ij)1p...p(ij)pp(ij)p+1 p...(ij)n(n-1)/2 the  admissible linear order on P2(n) 
associated to the maximal chain C. One constructs a sequence <λ(0) <λ(1)..... <λ(p)...  
<λ(n(n-1)/2)  = <D of partial orders on P2(n) by setting: 

<λ(0) = Ø 

and for p = 0,1,2....... n(n-1)/2 – 1,       

<λ(p+1) = Transitive closure of [<λ(p) ∪{(ij, (ij)p+1), ij maximal element of <λ(p)  

                  intersecting (ij)p+1 }] , if there exists such an ij in <λ(p) 

   = [<λ(p) ∪{(ij)p+1}], if not.  

 

So at first step <λ(1) contains only the ordered pair (ij)1. At second step <λ(2) is the 2- 
element chain (ij)1 p (ij)2 if these two ordered pairs intersect and <λ(2) is the 2- element 
antichain {(ij)1 , (ij)2} if not.  
 

4 Three types of CH-Condorcet domains  
 

4.1 Minimal CH-Condorcet domains 
By definition a CH-Condorcet domain D = D(C) with C maximal chain of Ln. Is it 
possible that this chain C be a maximal Condorcet domain i.e. that D = C (what means 
that C is a closed set in the closure operator defined on the subsets of Ln)? 

 The positive answer is easy to give. Let Λ(D) be the set of linear orders on P2(n) 
associated to the maximal chains of D. Point 4 of theorem 1 says that one goes from the 
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linear order λ in Λ(D)  to another one in Λ(D) by a sequence of interchanges of two 
ordered pairs (ij) and (kl) which are disjoint ({i,j}∩{k,l} = Ø) and consecutive in the 
linear order λ. Then, Λ(D)  = {λ} (and D = C ) if and only if the linear order λ does not 
contain consecutive and disjoint ordered pairs. 

For n = 5 here is an example of such a linear order: λ = 
34p24p23p25p35p45p15p14p13p12. 

The corresponding maximal chain of L5 is obtained from I2345 by the sequence of 
transpositions exchanging successively the ranks of 1 and 5, then the ranks of 2 and 4. 
Since LEX3λ = {235,245,345} and ALEX3λ = {125,135,145,123,124, 134,234}, one 
sees (point 3 of theorem 1) that the set of Never Conditions defining this Condorcet 
domain is jN1 ∀ i<j<k  with ijk ∈ {235,245,345} and jN3 ∀ i<j<k  with ijk 
∈ {125,135,145,123,124,134,234}. 

More generally one considers a maximal chain of Ln where the sequence of 
transpositions from Lu = 1<2<....n exchanges successively for i = 1,2...... n/2 the ranks 
of i and n-1+i. By computing LEX3λ and ALEX3λ for the linear order λ on P2(n) 
corresponding to such a maximal chain, one gets the corresponding Never Conditions. 

 

Proposition 1 
The set of following Never Conditions defines a maximal CH-Condorcet domain  

which is a maximal chain of Ln: 

jN1 ∀ i<j<k  with  

k ∈ {n,n-1,....(n+t)/2} where t = 4 (respectively,3) for n even 
(respectively, n odd)  and i > n+1-k. 

jN3 ∀ i<j<k  with  

  i ∈ {1,2...... (n-1)/2} and k < n+2-i.  

The above maximal chain of Ln is not the only example of maximal chain which is a 
maximal CH-Condorcet domain of Ln. For instance, for n = 5, one can take the maximal 
chain where the associated linear order on P2(n) is 
23p24p34p14p13p12p15p25p35p45, which from Lu = 12345 exchanges first the 
ranks of 5 and 1, then the ranks of 4 and 2.  

 

And more generally one can take the sequence of transpositions from Lu = 1<2...<n 
exchanging successively for i = 1,2...... n/2 the ranks of n-1+i and i.     
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 One can ask if there exist other maximal chains of Ln which are maximal CH-
Condorcet domain of Ln that the two described above.    

4.2 CH-Condorcet domains given by Fishburn’s alternating 
scheme 

Let 1 <2……<n be the linear order Lu on A. A Condorcet domain D of Ln satisfies 
the alternating scheme (Fishburn, 1977), if for all i<j<k 

either (1)   jN3 if j is even  and         or  (2)  jN1 if j is even and 

    jN1 if j is odd.         jN3 if j is odd 

I will consider here only the domain defined by (1) and I will denote it by AS(n) (the 
other domain is its dual i.e., is formed by the dual orders of the first). 

Since AS(n) is defined by the Never Conditions jN1 and jN3 it is a CH-Condorcet 
domain (Galambos and Reiner, 2006) and a maximal covering distributive sublattice of 
Ln. Figure 3 shows AS(6)8. These Condorcet domains are especially significant, since it 
is conjectured that they are the CH-Condorcet domains of maximum size. Indeed, 
Fishburn has proved this conjecture for n ≤ 6 (and the fact that in this case they are also 
the Condorcet domains of maximum size). There are two interesting questions about 
AS(n): what is the poset (P2(n), <AS(n)) and what are the maximal chains of Ln of which 
the closure is AS(n). The poset (P2(n), <AS(n)) has a very regular structure observed by 
Galambos and Reiner and used by them to compute the number of its ideals, i.e. the size 
of AS(n). I complete their result by giving the expression of the covering pairs of this 
poset (for n odd ; there is a similar expression for n even). The linear extensions of this 
poset are the admissible linear orders on P2(n) associated to the maximal chains of 
AS(n). I also give an inductive procedure to get such a linear order and so a maximal 
chain of AS(n) (which corresponds to the left maximal chain in Figure 3). 

 

                                                 
8 I found the lattice AS(6) when I was director of Chameni-Nembua’s thesis and it is the last figure of 
Chameni-Nembua’s 1989 paper (where one also finds the distributive lattice AS(5)). I was pretty sure that 
there was a general construction to get such large Condorcet domains but since I didn’t find it I sent these 
examples to Fishburn who was already working on the topic and (obviously) found quickly the above 
general characterization by Never Conditions. 
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FIGURE 3 The distributive lattice AS(6) 

 

Proposition 2  

Let AS(n) be the CH-Condorcet domain given by Fishburn’s alternating scheme.  

Then for n odd, the covering pairs (i,j)p(k,l) (1≤ i<j≤ n) of the poset (P2(n), <AS(n)) 
are given by : 

∀  2 < j, (1,j)p(2,j)  ∀  i < n-1, (i,n-1)p(i,n) 

For i even < j-2, (i,j)p(i+2,j) For i odd > 2, (i,j)p(i-2,j) 

For j even < n-2, (i,j)p(i,j+2) For j odd > i+2, (i,j)p(i,j-2) 
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One gets a linear order λ(n) on P2(n) associated to a maximal chain of AS(n) by the 
following inductive procedure:  

λ(2) = 12 = λd(2) 

λ(n = 2p) = λg(n)pλd(n) with  

  λg(n) = 23p........(n-3,n-1) and λd(n) = (n-2,n)p........ 12 

λ(n = 2p+1) = λg(n-1)p[(n-1,n) p.... (2,n) p(1,n) p....(n-4,n) p(n-2,n)] p λd(2p) 

   = λg(n)pλd(n) with 

     λg(n) =23p........(n-2,n) and λd(n) =(n-3,n-1)p.......12 = λd(n-1) 

λ(n = 2p+2) = λg(n-1)p[(n-2,n)p(n-4,n) p....(2,n) p(1,n) p....(n-3,n) p(n-1,n)] p 

      λd(n-1) 

So, λ(3) = 23p13p12, λ(4) = 23p13p24p14p34p12, λ(5) = 
23p13p45p25p15p35p24p14p34p12 etc. 

One sees that the linear order λ(n+1) is given by an insertion procedure where the 
new covering pairs of λ(n+1) are inserted between two sequences of λ(n). 

There is a corresponding insertion procedure to build the poset (P2(n+1), <AS(n+1)) 

from the poset (P2(n), <AS(n)). Figure 4 shows how the sequence 45p25p15p35 
(respectively, 46p26p16p36p56 is inserted into (P2(3), <AS(3)) (respectively, (P2(4), 
<AS(4))) to get  (P2(4), <AS(5)) (respectively, P2(6), <AS(6))). Observe that the above linear 
orders are the linear extensions of (P2(n), <AS(n)) obtained by concatening chains of this 
poset in a traversal of the diagram from left to right. 

12

14 26

46

56

24

12 36

16 2435

13

14

25

15

4523

34 12

35

13

14

25

15

4523

34

2413

23

34

 
Figure 4 

Posets corresponding to AS(n), n = 4,5,6 
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4.3 CH-Condorcet domains given by Black’s single-peaked orders 
As already said the Condorcet domain given by Black’s single-peaked orders on Ln -

denoted here by B(n)- is obtained by the set of Never Conditions: 

for all i<j<k     jN1 

Then, as already observed by Guilbaud (1952), B(n) is a (maximal covering) 
distributive sublattice of Ln and it is a CH-Condorcet domain. I give below the 
expression of the covering pairs of the poset (P2(n),<B(n)). The linear extensions of this 
poset are the admissible linear orders on P2(n) associated to the maximal chains of B(n). 
I also give such a linear order and so a maximal chain of B(n). 

 

Proposition 3  

Let B(n) be the CH-Condorcet domain given by Black’s single-peaked orders.  

The poset (P2(n),<B(n)) is a lattice of which the covering relation is given by: 

(i,j)p(k,h) (1≤ i<j≤ n) if i = k and h = j+1, or if k = i+1 and j = h. The join and meet 
operations of this lattice are: 

(i,j)∨(k,h) = (max(i,k), max(j,h)) and  (i,j)∧(k,h) = (min(i,k), min(j,h)). 

A maximal chain of B(n) is: 12p....p1np23p....p2np34p.....p3np.....p1n. 

 

In fact the poset (P2(n),<B(n)) is the restriction to P2(n) of the lattice direct product of 
the linear order 1<2....<n by itself and it inherits its covering relation and lattice 
operations. The diagram of (P2(n), <B(4)) is represented in Figure 2d.  

 

5  Conclusion 
 

The search for large Condorcet domains has lead to discover the class of CH-
Condorcet domains which are distributive lattices, covering sublattices of the 
permutoèdre lattice. This proves once more the interest of –especially- distributive- 
lattice structures in problems of social choice (another significant example is the lattice 
theory of the median ; see Barthélemy and Monjardet 1981 or Day and McMorris 
2005). And this other connexion between social choice theory and lattice theory raises 
interesting questions. For example, is it possible to characterize the distributive lattices 
(or the corresponding posets) which are isomorphic to a CH-Condorcet domain ? 
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We end this paper by two conjectures. As subgraph of the permutoèdre graph a CH-
Condorcet domain of Ln has  diameter n(n-1)/2 i.e., the maximum length of a shortest 
path between two of its vertices is n(n-1)/2. 

Let g(n) be the maximum size of a connected Condorcet domain of diameter n(n-1)/2 
contained in Ln. 

Conjecture 1 (Galambos and Reiner 2006) 

g(n) = |AS(n)| 

This conjecture is true for n ≤ 6 since in this case Fishburn has shown that the 
maximum size of a Condorcet domain is |AS(n)| and Galambos and Reiner proved it for 
n = 7. 

Conjecture 2  
For any integer i in the interval [1+ n(n-1)/2, g(n)] there exists a maximal covering 

distributive sublatticc of Ln of size i. 

I checked that this conjecture is true for n ≤ 5. Observe that for i = 1+ n(n-1)/2 it has 
seen in section 4.1 that there always exist maximal chains of Ln which are maximal 
covering distributive sublatticc of Ln.    
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New results on interval comparison
MeltemÖztürk∗, Alexis Tsoukìas∗

Abstract

In this paper we propose a general framework for the interval comparison which
finds different classes of preference structures having an interval representation. First
of all we propose an axiomatisation for an interval representation and then we present
some results which generalise the characterisation of some classical properties such
as transitivity, Ferrers relation, etc. We make use of these results to find all the pref-
erence structures which satisfy our axioms and which may be represented with clas-
sical intervals (interval defined with two extreme points) and with3-points intervals
(intervals with an intermediate point).

Key words : preference modelling, intransitivity, interval representation

1 Introduction

The comparison of objects is an important issue in the modelling of real life situations.
In decision aiding, such comparisons are done through the use of binary relations defined
on the set of alternatives (A) and the set of these relations is calledpreference structure.
A common way is to consider two relations,P andI, called respectively strict preference
and indifference. There exist in the literature other types of preference structures having
more than two relations. An interested reader can find more details about such structures
in [DDF84, RV84, Roy85, Vin88, TV95, TV98].

In this paper we are interested in complete preference structures having two binary
relations (P is an asymmetric relation,I is the symmetric complement ofP , the relation
P ∪ I is complete and the relationP ∩ I is empty). Using complete structures we suppose
that the decision maker is able to compare the alternatives (we can haveaPb, bPa or aIb).

∗LAMSADE, Universit́e Paris-Dauphine, Place du Maréchal de Lattre de Tassigny, 75775 Paris cedex
16, France.{ozturk,tsoukias}@lamsade.dauphine.fr
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Let us remember that there exist also a number of studies done on partial orders where
a third symmetric and irreflexive relationJ , (aJb ⇐⇒ not(aPb), not(bPa), not(aIb))
called incomparability, is used ([DM41, Fis85, TV97]).

Linear orders and weak orders are the most elementary complete structures. A linear
order consists of a ranking of alternatives from the best one to the worst one without any
ex aequo while a weak order defines indifference is an equivalence relation. A weak order
is indeed a total order of the equivalence (indifference) classes ofA. Following the well-
known works of Luce ([Luc56]), a new line of research appeared in preference modelling
with the introduction of an intransitive indifference relation. A number of studies have
shown that the transitivity of the indifference can be empirically falsifiable in some con-
text. Undoubtedly the most famous example on this subject is that of [Luc56], with a cup
of sweetened coffee. Before him, some authors have already suggested this phenomenon
(see [Arm39, GR36, Fec60, Hal55, Poi05]) and Fishburn and Monjardet ([FM92]) have
presented some historical comments on the subject. Relaxing the property of transitivity
of indifference results in different structures. It results that the semiorders are the sim-
plest ones and there exist other ordered sets generalizing semiorders. Fishburn, in [Fis97],
distinguishes ten nonequivalent ordered sets having an intransitive indifference relation.
These are semiorders, interval orders, split semiorders, split interval orders, tolerance
orders, bitolerance orders, unit tolerance orders, bisemiorders, semitransitive orders and
subsemitransitive orders.

In real life situation intransitivity of indifference is generally related to the presence
of threshold as it can be seen in the following example:

Example 1 Suppose that we have to define preference relations between three alterna-
tivesa, b andc which are evaluated with respect to their performance such that:

- the performance ofa: 1000

- the performance ofb: 1020

- the performance ofc: 1040.

Let us imagine that the decision maker gives some additional information such that:
he prefers one alternative to another one if the first one is greater than the second one and
if the difference between their performance is greater than thirty (threshold); otherwise
he is indifferent between them. It is easy to see that he is indifferent betweena andb and
betweenb andc while he prefersc to a for a maximization problem.

The presence of a threshold can be represented by an interval. It is sufficient to note
that associating a valueg(x) (evaluation of the alternative) and a strictly positive valueq
(threshold) to each elementx of A is equivalent to associating two values:f1(x) = g(x)
(representing the left extreme of an interval) andf2(x) = g(x) + q (representing the right
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extreme of the interval; obviously:f2(x) > f1(x) always holds). In the example 1, the
alternativex will be preferred to the alternativey if and only if the interval associated to
x is completely to the right (no intersection) of the interval associated toy.

As this small example shows, intervals appear as appropriate tools for the representa-
tion of intransitivity, thus Fishburn showed that the majority of the ten classes presented
in his paper [Fis97] has an interval representation.

Although there exists a large literature on the preference modelling and intransitivity, a
unification of representation for such structures is missing. For that reason in this paper we
propose a general framework where a special interval representation is proposed. The aim
of our framework is to propose a common language for the study of preference structures
having an interval representation (defining a mapping to a class of preference structures
through a function from the set of objects to the set of intervals) and to find some new
results about these structures.

2 Basic Notions

Let us consider a countable finite setA of objects. Each objectx of A is represented by
an interval and we associate to each interval a finite numbern of ordered points. We call
such an object an-points interval. If not otherwise mentioned, we will use indifferently
the notationx for the objectx and its associated interval. We denote an-points intervalx
by a vector ofn elements:〈f1(x), · · · , fn(x)〉, with for all x in A andi in {1, . . . , n− 1},
fi(x) < fi+1(x). Let us remark that elementsfi are not necessarily equi-distanced. Figure
1 illustrates the graphical representation of an-points interval.

f1(x) f2(x) f3(x) fn−1(x) fn(x)

Figure 1:n-points interval representation

We call a “relative position” and denote byϕ(x, y) the position of the intervalx with
respect to the intervaly (ϕ(x, y) 6= ϕ(y, x)). We define this notion by the help of an-tuple
as in the following:

Definition 1 (Relative position) The relative positionϕ(x, y) is an-tuple (ϕ1(x, y), . . . ,
ϕn(x, y)) whereϕi(x, y) represents the number ofj such thatfi(x) ≤ fj(y).
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Intuitively, ϕ represents to what extend the position of two intervals is close to the
case of two disjoint intervals, case which guaranties a strict preference.

Example 2 Letx andy be two 3-points intervals represented in figure 2, thenϕ(x, y) =
(1, 0, 0) since there is onlyf3(y) being greater thanf1(x), andf2(x) andf3(x) are greater
than all the points ofy.

f1(x) f2(x) f3(x)

f1(y) f2(y) f3(y)

Figure 2: Relative positionϕ(x, y) = (1, 0, 0)

It is easy to see that the relative position shows the closest points of one interval with
respect to the points of another one:∀i, fn−ϕi(x,y)(y) < fi(x) < fn+1−ϕi(x,y)(y).

The number of all possible relative positions depends onn: the biggestn, the biggest
the number of relative positions.

Proposition 1 [TV04] Letx andy be two n-points intervals then the number of possible
relative positionsϕ(x, y) is m = (2n)!

(n!)2
.

For example in the case of 2-points intervals, we get:m = (2 ∗ 2)!/(2!)2 = 6; which
means that two 2-points intervals can have 6 different situations: the intervalx completely
to the right of the intervaly, the intervalsx andy have a non empty intersection (xbeing
to the right ofy), the intervalx included in the intervaly and the symmetric cases of these
three situations.

The table 1 shows the number of possible relative positions depending on the number
n. The relative position ofx with respect toy can be calculated by using the relative

n = 2 n = 3 n = 4 n

Relative positions 6 20 70 (2n)!
(n!)2

Table 1: Number of relative positions depending onn

position ofy with respect tox (we use the notationϕT (x, y) = ϕ(y, x)).

Proposition 2 Let ϕ(x, y) be the relative position of n-points intervalx with respect to
the n-points intervaly then

∀i, ϕT
i (x, y) = n − |j, ϕj ≥ (n + 1 − i)|
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Example 3 Let us retake example 2. We already showed that the relative position ofx
with respect toy is (1, 0, 0). We calculate now then-tuple associated to its converse:

ϕT
1 (x, y) = 3 − |{j, ϕj ≥ (4 − 1)}| = 3 − 0 = 3,

ϕT
2 (x, y) = 3 − |{j, ϕj ≥ (4 − 2)}| = 3 − 0 = 3,

ϕT
3 (x, y) = 3 − |{j, ϕj ≥ (4 − 3)}| = 3 − 1 = 2.

Hence we getϕT (x, y) = (3, 3, 2), which means that the relative position ofy with
respect tox is ϕ(y, x) = (3, 3, 2).

We will use the notion of relative position in order to characterize preference struc-
tures. We analyze first of all the relation between different relative positions since one
relative position may give more argument for a preference relation than another one. For
example, for the representation of a strict preference the case of two disjoint intervals
may be more suitable than a case with two intervals, one included in the other. For that
reason we introduce a new binary relation, called“stronger than”, on the set of relative
positions.

Definition 2 (“Stronger than” relation) Letϕ andϕ′ be two relative positions, then we
say thatϕ is “stronger than” ϕ′ and noteϕ ¤ ϕ′ if ∀i ∈ {1, . . . , n}, ϕi ≤ ϕ′

i.

We present an example showing how we define a ‘stronger than” relation.

Example 4 Let ϕ(x, y) and ϕ(x, t) be two relative positions of the figure 3. We have
ϕ(x, y) = (1, 1, 0), ϕ(x, t) = (2, 1, 0). We get “ϕ(x, y) is stronger thanϕ(x, t)” since
1 ≤ 2, 1 ≤ 1 and0 ≤ 0.

f1(t) f2(t) f3(t)

f1(y)f2(y) f3(y)

f1(x)f2(x) f3(x)

Figure 3: Example:(1, 1, 0) ¤ (2, 1, 0)

The “stronger than” relation characterised as in definition 2 satisfies some classical
properties:
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Proposition 3 The “stronger than” relation is a partial order (reflexive, antisymmetric
and transitive) defining a lattice on the set of possible relative positions.

Proof. ¤ is a partial order since it is induced from the relation “<” which is reflexive,
antisymmetric and transitive.¥

Let us remark that the relation¤ is not complete. We present in figure 4 the graph of
the relation¤ associated to3-points intervals. It is easy to see, for example, that we have
(2, 0, 0) ⋫ (1, 1, 0) and(1, 1, 0) ⋫ (2, 0, 0).

(0, 0, 0)

(1, 0, 0)

(2, 0, 0) (1, 1, 0)

(3, 0, 0) (2, 1, 0) (1, 1, 1)

(3, 1, 0) (2, 2, 0) (2, 1, 1)

(3, 2, 0) (3, 1, 1) (2, 2, 1)

(3, 3, 0) (3, 2, 1) (2, 2, 2)

(3, 3, 1) (3, 2, 2)

(3, 3, 2)

(3, 3, 3)

Figure 4: Graph of “stronger than” relation forn = 3

3 Preference structures withn-points intervals

We are ready now to define preference structure with a strict preference relationP and
an indifference relationI, and having ann-points interval representation. Intuitively, we
will define P as a set of relative positions satisfying some constraints, and constructI
as the complement ofP . In order to define the constraints of the construction, we do an
axiomatization:

Axiom 1 The relationP ∪ I is complete andI is the complement ofP (i.e. I(x, y) ⇐⇒
¬P (x, y) ∧ ¬P (y, x) ).
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Axiom 2 The relationsP (x, y) andI(x, y) depends only on the relative position ofx and
y.

Axiom 3 If a relative positionϕ is in the set of the strict preferenceP then all the relative
positions which are stronger thanϕ are also in the set ofP .

Axiom 4 If forall i, fi(x) < fi(y) thenP (x, y) is not satisfied.

Axiom 5 The set of relative positions formingP has one and only one weakest relative
position (the relative position which is dominated in the sense of “stronger than” relation
by all the relative positions of the set ofP ).

Axiom 1 shows thatP andI are exhaustive and exclusive, axiom 2 presents the com-
parison parameters and axiom 3 guaranties the monotonicity. Every relative position is
not a good candidate to represent a strict preference. Axiom 4 eliminates some undesired
situations for the relationP . The role of the weakest relative position of a set ofP is
very important since we can determine all the other elements of the set by the help of
the weakest one (axiom 3). Using this reasoning, the axiom 5 guarantees a unique repre-
sentation for the strict preference relations by forbidding the existence of more than one
weakest relative positions in their set (each set ofP can be represented by its weakest
relative position).

According to this axiomatisation each relative position, excepts the one violating the
axiom 4, will be once and only once the weakest relative position of the set of relative
positions forming the strict preference relation. This remark helps us to calculate the
number of sets satisfying our five axioms.

Proposition 4 The number of sets satisfying axioms 1-5 forn-points intervals is(2n)!
(n!)2

−
1

n+1

(
2n
n

)
.

It means that there are respectively 4, 15 and 56 sets satisfying our axiomatisation
when 2-points, 3-points and 4-points intervals are used for the representation.

We can present now then-points interval representation of a preference structure satis-
fying axioms 1-5. In this representation we denote byP≤ϕ the preference relation having
the relative positionϕ as the weakest one. In the same way we denote byI≤ϕ the sym-
metric complement of the relationP≤ϕ.

Definition 3 Let ϕ = (ϕ1, . . . , ϕn) be a n-tuple in{0, 1, . . . , n}, and x and y two n-
points intervals. The preference relationsP≤ϕ, I≤ϕ associated toϕ whereϕ ⋫ (n, n −
1, n − 2, . . . , 1) is defined as

P≤ϕ(x, y) ⇐⇒ ϕ(x, y) ¤ ϕ

I≤ϕ(x, y) ⇐⇒ ¬P≤ϕ(x, y) ∧ ¬P≤ϕ(y, x)
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It is easy to verify that the preference structure associated to an-tupleϕ characterised
as in definition 3 verifies the axioms 1, 2, 3, 4, 5 and satisfies the conditions that we
defined in the beginning of the paper,i.e. P is an asymmetric relation,I is the symmetric
complement ofP , the relationP ∪ I is complete and the relationP ∩ I is empty.

Now, consider the strict preference relation, presented in figure 3, having the relative
position (2,0,0) as the weakest relative position.

f1(y) f2(y) f3(y)

f1(x) f2(x) f3(x)

P
≤(2,0,0)

: (0, 0, 0) ∪ (1, 0, 0) ∪ (2, 0, 0)

ThenP≤(2,0,0)(x, y) iff f1(y) < f1(x), f2(y) < f2(x), f3(y) < f2(x) andf3(y) <
f3(x). We can remark that the second and the last inequalities are redundant. In order to
avoid such redundancies we introduce a new notion that we callthe component setof a
n-tupleϕ.

Definition 4 Letϕ = (ϕ1, . . . , ϕn) be a n-tuple in{0, 1, . . . , n} the component setCp≤ϕ

associated toϕ is the set of couples (n− ϕi, i) such that there is noi′ < i with ϕi′ ≤ ϕi.

For instanceCp≤(2,0,0) = {(1, 1)(3, 2)}. Hence,Cp≤ϕ represents the set of couples
of points that are necessary and sufficient to be compared. Conditions on the elements of
Cp≤ϕ guarantee the minimality of the representation. The setCp≤ϕ contains all the infor-
mation concerning the preference structure. The relations between different component
sets give information about relation between different preference relation.

Proposition 5 if Cp≤ϕ ⊆ Cp≤ϕ′ thenP≤ϕ′ ⊆ P≤ϕ andI≤ϕ ⊆ I≤ϕ′.

Following the definition 4, one can also say that the axiom 4 is verified byP≤ϕ iff
Cp≤ϕ contains at least one(i, j) with i ≥ j.

4 Some results

In this section we present some results on the definition of some classical properties of
binary relations in our framework. We will then show the use of these results for the char-
acterisation of different preference structures having ann-points interval representation.

We begin by the property of transitivity. The transitivity of the strict preference rela-
tion is required for the majority of preference structures. However some preference struc-
tures having an intransitive strict preference relation are also studied by some researchers.
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For instance, Abbas proposed in its PhD thesis ([Abb94]) a new structure, calledtangen-
tial circle orders, having an intransitive preference relation. He showed that it is possible
to characterise these structures with a geometrical representation in such a way that every
object is presented by a circle and when two circles have an empty intersection the prefer-
ence relationP is verified, otherwise the indifference relationI is verified. The way that
we define the preference structure associated to an-tupleϕ (definition 3) does not neces-
sarily provide a transitive strict preference. We present in the following the condition that
a preference structure associated to aϕ must satisfy in order to have a transitiveP≤ϕ.

Proposition 6 P≤ϕ is transitive if and only if∀(i, j) ∈ Cp≤ϕ i ≥ j.

Proof.

- If ∀(i, j) ∈ Cp≤ϕ i ≥ j thenP≤ϕ is transitive: obvious.

- If P≤ϕ is transitive then∀(i, j) ∈ Cp≤ϕ i ≥ j: We prove this result by showing that
if ∃(i, j) ∈ Cp≤ϕ i < j then∃x, y, z, P≤ϕ(x, y) ∧ P≤ϕ(y, z) and¬P≤ϕ(x, z). ¥

We present now an example of intransitive strict preference relation which satisfies
the definition 3.

Example 5 Let P 3
≤(3,2,0) be a strict preference relation (P3≤(3,2,0)(x, y) ⇐⇒ (f3(y) <

f3(x)) ∧ (f1(y) < f2(x)) andCp≤ϕ = {(2, 1)(3, 3)}). Consider three3-points intervals,
x, y andz such that:

f1(x) < f1(y) < f2(x) < f1(z) < f2(y) < f2(z) < f3(z) < f3(y) < f3(x)

It is easy to see that we haveP 3
≤(3,2,0)(x, y) andP 3

≤(3,2,0)(y, z) but notP 3
≤(3,2,0)(x, z) (see

figure 5).

f1(z) f2(z) f3(z)

f1(y) f2(y) f3(y)

f1(x) f2(x) f3(x)

Figure 5:P 3
≤(3,2,0)(x, y), P 3

≤(3,2,0)(y, z) and notP 3
≤(3,2,0)(x, z)

We calledintransitive setan order having an intransitive preference relationP .
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Definition 5 The relationP≤ϕ∪I≤ϕ on a finite set A, is an intransitive set if its asymmetric
part P≤ϕ is intransitive.

We showed that there is a number of preference structures which do not have a transi-
tive indifference. We present now the conditions that a preference structure associated to
aϕ must satisfy in order to have a transitive indifference relation.

Proposition 7 I≤ϕ is transitive if and only if∃i ∈ {1, . . . , n}, Cp≤ϕ = {(i, i)}.

Proof.

- If Cp≤ϕ = {(i, i)} thenI≤ϕ is transitive: obvious.

- If I≤ϕ is transitive thenCp≤ϕ = {(i, i)}: We prove this result by contradiction.
Supposing thatI≤ϕ is transitive we analyse two cases:∃(i, j) ∈ Cp≤ϕ, i 6= j and
∀(i, j) ∈ Cp≤ϕ, i = j and |Cp≤ϕ| > 1. We show that these two cases are contradic-
tory with the transitivity ofI≤ϕ. ¥

This result shows that, the only structures having transitive indifference are the ones
where two points of the same level are compared (intuitively it means that we do not really
need intervals for the representation, points are sufficient. Let us remark that it is the case
for linear orders and weak orders). Such a result is coherent with the use of interval
representation for intransitive indifference since we need more than one point to represent
intransitivity (I≤ϕ is intransitive if and only if∃i ∈ {1, . . . , n}, Cp≤ϕ = {(i, j)} where
i 6= j or |Cp≤ϕ| > 1).

Such a result allows us to determine the representation of weak orders with our ap-
proach.

Corollary 1 P≤ϕ ∪ I≤ϕ is a weak order if and only if∃i ∈ {1, . . . , n}, Cp≤ϕ = {(i, i)}.

Proof.

- obvious.¥

Such a result allows the existence of different representations for weak orders when
n-points intervals are used. It is easy to verify the following assertion.

Proposition 8 Letϕ be a relative position of twon-points intervals. The number ofCp≤ϕ

representing a weak order isn.

For example with2-points intervals, there exist two ways to characterize weak orders:
P≤(1,1)(x, y) ⇐⇒ f1(y) < f1(x) (Cp≤ϕ = ((1, 1))) andP≤(2,0)(x, y) ⇐⇒ f2(y) < f2(x)

(Cp≤ϕ = ((2, 2))).
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We can generalise the result of the corollary 1 on the characterisation ofd-weak or-
ders. Ad-weak order is defined as the intersection ofd weak orders. It is shown that these
structures have an interval representation.

Proposition 9 ([Özt05]) P ∪ I is ad-weak order if and only if there existsd real-valued
functionsgi (i ∈ {1, . . . , d}) defined on A such that∀x, y ∈ A,

{
xPy ⇐⇒ ∀i ∈ {1, . . . , d}, gi(x) > gi(y);
∀x, ∀i ∈ {1, . . . , d − 1}, gi+1(x) ≥ gi(x).

(1)

Such a representation corresponds to the use ofd-points intervals with our approach.
We generalize this result to the case ofn-points intervals wheren can be greater than or
equal tod.

Corollary 2 P≤ϕ ∪ I≤ϕ is a d-weak order if and only if|Cp≤ϕ| = d and ∀(i, j) ∈
Cp≤ϕ, i = j.

Let us remind that a2-weak order corresponds to what Fishburn calls a biweak order
(let us remind that a biweak order is equivalent to a bilinear order (see [Fis97]). We
present in the following one of the4-points interval representation of a3-weak order.

Example 6 The relationP≤(3,3,1,0) ∪ I≤(3,3,1,0) is a 3-weak order (we haveCp≤(3,3,1,0) =

((1, 1)(3, 3)(4, 4))).

As it can be seen in the previous example, whenn-points intervals (n > d) are used,
there exist more than one representation ford-weak orders. The number of all possible
representations depends onn and is calculated easily as in the following proposition.

Proposition 10 Let ϕ be a relative position of twon-points intervals. The number of
Cp≤ϕ representing ad-weak order is

(
n
d

)
.

For example, bilinear orders have one (resp. three) representation when2-points in-
tervals (resp.3-points intervals) are used.

Another class of preference structures is the one of interval orders where the indiffer-
ence is not transitive. The relationP ∪ I is an interval order if and only if it is reflexive,
complete and a Ferrers relation. Let us give first of all the definition of a Ferrers relation:

Definition 6 LetR be a binary relation defined on the setA × A. R is a Ferrers relation
iff ∀x, y, z, w ∈ A, (xRy ∧ zRw) =⇒ (xRw ∨ zRy).
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It is shown that for a complete preference structure whereP and I are exhaustive
and exclusive, the relationP ∪ I is Ferrers if and only ifP.I.P ⊆ P (i.e. ∀x, y, z, w ∈
A, (xPy ∧ yIw ∧ wPz) =⇒ xPw).

Using this remark we present now the condition of a Ferrers relation in our approach.

Proposition 11 P≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ if and only ifCp≤ϕ = {(i, j)} with i ≥ j.

Proof.

- If Cp≤ϕ = {(i, j)} wherei ≥ j thenP≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ: obvious.

- If P≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ thenCp≤ϕ = {(i, j)} wherei ≥ j: We do our analysis in
two parts.

• first of all if Cp = (i, j) with i < j thenP≤ϕ is not transitive. SinceI≤ϕ is reflexive
P≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ is not satisfied whenP≤ϕ is not transitive.

• Here we analyze two cases where|Cp≤ϕ| > 1: ∃(i, j) ∈ Cp≤ϕ, i < j and∀(i, j) ∈
Cp≤ϕ, i ≥ j.

– The first one provides an intransitiveP≤ϕ.

– The key point of the analysis of the second case is the definition ofI≤ϕ when
|Cp≤ϕ| > 1: let (i, j), (l,m) be two elements ofCp≤ϕ. Thus, we havefi(x) ≥
fj(y)∧fl(y) ≥ fm(x) with (i, j) 6= (l,m) =⇒ I≤ϕ(x, y). In this case we have
one point ofx greater than one point ofy and one point ofy greater than one
point of x. In such a case one can always find four elementsw, x, y, z such
thatP≤ϕ(w, x), I≤ϕ(x, y), P≤ϕ(y, z) and¬P≤ϕ(w, z). ¥

It is easy to see that the proposition 11 is equivalent to the following assertion because
of the axiom 4.

Proposition 12 P≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ if and only if|Cp≤ϕ| = 1.

We are able now to characterize an interval order by the help of our approach:

Corollary 3 P≤ϕ ∪ I≤ϕ is an interval order if and only if|Cp≤ϕ| = 1.

Proof.

- If Cp≤ϕ = {(i, j)} wherei ≥ j thenP≤ϕ ∪ I≤ϕ is an interval order: We prove that
P≤ϕ ∪ I≤ϕ is reflexive and complete andP≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ.

- If P≤ϕ ∪ I≤ϕ is an interval order thenCp≤ϕ = (i, j) wherei ≥ j: if P≤ϕ ∪ I≤ϕ is an
interval order thenP≤ϕ.I≤ϕ.P≤ϕ ⊆ P≤ϕ which implies|Cp≤ϕ| = 1. ¥
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In the following proposition we give the number of possible representations of interval
orders whenn-points intervals are used.

Proposition 13 Let ϕ be a relative position of twon-points intervals. The number of
Cp≤ϕ representing an interval order isn(n−1)

2
.

For instance there is only one representation of interval order when2-points intervals
are used while there are three representations when3-points intervals are used.

Like for the case of weak orders we generalise the result of the corollary 3 to the case
of d-interval orders. Ad-interval order is defined as the intersection ofd intervals orders
and we showed in [̈Ozt05] that they have an interval representation.

Proposition 14 ([Özt05]) P∪I isd-interval order if and only if there exist2d real-valued
functionsgi (i ∈ {1, . . . , 2d}) defined on A, such that ,

{
∀x, y ∈ A, xPy ⇐⇒ ∀k ∈ {1, . . . , d}, g(2k−1)(x) > g(2k)(y),
∀x, ∀i ∈ {1, . . . , d − 1}, gi+1(x) ≥ gi(x).

Similar to the case ofd-weak order, the interval representation that we suggested in
proposition 14 ford-interval orders makes use of2d functionsgi defined on disjoint sets.
Such a representation corresponds to the use of2d-points intervals with our approach.
In addition with such a representation every ordered index belonging toCp≤ϕ is formed
by two consecutive pointsgi andgi+1. We generalize this result to the case ofn-points
intervals wheren can be greater than or equal to2d.

Corollary 4 P≤ϕ ∪ I≤ϕ is a d-interval order if and only if|Cp≤ϕ| = d and ∀(i, j) ∈
Cp≤ϕ, i ≥ j.

Let us remind that a special class ofd-interval orders is the class of2-interval orders
which is identical to the class of trapezoid orders and to the class of bitolerance orders
([Fis85]).

Corollary 5 P≤ϕ ∪ I≤ϕ is a bitolerance order if and only if it is ad-interval order and
|Cp≤ϕ| = 2.

The number of all possiblen-points interval representation for bitolerance orders is
given in the following.

Proposition 15 Let ϕ be a relative position of twon-points intervals. The number of
Cp≤ϕ representing a bitolerance order is2

(
n
4

)
+

(
n
3

)
.
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When3-points intervals are used, there is just one representation for bitolerance orders
which is the one of split interval orders.

Finally we are interested in a preference structure which is defined as the intersec-
tion of a weak order and an interval order. We called such a structure atriangle order.
Like in the case ofd-weak orders andd-interval orders, these structures have an interval
representation.

Proposition 16 ([Özt05]) P ∪I is a triangle order if and only if there exists3 real-valued
functionsgi (i ∈ {1, 2, 3}) defined on A, such that





∀x, y ∈ A, xPy ⇐⇒

{
g1(x) > g1(y),
g2(x) > g3(y),

∀x, ∀i ∈ {1, 2}, gi+1(x) ≥ gi(x).
(2)

We generalize this result to the case ofn-points intervals wheren ≥ 3.

Proposition 17 P≤ϕ ∪ I≤ϕ is a triangle order if and only ifCp≤ϕ = {(l, l), (i, j)}, where
i ≥ j.

Let us remark that if the indexl of the ordered index of the weak order is smaller
then the indexes of interval order (l < j) then the resulting triangle is oriented to the left,
otherwise it is oriented to the right.

The number of all the possiblen-points interval representations that a triangle order
can have is given hereafter.

Proposition 18 Let ϕ be a relative position of twon-points intervals. The number of
Cp≤ϕ representing a triangle order is2

(
n
3

)
.

Triangle orders have two representations when3-points intervals are used.

We recapitulate in table 2 the number ofn-points interval representations of some
preference structures for2, 3, 4 andn-points intervals.

The results of this section provide an exhaustive view of the comparison of2-points
and3-points intervals.

5 2-points intervals and3-points intervals

We present in this section all the preference structures having a2-points and3-points
interval representation.
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n = 2 n = 3 n = 4 n > 4

Weak Order 2 3 4 n

Bilinear Order 1 3 6
n(n−1)

2

Interval Order 1 3 6
n(n−1)

2

Bitolerance Order 0 1 6 2
(
n

4

)
+

(
n

3

)

Triangle Order 0 2 8 2
(
n

3

)

Table 2: Number of representations for different structures

5.1 2-points intervals

The2-points intervals are the simplest intervals that our approach makes use of since only
the extreme points of intervals are considered. Let us remind that four of six different rela-
tive positions of2-points intervals satisfy our axiomatisation. We show in this subsection
that three different preference structures can be represented with the help of these four
relative positions: weak orders, bilinear orders and interval orders. Table 3 recapitulates
all these preference structures.

Preference Structure 〈P≤ϕ, I≤ϕ〉 interval representation

Weak Orders
Cp≤(1,1) = {(1, 1)}
Cp≤(2,0) = {(2, 2)}

Bi-weak Orders Cp≤(1,0) = {(1, 1), (2, 2)}

Interval Orders Cp≤(0,0) = {(2, 1)}

Table 3: Preference structures with2-points interval representation

It is easy to remark that2-points intervals propose a minimal representation for a
bilinear order and an interval order since for both of them we need two different points.
However each representation of weak orders makes use of only one point of2-points
intervals. The other point does not have any role for the construction of the ordered
set. This is the reason for which the simplest representation of weak orders with our
approach is obtained with 1-point intervals which is equivalent to the classical numerical
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representation of weak orders where every object is evaluated by one function. The use
of n-points intervals (n >1) for the representation of weak orders can be correct but will
be more complicated than its classical numerical representation.

5.2 3-points intervals

In this section we present the results of the analysis of the fifteen sets ofP which sat-
isfy our axiomatisation. Our study shows that from the fifteen sets ofP , seven different
preference structures can be defined, some of them having more than one 3-points inter-
val representation: weak orders and bi-weak orders have three different 3-points interval
representations while three-weak orders have one, interval orders have three, split inter-
val orders have one, triangle orders have two and intransitive orders have two. Table 4
represents the general form of these representations by the help of component sets.

Preference Structure 〈P≤ϕ, I≤ϕ〉 interval representation

Weak Orders
Cp≤(3,3,0) = {(3, 3)}
Cp≤(3,1,1) = {(2, 2)}
Cp≤(2,2,2) = {(1, 1)}

Bi-weak Orders
Cp≤(3,1,0) = {(2, 2), (3, 3)}
Cp≤(2,1,1) = {(1, 1), (2, 2)}
Cp≤(2,2,0) = {(1, 1), (3, 3)}

Three-Weak Orders Cp≤(2,1,0) = {(1, 1), (2, 2), (3, 3)}

Interval Orders
Cp≤(0,0,0) = {(3, 1)}
Cp≤(3,0,0) = {(3, 2)}
Cp≤(1,1,1) = {(2, 1)}

Split Interval Orders Cp≤(1,0,0) = {(3, 2), (2, 1)}

Triangle Orders
Cp≤(1,1,0) = {(2, 1), (3, 3)}
Cp≤(2,0,0) = {(1, 1), (3, 2)}

Intransitive Orders
Cp≤(3,2,0) = {(3, 3), (1, 2)}
Cp≤(2,2,1) = {(1, 1), (2, 3)}

Table 4: Preference structures with3-points interval representation

Let us remark that the classical representation of the majority of these structures do
not make use of intervals (intervals can be seen as vectors of some ordered points). For
instance, weak orders use simple numbers while bi-weak orders (resp. three-weak orders)
utilize two (resp. three), not necessarily ordered numbers. Triangle orders are repre-
sented by triangles and intransitive orders by circles. Our study shows that all these seven
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structures have a 3-points interval representation.

It is easy to remark that3-points intervals propose a mininal representation for three-
weak orders, split interval orders, triangle orders and intransitive orders.

6 Conclusion

In this paper, we proposed a framework for the interval comparison. This framework
is general in the sense that it generates all the possible comparisons respecting certain
axioms that we judge natural and not very restrictive. It allowed us to generalize the
definitions of certain properties such as transitivity, Ferrers relation etc. and it provided
an exhaustive view of the comparison with2-points and3-points intervals. It results
that 2-points intervals may be used in the simplest representation of bilinear orders and
interval orders while 3-points intervals provide the simplest representation for three-weak
orders, split interval orders, triangle orders and intransitive orders. We showed that certain
structures may have more than one representation even if these ones are minimal (like in
the case of triangle orders). Our framework showed also that there exist an easiest way
to represent some structures. For instance, the classical representation of triangle orders
and intransitive orders make use of geometric figures (dimension two). As a result they
have more complicated comparison rules (for example the comparison of circles is done
by a quadratic function). By proposing a 3- points interval representation we facilitate the
comparison rules and the preference representation.

Some possible interesting extensions of this paper would be the exhaustive study of 4-
points interval comparison (let us remark that in this case there are 56 sets ofP satisfying
our axiomatisation and some of them are already known thanks to the propositions that
we presented in this paper) and the integration of some coherence condition.
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Knowledge Considerations in Strategic Voting
(Extended Abstract)

Eric Pacuit∗ Rohit Parikh†

Abstract

Whether made explicit or implicit, knowledge theoretic properties such as com-
mon knowledge of rationality are important in understanding and modeling game-
theoretic, or strategic, situations. There is a large literature devoted to exploring
these and other issues related to the epistemic foundations of game theory. Much of
the literature focuses on what the voters need to know about the other voters’ strate-
gies, rationality or knowledge in order to guarantee that a particular solution concept,
such as the Nash equilibrium, is realized.

This paper, which is based on two recent papers1 [7] and [16], develops a frame-
work that looks at similar issues relevant to the field of voting theory. Our analysis
suggests that a voter must possess information about the other voters’ preferences in
order for the voter to decide to vote strategically. In a sense, our claim is that the
voters need a certain amount of information in order for the Gibbard-Satterthwaite
theorem to be “effective”.

Key words : Voting Theory, Reasoning under Uncertainty, Social Choice Theory

1 Introduction

A comprehensive theory of multi-voter interactions must pay attention to results in social
choice theory such as the Arrow and Gibbard-Satterthwaite theorems [1, 13, 18]. These
impossibility results constrain the existence of rational collective decision making proce-
dures. In this paper we turn our attention to another aspect of social aggregation scenarios:

∗Contact Author: ILLC, University of Amsterdam,epacuit@staff.science.uva.nl
†Brooklyn College and CUNY Graduate Center,rparikh@gc.cuny.edu
1The first paper is joint with Samir Chopra.
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the role played by the states of knowledge of the voters. The study of strategic interac-
tions in game theory reflects the importance of states of knowledge of the players. In this
paper, we bring these three issues—states of knowledge, strategic interaction and social
aggregation operations—together.

The Gibbard-Satterthwaite theorem can be explained as follows. LetS be a social
choice function whose domain is ann-tuple of preferencesP1 . . . Pn, where{1, ..., n}
are the voters,O is the set of choices or candidates and eachPi is a linear order over
O. S takesP1 . . . Pn as input and produces some element ofO - the winner. Then the
theorem says that there must be situations where it ‘profits’ a voter to votestrategically.
Specifically, if P denotes the actual preference ordering of voteri, andY denotes the
profile consisting of the preference orderings of all the other voters, then the theorem says
that there must existP, Y, P ′ such thatS(P ′, Y ) >P S(P, Y ). Here>P indicates: better
according toP . Thus in the situation where the voter’s actual ordering isP and all the
orderings of the other voters (together) areY then voteri is better off saying its ordering
is P ′ rather than what it actually is, namelyP . In particular, if the vote consists of voting
for the highest element of the preference ordering, it should vote for the different highest
element ofP ′ rather than ofP .2

A real-life example of strategizing was noticed in the 2000 US elections when some
supporters of Ralph Nader voted for their second preference, Gore,3 in a vain attempt to
prevent the election of George W. Bush. Similar examples of strategizing have occurred
in other electoral systems over the years ([4] may be consulted for further details on the
application of game-theoretic concepts to voting scenarios). The Gibbard-Satterthwaite
theorem points out that situations like the one pointed out abovemustarise.

What interests us are theknowledge-theoretic propertiesof the situation described
above. We note that unless the voter with preferenceP knowsthat the other voters’ pref-
erence profile isY and that it can vote according toP ′ 6= P , the theorem is not ‘effective’.
That is, the theorem only applies in those situations where a certain level of knowledge
exists amongst (at laest some) voters. Voters completely or partially ignorant about other
voters’ preferences would have little incentive to change their actual preference at election
time. In the 2000 US elections, many Nader voters changed their votesbecauseopinion
polls had made it clear that Nader stood no chance of winning, and that Gore could lose
as a result of their votes going to Nader. Had these voters believed that Nadercould win
the election, of course they would not have voted for Gore.

The goal of this paper is to propose a formal model in which the effect of poll in-

2Of course, the voter might beforcedto express a different preference. For example, if a voter, whose
preferences areB > C > A, is only presentedC,A as choices, then the voter will pickC. This ‘vote’
differs from the voter’s true preference, but should not be understood as ‘strategizing’ in the true sense.

3Surveys show that had Nader not run, 46% of those who voted for him would have voted for Gore, 23%
for Bush and 31% would have abstained. Hereafter, when we refer to Nader voters we shall mean those
Nader voters who did or would have voted for Gore.
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formation on a voter’s choice of a vote can be studied. The need for such a model was
suggested by Brams and Fishburn in Chapter 7 of [3]. In particular, we are interested in
formally showing how voters use poll information during an election. There is a large
literature which studies strategic voting in the presence of poll information. As much of
the literature is geared towards a political science audience, we only discuss the papers
which are related to the goals of this paper. For a discussion of formal voting theory see
[4, 5]. The discussion found in Chapter 7 of [3] has much in common with this paper and
so will be discussed in more detail below. For an overview of models of strategic voting
in complete information environments, see [17, 14, 15]. Taking a more “computer sci-
ence” approach, [9, 10, 8] provides a series of results concerning how “hard”4 it is to take
advantage of poll information. The articles [6] and [12], which compare sequential voting
to simultaneous voting, both discuss issues relevant to this work. Finally, the reader is
referred to [11] for a discussion of a voting procedure, calleddeclared-strategy voting,
which attempts to curtail the effects of strategic voting on an election.

2 A Formal Voting Model

There is a wealth of literature on formal voting theory. This section draws upon discus-
sions in [4, 5].

Let O = {o1, . . . , om} be a set of candidates,A = {1, . . . , n} be a set of voters
or voters. We assume that each voter has a preference over the elements ofO, i.e., a
reflexive, transitive, and connected relation onO. For simplicity we assume that each
voter’s preference is strict. A voteri’s strict preference relationonO will be denoted by
Pi. We assume that eachPi is a complete, reflexive, transitive, and anti-symmetric binary
relation onO. For two candidateso, v ∈ O, we will write o >Pi

v iff (o, v) ∈ Pi and
say thati strictly preferso to v. Henceforth, for ease of readability we will usePref to
denote preferences overO. A preference profileis an element of(Pref)n.

In voting scenarios such as elections, voters are not expected to announce their actual
preference relation, but rather to select a vote that ‘represents’ their preference. Each voter
chooses a votev, an aggregation function tallies the votes of each candidate and selects a
winner (or winners if electing more than one candidate). There are two components to any
voting procedure. First, the type of votes that voters can cast. For example, inplurality
voting, voters can only vote for a single candidate so votesv are simply singleton subsets
of O, whereas inapproval votingvoters select a set of candidates, so votesv can be any
subsets ofO. Following [5], given a set ofO of candidates, letB(O) be the set of feasible
votes, orballots. The second component of any voting procedure is the way in which the
votes are tallied to produce a winner (or winners if electing more than one candidate).

4Here “hard” is being used technically: the results are complexity theoretic.
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We assume that the voting aggregation function will select exactly one winner, so ties are
always broken5. Note that elements of the setB(O)n represent votes cast by the voters.
An element~v ∈ B(O)n is called avote profile. A tallying functionS : B(O)n → O maps
vote profiles to candidates.

Definition 2.1 LetA be a set ofn voters andO a set ofm candidates. Avoting proce-
dure is a pairV = 〈B(O), S〉, whereB(O) is a set of ballots andS : B(O)n → O is a
tallying function, or a scoring function.

The following are examples of some well-known voting procedures. LetA be a set ofn
voters andO a set ofm candidates.

Plurality Voting: The voting procedureVP = 〈B(O), S〉 is called plurality voting if
B(O) = {{o} | o ∈ O} andS selects the candidate with the largest number of votes. For
simplicity, in the case of ties, we assume thatS randomly selects among the candidates
with the most votes. We assume this throughout the paper.

Approval Voting: The voting procedureVA = 〈B(O), S〉 is called approval voting if
B(O) = 2O andS selects a candidate with the largest number of approvals. Ties are
handled similarly.

Borda Count: The voting procedureVB = 〈B(O), S〉 is called Borda count ifB(O) =
Pref , i.e., ballots are linear orderings ofO. The scoring functionS is slightly more com-
plicated then above. Each candidate ranked highest by a voter receives the most points,
the next-highest receives the next-most points, and so on. ThenS selects the candidate
with the largest point total. When there arem candidates, then the usual Borda points are
m − 1,m − 2, . . . , 0 for the first choice, second choice,. . ., last choice.

Hare System:The voting procedureVH = 〈B(O), S〉 is called the Hare system, or single
transferable vote, ifB(O) = Pref andS works as follows. If no candidate receives a ma-
jority of first-place votes, then the candidate with the fewest first-place votes is dropped
and his second place votes are given to the remaining candidates. This elimination pro-
cess continues until one candidate receives a simple majority.

Given a voting procedureV and a voteri’s preferencePi, we can ask if a votev ∈
B(O) is a “sincere” representation ofPi. For some voting procedures there is an objective
answer to this question. For example, if we assume that the voting procedure isVP ,
then a votev is sincere with respect to preferenceP iff v is the maximal6 element of

5[2] shows that the Gibbard-Satterthwaite theorem holds when ties are permitted.
6Recall that we are assuming preferences are linear orders.
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P . However, for some voting procedures such as approval voting, more information is
needed to determine whether or not a vote is a sincere reflection of a preferenceP . In
approval voting, whether a votev (which is a subset ofO) is sincere depends on both
a preferenceP and where the voter places its cut-off point between approved and ‘dis-
approved’ candidates.

In order to capture the above notion of a “sincere vote”, we assume for each voteri
a functionSi, called thesincere votefunction, between the set of preferencesPref and
the set of subsets of ballots. I.e.,Si : Pref → 2B(O). Typically, we will assume that for
eachP ∈ Pref , Si(P ) is a singleton, but this is not necessary.7 If i’s preference isPi

andv ∈ Si(Pi), thenv is said to be asincerevote corresponding toPi. The voteri is
said tostrategizewith respect to a preferenceP if i selects a votev that is not in the set
Si(P ). See [5] for a definition of a “sincere vote” in a variety of contexts and [16] for a
discussion of similar issues.

Assume that the voters’ true preferences are~P∗ = (P ∗
1 , . . . , P ∗

n) andfixed for the
remaining discussion. Given a vote profile~v of actual votes, we ask whether voteri will
change its vote if given another chance to vote. Let~v−i be the vector of allother voters’
votes. Then given~v−i andi’s true preferenceP ∗

i , there will be a (nonempty) setXi of
votes that arei’s best responseto ~v−i. Of course, whetherv is a best response for voteri
to ~v−i will depend on the voting procedure. We will be more specific below about what
constitutes a best response to a vector~v−i for voteri.

Suppose that for eachi ∈ A, fi selects one such best response fromXi. We assume
that voters will only strategize if necessary. That is, ifv ∈ Si(P

∗
i ) andv ∈ Xi, thenfi

will select v (if more than one suchv exists, then letfi select one of these votes). Let
f(~v) = (f1(~v−1), . . . , fn(~v−n)). We callf astrategizing function. If ~v is a fixed point of
f (i.e.,f(~v) = ~v), then~v is astableoutcome. We definefn recursively byf 1(~v) = f(~v),
fn = f(fn−1(~v)), and say thatf is stable at leveln if fn(~v)) = fn−1(~v). It is clear that
if f is stable at leveln, thenf is stable at all levelsm wherem ≥ n. Also, if the initial
votes of the~v are a fixed point off then all levels are stable.

The following two examples demonstrate the type of situations that we have in mind.
The first example is taken from [3].

Example 2.2 (Brams and Fishburn [3]) Suppose that there are four candidatesO =
{o1, o2, o3} and nine voters divided into three groups:A,B andC. Suppose that the sizes
of the groups are given as follows:|A| = 4, |B| = 3, and |C| = 2. We assume that all
the voters in each group have the same true preference and that they all vote the same
way. Suppose that the voting procedure is plurality voting (VP ). Hence for eachi ∈ A,
v ∈ Si(Pi) iff v is the maximal element ofPi. The voters’ true preferences are as follows:

7For instance, with approval voting, if candidateo is approved, ando′ is preferred too, then sincerety
would require thato′ should also be approved. But given the voter’s ordering, there will be many sets of
approved candidates which will satisfy this property.
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P ∗
A = o1 >P ∗

A
o3 >P ∗

A
o2

P ∗
B = o2 >P ∗

B
o3 >P ∗

B
o1

P ∗
C = o3 >P ∗

C
o1 >P ∗

C
o2

Since we assume that in the absence of additional information, the voters will vote
sincerely8, candidateo1 will win an initial election with a total of 4 votes. Now, Brams
and Fishburn make the following assumption about the effect of poll information on a
candidates choice of vote: “After the poll, voters will adjust their voting strategies to
differentiate between the top two candidates, as indicated by the poll, if they prefer one
of these candidates to the other one of these choices. Given that they are not indifferent
between the top two candidates in the poll, they will vote after the poll for the one of these
two they prefer” [3]. Following this protocol, only the voters in groupC will change their
votes. Given that they prefero1 to o2, groupC will give their votes to candidateo1, thus
strengthening the lead ofo1. However, note that it is candidateo3 who is theCondorcet
candidate, i.e., a candidate who defeats every other candidate in a pairwise contest.

Brams and Fishburn go on to generalize this example and show that if the voters follow
the protocol described above, then under plurality voting, if the Condorcet candidate is
not one of the top two candidates identified by the poll, then that Condorcet candidate
will always lose. In the above example, the protocol is set up so that the second round of
votes is a fixed point, i.e., the voters will not change their votes a second time. The next
example describes a situation in which a fixed point does not occur until round IV. The
following example was first presented in [7].

Example 2.3 Suppose that there are four candidatesO = {o1, o2, o3, o4} and five groups
of voters:A,B,C,D andE. Suppose that the sizes of the groups are given as follows:
|A| = 40, |B| = 30, |C| = 15, |D| = 8 and |E| = 7. We assume that all the voters in
each group have the same true preference and that they all vote the same way. Suppose
that the voting procedure is plurality voting (VP ). Hence for eachi ∈ A, v ∈ Si(Pi) iff v
is the maximal element ofPi. The voters’ true preferences are as follows:

P ∗
A = o1 >P ∗

A
o4 >P ∗

A
o2 >P ∗

A
o3

P ∗
B = o2 >P ∗

B
o1 >P ∗

B
o3 >P ∗

B
o4

P ∗
C = o3 >P ∗

C
o2 >P ∗

C
o4 >P ∗

C
o1

P ∗
D = o4 >P ∗

D
o1 >P ∗

D
o2 >P ∗

D
o3

P ∗
E = o3 >P ∗

E
o1 >P ∗

E
o2 >P ∗

E
o4

8See [16] for aproof of the fact that voting honestly is the only protocol which dominates not voting
under plurality voting.
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We assume that the voters all use the following protocol. If the current winner iso, then
voteri will switch its vote to some candidateo′ provided:

1. i preferso′ to o, formallyo′ >Pi
o, and

2. the current total foro′ plus voteri’s group’s votes foro′ is greater than the current
total for o.

By this protocol a voter (thinking only one step ahead) will only switch its vote to a
candidate which is currently not the winner. Initially, we assume that the voters all report
their (unique) sincere vote. The following table describes what happens if the voters use
this protocol. The candidates in bold are the winner of the current election round.

Size Group I II III IV
40 A o1 o1 o4 o1

30 B o2 o2 o2 o2

15 C o3 o2 o2 o2

8 D o4 o4 o1 o4

7 E o3 o3 o1 o1

In round I, everyone reports their top choice ando1 is the winner.C likeso2 better than
o1 and its own total plusB’s votes foro2 exceed the current votes foro1. Hence by the
protocol,C will change its vote too2. A will not change its vote in round II since its top
choice is the winner.D and E also remain fixed since they do not have an alternative
like o′ required by the protocol. In round III, groupA changes its vote too4 since it is
preferred to the current winner (o2) and its own votes plusD’s current votes foro4 exceed
the current votes foro2. B and C do not change their votes. ForB’s top choiceo2 is
the current winner and as forC, they have noo′ better thano2 which satisfies condition
2). Ironically, GroupD andE change their votes too1 since it is preferred to the current
winner iso2 and groupA is currently voting foro1. Finally, in round IV, groupA notices
thatE is voting foro1 whichA prefers too4 and so changes its votes back too1. The situ-
ation stabilizes witho1 which, as it happens, is also the Condorcet winner. I.e., it is easy
to check that by following the above protocol,f((o1, o2, o2, o4, o1)) = (o1, o2, o2, o4, o1).
Thusf stabilizes at stage 4.

We are now in a position to be more specific about what constitutes a best response
for a voter. In the above examples, the voters’ decisions to strategize were based on a
predefined protocol. Note that in both examples, the voters behaved myopically, that is
the protocol only took into account information from the current round. This restriction
can be relaxed to allow the voters to make decisions based on, for example, all previous
rounds. The important point from both examples is that the voters’ voting strategies were
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explained by assuming that the voters are all following a particular protocol. In general,
the voters may not necessarily all follow the same protocol, but assuming this makes our
analysis easier. We will now discuss some issues relevant to formalizing this notion notion
of a protocol.

In general there may be a lot of reasons why a voter may decide to change its vote.
Of course a voter may change its votebecauseits preferences have changed. However,
this is not the phenomenon we are trying to capture in this paper. We are interested in
situations in which each voter’s preference is fixed and the voter is trying to decide which
vote best reflects its preference given the current situation. We assume that a voter’s
decision to change its vote will be based on three pieces of information. The first is the
voter’s actual preference. The second is information about the current vote profile, called
poll information. The third is information about the number of voters that have the same
preference.

In the above example, we assumed that during each round the voters were told the total
number of votes each candidate received. In general, the form of the polling information
will depend on the voting protocol that is being used. For example, knowing the total
number of votes each voter received will be relevant for any voting procedure that selects
the winner based solely on the total number of votes the candidates receive; however, this
information will be less useful when the voting method is Borda count. In the interest
of concreteness, we will restrict attention to voting methods, such as approval voting or
plurality voting, that select the winner based solely on the total number of votes that the
candidate receives. Thus we can model the poll information as a functionπ : B(O) → N,
whereπ(v) = n is interpreted asn voters have selected voterv. Let Π be the set of all
such functions, i.e., the set of polls. For each pollπ, letW (π) be the candidate that would
win (according toS) the election if the voters vote according9 to π. Finally, we note that
each voting profile induces a poll. That is if~v is a voting profile, then we can define a poll
π~v as follows, for eachv ∈ B(O), π~v(v) =

∑
vi=v 1.

The second piece of information that a voteri uses to decide whether or not to change
its vote is the size of the group of voters that sharei’s true preference. Typically, a single
voter changing its votes will not affect the outcome of an election. However, as in the
above example, voters will change their vote in partbecausethey assume that they are
part of a group which has enough weight to swing an election. In the above example, this
number was constant for each voter. That is we assumed that each voter knew the exact
size of the set of voters that share its actual preference. However in general, this infor-
mation may not be known to a voter or the voter may only have partial information about
the size of the number of voters that share its actual preference. This will be modeled by
a group size functionγi from a finite sequence of polls to the natural numbers. That is

9Of course, a poll does not list which voter voted for which candidate; however a winner can still be
determined provided we assume that theS function is invariant under permutation of voters. This certainly
true of many voting procedures.
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γi : Π∗ → N whereγi(π1 · · · πk) = l means that after the series of pollsπ1, . . . , πn voter
i believes that there arel voters that have the same actual preference as itself. LetΓi be
the set of all possible such functions.

We are now in a position to formally define a protocol for a voteri. By anelectionwe
mean a sequence of polls, i.e., an element ofΠ∗. A protocol for voteri is a function∆i :
Pref × Π∗ × Γi → B(O). Thus ifσ ∈ Π∗ is an election andγi ∈ Γi is a group function,
then∆i(P, σ, γi) = v′ means that voteri will use ballotv′ in the next poll. Notice that we
are assuming that the voters use the entire election when making its decision to change
its vote. This is assumed in the interest of generality. In other words, we assume that
all voters have access to the election information, but whether or not they use all of that
information is another issue all together. Call the vector~∆ a group protocol. We assume
that in the absence of information, voters will vote according to their actual preferences.
That is ifσ is the empty string, then for eachi ∈ A, ∆i(P

∗
i , σ, γi) = v ∈ Si(P

∗
i ).

Given a group protocol, we say that a strategizing functionf is generated by~∆, writ-
tenf~∆ if f~∆ is defined as follows. Suppose thatσ = π1 · · · πk is the current poll informa-
tion and~v is the current vote profile. Then we define

f~∆(~v) = (∆1(P
∗
1 , σ, γn(σ)), . . . , ∆n(P ∗

n , σ, γn(σ)))

Returning to our example. We will now demonstrate how to formalize our second example
using the above machinery. First of all we assume that the voters all knew the exact
number of voters that share their actual preferences. Thus for eachi ∈ A, γi is the
constant function described in the example above. For example, for each electionσ,
γi(σ) = 40 iff i ∈ A. The∆i functions can be described as follows. In order to ease
exposition, we will identify singleton subsets with their element. In other words, we
are assuming thatB(O) = O. Let W2(π) denote the candidate that receives the second
highest number of votes. The protocol that each voter follows in the first example can
be described as follows. First of all we need some notation: for each pair of candidate
o, o′ ∈ O, let CPi

(o, o′) choose that candidate preferred according toPi.

∆1
i (P

∗
i , σ, γi) =

{
o′ (v 6= W (π) or v 6= W2(π)) ando′ = CP ∗

i
(W (π),W2(π))

v otherwise

wherev is the current vote (similarly for the next example). The second example can be
formalized as follows:

∆2
i (P

∗
i , σ, γi) =

{
o′ P ∗

i (o′,W (last(σ))) andγi(σ) + last(σ)(o′) > last(σ)π(o)

v otherwise
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Notice that in∆1
i , the group function is not used in the definition. In other words, in

Example 2.2, the voters need not have any information about the size of the group that
share their preferences in order to follow the protocol. Whereas, in the second example,
the size of the group plays a key role in the voter’s decision to change its current vote.
Putting everything together, we can now define a voting model.

Definition 2.4 (Voting Model) Given a set ofn votersA andm candidatesO, a voting
model is a tuple〈V , ~P∗, {S}, f〉 whereV is a voting procedure,S is a sincere vote func-
tion for the voters, andf is a strategizing function. We sayf is generated by a group
protocol ~∆ if f = f~∆.

Since our candidate and voter sets are finite, iff does not stabilize, thenf cycles.
We say thatf has a cycle of lengthn if there aren different votes~P1, . . . ~Pn such that
f( ~Pi) = ~Pi+1 for all 1 ≤ i ≤ n − 1 andf( ~Pn) = ~P1. The following is an example of a
situation in which the associated strategizing function never stabilizes:

Example 2.5 Consider three candidates{o1, o2, o3}, and 100 voters. Suppose that there
are three groups of votersA, B, andC. The sizes of the groups are|A| = 40, |B| = 30
and|C| = 30. The actual preferences are given as follows:

P ∗
A = o1 >P ∗

A
o2 >P ∗

A
o3

P ∗
B = o2 >P ∗

B
o3 >P ∗

B
o1

P ∗
C = o3 >P ∗

C
o1 >P ∗

C
o2

Assume that the voters use the following protocol. A voteri will switch its vote foro to o′

provided (assumew is the current winner)

1. o′ is i’s second choice and the current winner isi’s last choice, or

2. o′ is i’s top choice and the current winner isi’s top choice.

Assuming that the voting protocol is plurality voting and that all voters follow the above
protocol generates the following table.

Size Group I II III IV V VI VII VIII IX · · ·
40 A o1 o1 o2 o2 o2 o1 o1 o2 o1 · · ·
30 B o2 o3 o3 o2 o2 o2 o3 o3 o3 · · ·
30 C o3 o3 o3 o3 o1 o1 o1 o3 o3 · · ·
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After reporting their initial preferences, candidateo1 will be the winner with 40 votes.
The members of groupB dislike o1 the most, and will strategize in the next election by
reportingo3 as their preference. So, in the second round,o3 will win. But now, members
of groupA will report o2 as their preference, in an attempt to draw support away from
their lowest ranked candidate.o3 will still win the third election, but by changing their
preferences (and making them public) groupA sends a signal to groupB that it should
report its true preference - this will enable groupA to have its second preferred candidate
o2 come out winner. This cycling will continue indefinitely;o2 will win for two rounds,
theno1 for two rounds, theno3 for two, etc.

3 Conclusion and Further Work

We have explored some properties of strategic voting and noted that the Gibbard-Satterth-
waite theorem only applies in those situations where voters can obtain the appropriate
knowledge. In example 5.2.2 the Condorcet winner - the winner in pairwise head-to-head
contests - was picked via strategizing. Since our framework makes it possible to view
opinion polls as then − 1 stages of ann-stage election, it implies that communication of
voters’ preferences and the results of opinion polls can play an important role in ensuring
rational outcomes to elections. Put another way, while the Gibbard-Satterthwaite theorem
implies that we are stuck with voting mechanisms susceptible to strategizing, our work
indicates ways for voters to avoid irrational outcomes using such mechanisms.
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Preference aggregation and elicitation:
tractability in the presence of incompleteness

and incomparability
M.S. Pini∗, F. Rossi∗, K. Venable∗, T. Walsh‡

Abstract

We consider how to combine the preferences of multiple agents despite the pres-
ence of incompleteness and incomparability in their preference orderings. An agent’s
preference ordering may be incomplete because, for example, there is an ongoing
preference elicitation process. It may also contain incomparability, which can be
useful, for example, in multi-criteria scenarios. We focus on the problem of com-
puting thepossibleandnecessarywinners, that is, those outcomes which can be or
always are the most preferred for the agents. Possible and necessary winners are
useful in many scenarios, including preference elicitation. First we show that com-
puting the sets of possible and necessary winners is in general a difficult problem as
it is providing a good approximation of such sets. Then we identify sufficient con-
ditions, related to general properties of the preference aggregation function, where
such sets can be computed in polynomial time. Finally, we show how possible and
necessary winners can be used to focus preference elicitation.

Key words : preference-aggregation, incomparability, incompleteness

1 Introduction

We consider a multi-agent setting where each agent specifies their preferences by means
of an ordering over the possible outcomes. A pair of outcomes can be ordered, incompa-
rable, in a tie, or the relationship between them may not yet be specified. Incomparability
and incompleteness represent very different concepts. Outcomes may be incomparable
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because the agent does not wish very dissimilar outcomes to be compared. For example,
we might not want to compare a biography with a novel as the criteria along which we
judge them are just too different. Outcomes can also be incomparable because the agent
has multiple criteria to optimize. For example, we might not wish to compare a faster
but more expensive laptop with a slower and cheaper one. Incompleteness, on the other
hand, represents simply an absence of knowledge about the relationship between certain
pairs of outcomes. Incompleteness arises naturally when we have not fully elicited an
agent’s preferences or when agents have privacy concerns which prevent them revealing
their complete preference ordering.

As we wish to aggregate together the agents’ preferences into a single preference
ordering, we must modify preference aggregation functions to deal with incompleteness.
One possibility is to consider all possible ways in which the incomplete preference orders
can be consistently completed. In each possible completion, preference aggregation may
give different optimal elements (orwinners). This leads to the idea of thepossible winners
(those outcomes which are winners in at least one possible completion) and thenecessary
winners(those outcomes which are winners in all possible completions) [8].

While voting theory has been mainly interested in possibility or impossibility results
about social choice or social welfare functions, recently there has been some interest also
in computational properties of preference aggregation [10, 9, 8, 6]. It has also been noted
that the complexity of manipulating an election is closely related to the complexity of
computing possible winners [8, 5].

In this paper we start by considering the complexity of computing the necessary and
the possible winners. We show that both tasks are hard in general, even to approximate.

Then we identify sufficient conditions that assure tractability. Such conditions concern
properties of the preference aggregation function, such as monotonicity and independence
to irrelevant alternatives (IIA) [1], which are natural properties to require.

Possible and necessary winners are useful in many scenarios including preference
elicitation [3]. For example, elicitation is over when the set of possible winners coincides
with that of the necessary winners [6]. However, recognizing when such a condition is
satisfied is hard in general. In the last part of the paper we show that, if the preference
aggregation function is IIA, preference elicitation can focus just on the incompleteness
concerning those outcomes which are possible and necessary winners, allowing us to
ignore all other outcomes and to complete preference elicitation in polynomial time.

2 Basic notions

Preferences. We assume that each agent’s preferences are specified via a (possibly in-
complete) partial order with ties (IPO) over the set of possible outcomes, that we will
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denote byΩ. An incomplete partial order is a partial order where some relation between
pairs of outcomes is unknown. Given two outcomesA andB, an agent will specify ex-
actly one of the following:A < B, A > B, A = B, A ∼ B, or A?B, whereA ∼ B
means thatA andB are incomparable, andA?B that the relation betweenA andB is
unknown, this means that it can be any element of{=, >,<,∼}.

Example 1. Given outcomesA, B, andC, an agent may state preferences such asA >
B, B ∼ C, andA > C, or also justA > B andB ∼ C. However, an agent cannot state
preferences such asA > B, B > C, C > A, or alsoA > B, B > C, A ∼ C since
neither are POs.

Profiles. A profile is a sequence ofn partial ordersp1, . . . , pn over outcomes, one for
each agenti ∈ {1, . . . , n}, describing the preferences of the agents. Anincomplete profile
is a sequence in which one or more of the partial orders is incomplete.

Social welfare and preference aggregation. Social welfare functions[1] are functions
from profiles to partial orders with ties. Given a social welfare functionf , we define a cor-
respondingpreference aggregation function, writtenpaf , which is a function from incom-
plete profiles to sets of partial orders with ties (POs). Precisely, given an incomplete pro-
file ip = (ip1, . . . , ipn), where theipi’s are IPOs, consider all the profiles, sayp1, . . . , pk,
obtained fromip by replacing any occurrence of? in the ipi’s with either<,>, =, or ∼
which is consistent with a partial order. Let us then setpaf (ip) = {f(p1), . . . , f(pk)}.
This set will be called theset of resultsof f on profileip.

Example 2. Consider the Pareto social welfare functionf defined as follows [1]: given
a profilep, for any two outcomesA andB, if all agents sayA > B or A = B and at
least one saysA > B in p, thenA > B ∈ f(p); if all agents sayA = B in p, then
A = B ∈ f(p); otherwise,A ∼ B ∈ f(p). In Figure 1 we show an example with three
agents and three outcomesA, B, andC.

Necessary and possible winners.We extend to the case of partial orders the notions of
possible and necessary winners presented in [8] in the case of total orders. Given a social
welfare functionf and an incomplete profileip, we definenecessary winnersof f given
ip as all those outcomes which are maximal elements in all POs inpaf (ip) . A necessary
winner must be a winner, no matter how incompleteness is resolved in the incomplete
profile. Analogously, thepossible winnersare all those outcomes which are maximal
elements in at least one of the POs inpaf (ip). A possible winner is a winner in at least
one possible completion of the incomplete profile.
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Figure 1: An incomplete profileip, its completionsp1 andp2, the resultsf(p1) andf(p2),
and the combined resultcr(f, ip).

We will write NW (f, ip) andPW (f, ip) for the set of necessary and possible winners
of f on profileip. We will sometimes omitf and/orip, and just writeNW andPW when
they will be obvious or irrelevant.

Example 3. In Example 2,A andB are the necessary winners, since they are top ele-
ments in all POsf(pi), for all i = 1, 2. C is a possible winner since it wins inf(p2).

Combined result. Unfortunately, the set of results can be exponentially large. We will
therefore also consider a compact representation that is polynomial in size. This may
throw away information by compacting together results into a single combined result.
Given a social welfare functionf and an incomplete profileip, consider a graph, whose
nodes are the outcomes, and whose arcs are labeled by non-empty subsets of{<,>, =,∼
}. Labell is on the arc between outcomesA andB if there exists a PO inpaf (ip) where
A andB are related byl. This graph will be called thecombined resultof f on ip, and
will be denoted bycr(f, ip). If an arc is labeled by set{<,>, =,∼}, we will say that it
is fully incomplete. Otherwise, we say that it ispartially incomplete. The set of labels on
the arc betweenA andB will be calledrel(A,B).

Example 4. The combined result for Example 2 is shown in Figure 1.

3 Possible and Necessary Winners

In this section we show that computing the set of necessary and possible winners of a
social welfare function is, in general, NP-hard even if we restrict ourselves to incomplete
but total orders. We will consider the following, well known, voting rule.
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Single Transferable Vote. In the STV rule each voter provides a total order on can-
didates and, initially, an individual’s vote is allocated to their most preferred candidate.
The quotaof the election is the minimum number of votes necessary to get elected. If
only one candidate is to be elected then the quota is|n/2| + 1, wheren is the number
of voters. If no candidate exceeds the quota, then, the candidate with the fewest votes is
eliminated, and his votes are equally distributed among the second choices of the voters
who had selected him as first choice. In what follows we consider STV elections in which
some total orders, provided by the voters, are incomplete.

In general, given an incomplete profile and a candidatea, we say POSSIBLEWINNER

holds iff a is a possible winner of the election.

Theorem 1 PossibleWinner is NP-complete.

Proof: In fact, membership of NP follows by giving a completion of the profile in
which a wins. Completeness follows from the result that EFFECTIVE PREFERENCE(de-
termining if a particular candidate can win an election with one vote unknown) for STV
is NP-complete [2] Q.E.D.

This result allows us to conclude that, in general, finding possible winners of an elec-
tions is difficult. However, it should be noticed that for many rules used in practice in-
cluding some positional scoring rules [8], answeringPossibleWinner is polynomial.
The complexity of computing possible winners is related to the complexity of manipulat-
ing an election [8]. For instance, it is NP-complete to determine for the Borda, Copeland,
Maximin and STV rules if a coalition can cast weighted votes to ensure a given winner
[5]. It follows therefore that with weighted votes,PossibleWinner is NP-hard for
these rules.

Given an incomplete profile and a candidatea, we say NECESSARYWINNER holds iff
a is a necessary winner of the election.

Theorem 2 NecessaryWinner is coNP-complete.

Proof: The complement problem is in NP since we can show membership by giving a
completion of the profile in which someb different toa wins. To show completeness, we
give a reduction from EFFECTIVE PREFERENCEwith STV in which a appears at least
once in first place in one vote. This restricted form of EFFECTIVE PREFERENCEis NP-
complete [2]. Consider an incomplete profileΠ in which n + 1 votes have been cast,a
has at least one first place vote, one vote remains unknown, and we wish to decide ifa
can win. We construct a new election fromΠ with n new additional votes, and one new
candidateb. We putb at the top of each of these new votes, and rank the other candidates
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in any order within thesen votes. We placeb in last place in the originaln + 1 votes,
except for one vote wherea is in first place (by assumption, one such vote must exist)
where we placeb in second place and shift all other candidates down. We observe thatb
will survive till the last round asb has at leastn votes and no other candidate can have
as many till the last round. We also observe that ifa remains in the election, then the
score given to each candidate by STV remains the same as in the original election so the
candidates are eliminated in the same order up till the pointa is eliminated. Ifa is elim-
inated before the last round, the second choice vote forb is transferred. Sinceb now has
n + 1 votes,b is unbeatable and must win the election. Ifa survives, on the other hand,
to the last round, we can assumeb is ranked at the bottom of the unknown vote. All the
other candidates buta andb have been eliminated soa hasn + 1 votes and is unbeatable.
Hence, ifa is not a possible winner in the original election,b is the necessary winner of
this new election. Thus determining the necessary winner of this new election decides if
a is a possible winner of the original election. Q.E.D.

Given these results, we might wonder if it is easy to compute a reasonable approxima-
tion of the sets of possible and necessary winners. Unfortunately this is not the case. The
reduction described in the proof of previous theorem shows that we cannot approximate
the set of possible winners within a factor of two. In fact, we can show that we cannot
approximate efficiently the set of possible winners within any constant factor.

Theorem 3 It is NP-hard to return a superset of the possible winners,PW ∗ in which we
guarantee|PW ∗| < k|PW | for some given positive integerk.

Proof: We again give a reduction from EFFECTIVE PREFERENCEfor STV in whicha
appears at least once in first place in one vote. Consider an incomplete profileΠ in which
n + 1 votes have been cast,a has at least one first place vote, one vote remains unknown,
and we wish to decide ifa can win. We construct a new election fromΠ. We makek
copies ofΠ. In theith copyΠi, we subscript each candidate with the integeri. We addn
new additional votes, and one new candidateb. We putb at the top of each of these new
votes, and rank all the other candidates exceptai in any order within thesen votes. The
ranking of the candidatesai is left unknown but beneathb. In eachΠi, we placeb in last
place except for one vote whereai is in first place (by assumption, one such vote must
exist) where we placeb in second place and shift all other candidates down. Finally, for
each candidate inΠj not in Πi except foraj, we rank then in any order at the bottom of
the the votes inΠi. The ranking of the candidatesai is again left unknown but beneath
b. We observe thatb will survive till all but one candidate has been eliminated from one
of theΠi. We also observe that ifai remains in the election, then the score given to each
candidate by STV remains the same as in the original election so the candidates inΠi are
eliminated in the same order up till the pointai is eliminated. Supposea cannot win the
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original election. Thenai will always be eliminated before the final round. The second
choice vote forb is transferred. Sinceb now has at leastn + 1 votes,b is unbeatable and
must win the election. Suppose, on the other hand, thata can win the original election.
Thenai can survive to be the last remaining candidate inΠi. We can assumeb is ranked
at the bottom of the unknown votes of all the candidates with an indexi and above all
the candidates with an indexj different to i. Thusai hasn + 1 votes. If we have the
corresponding ranking in the other unknown votes,aj for j 6= i will also survive. Asb
has onlyn votes,b will be eliminated. It is now possible for any of the candidates,ai

where1 ≤ i ≤ k to win depending on how exactly theai are ranked in the different votes.
Thus the set of possible winners is{ai | 1 ≤ i ≤ k} plusb if a is not a necessary winner
in the original election. Hence, ifa is a possible winner in the original election, the size of
the set of possible winners is greater than or equal tok, whilst if it is not, the set is of size
1. If we know that|PW ∗| < k|PW |, then|PW ∗| < k guarantees that|PW | = 1, b is the
necessary winner and hence thata is not a possible winner in the original election. Q.E.D.

Similarly, we cannot approximate efficiently the set of necessary winners within some
fixed ratio.

Theorem 4 It is NP-hard to return a subset of the necessary winners,NW ∗ in which we
guarantee|NW ∗| > 1

k
|NW | whenever|NW | > 0 for some given positive integerk.

Proof: In the reduction used in the last proof,|NW | = 1 if a is a possible winner in
the original election and 0 otherwise. But if|NW | = 1 and |NW ∗| > 1

k
|NW | then

|NW ∗| = 1. Hence|NW ∗| = 1 iff a is a possible winner. Thus, the size ofNW ∗ will
determine ifa is possible winner. Q.E.D.

4 Combined result

We now consider the problem of computing the combined result. We show that, while in
general it is difficult, there are some restrictions which allow us to compute an approx-
imation of the combined result in polynomial time. In the next section, we will show
how it is possible to compute the set of possible and necessary winners starting from this
approximation to the combined result.

Theorem 5 Given an incomplete profile, determining if a label is in the combined result
for STV is NP-complete.
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Proof: In fact, a polynomial witness is a completion of the incomplete profile. To show
completeness, we use a polynomial number of calls to this problem to determine if a given
candidate is a possible winner. Q.E.D.

¿From this result we immediately get the following corollary.

Corollary 5.1 Given an incomplete profile and a social welfare function, computing the
combined result is NP-hard.

We now introduce some properties of preference aggregation functions which allow
us to compute an upper approximation to the combined result in polynomial time. We
recall that the set of labels of an arc betweenA andB in the combined result is called
rel(A,B).

The first property we consider is independence to irrelevant alternatives (IIA). A social
welfare function is said to be IIA when, for any pair of outcomesA andB, the ordering
betweenA andB in the result depends only on the relation betweenA andB given by
the agents [1]. Many preference aggregation functions are IIA, and this is a desirable
property which is related to the notion of fairness in voting theory [1]. Given a function
which is IIA, to compute the setrel(A,B), we just need to ask each agent their preference
over the pairA andB, and then usef to compute all possible results betweenA and
B. However, if agents have incompleteness betweenA andB, f has to consider all the
possible completions, which is exponential in the number of such agents.

Assume now thatf is also monotonic. We say that an outcomeB improves with
respect toanother outcomeA if the relationship betweenA andB does not move left
along the following sequence:>,≥, (∼ or =), ≤, <. For example,B improves with
respect toA if we pass fromA ≥ B to A ∼ B. A social welfare functionf is monotonic
if for any two profilesp andp′ and any two outcomesA andB passing fromp to p′ B
improves with respect toA in one agenti andpj = p′j for all j 6= i, then passing from
rf(p) to f(p′) B improves with respect toA.

Consider now any two outcomesA and B. To computerel(A,B) under IIA and
monotonicity, again, sincef is IIA, we just need to consider the agents’ preferences over
the pairA andB. However, now we don’t need to consider all possible completions for
all agents with incompleteness betweenA andB, but just two completions:A < B and
A > B. Functionf will return a result for each of these two completions, sayAxB
andAyB, wherex, y ∈ {<,>, =,∼}. Sincef is monotonic, the results of all the other
completions will necessarily be betweenx andy in the ordering>, ≥, (∼ or =), ≤, <.
By taking all such relations, we obtain a superset ofrel(A,B), that we callrel∗(A,B).
In fact, monotonicity off assures that, if we consider profileA < B and we get a certain
result, then considering profiles whereA is in a better position w.r.t.B (that is,A > B,
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A = B, or A ∼ B), will give an equal or better situation forA in the result. Thus we
have obtained an approximation of the combined result, that we callcr∗(f, ip). We will
now give a characterization of this approximation of the combined result.

Theorem 6 Given two outcomesA andB, rel∗(A,B) ⊇ rel(A,B). Moreover, ifrel∗(A,B) =
{<,>,∼, =}, then eitherrel∗(A,B) = rel(A,B) or rel∗(A,B) − rel(A,B) = {∼, =}.

By following the procedure informally described above, this approximation can be
computed polynomially, since we only need to consider two completions.

Theorem 7 Given a preference aggregation functionf which is IIA and monotonic, and
an incomplete profileip, computingcr∗(f, ip) is polynomial in the number of agents.

5 Computing possible and necessary winners

We will now show how to determine the possible and necessary winners, givencr∗(f, ip).
Consider the arc between an outcome A and an outcome C incr∗(f, ip). Then, if this
arc has the labelA < C, thenA is not a necessary winner, since there is an outcomeC
which is better thanA in some result. If this arconlyhas the labelA < C, thenA is not a
possible winner since we must haveA < C in all results. Moreover, consider all the arcs
between A and every other outcome C. Then, if no such arc has labelA < C, then A is
a necessary winner. Notice, however, that in general, even if none of the arcs connecting
A have just a single labelA < C, A could not be possible winner.A could be better than
some outcomes in every completion, but there might be no completion where it is better
than all of them. We will show that this is not the case iff is IIA and monotonic.

We now define Algorithm 1, which, givencr∗(f, ip), computesNW and PW , in
polynomial time.

Theorem 8 Givencr∗(f, ip), Algorithm 1 terminates inO(m2) time, wherem = |Ω|,
returningN = NW andP = PW .

Proof: Algorithm 1 considers, in the worst case, each arc exactly once, thus we have
O(m2).

N=NW. By construction ofcr∗(f, ip), <6∈ rel∗(A,C) iff <6∈ rel(A,C). By Algo-
rithm 1, A ∈ N iff ∀C,<6∈ rel{A,C}, and this implies that there is no result in which
there exists an outcomeC that beatsA. Thus,A ∈ NW . On the contrary,A ∈ NW iff
A 6< C,∀C ∈ Ω, for all results, from which,A ∈ N .
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Algorithm 1: ComputingNW andPW

Input: cr∗(f, ip), where f: IIA and monotonic preference aggregation function and
ip: incomplete profile;
Output: P, N: sets of outcomes;
P ← Ω;
N ← Ω;
foreachA ∈ Ω do

if ∃ C ∈ Ω such that{<} ⊆ rel∗(A,C) then
N ← N − A;

if ∃ C ∈ Ω such that{<} = rel∗(A,C) then P ← P − A;
return P , N ;

P = PW . By Algorithm 1, an outcome is inP iff there is no other outcome which
beats it in all results. Thus,PW ⊆ P . To show the other inclusion we considerA ∈ P
and we construct a completion ofip such thatA wins in its result. First, let us point
out that for any outcomeA, A ∈ P iff 6 ∃C ∈ Ω, rel(A,C) = {<}. If ∀C ∈ Ω,
<6∈ rel(A,C), then we already know thatA is NW , and thus aPW . Assume now that
∃C ∈ Ω such that{<} ⊂ rel(A,C). Consider now any arc fromA to another outcome
C ′, labeled with more than one relation. If∀C ′ ∈ Ω−{C}, |rel∗(A,C ′)| = 1, then all the
arcs fromA, exceptAC, are labeled with exactly one label from the set:{>,∼, =}. In
such a case, we can safely setAC to any of its labels other than<, since there is, for sure,
a result with that labeling. Moreover, in such a resultA is a winner. Assume, instead,
that there is at least an outcomeC ′ such that|rel∗(A,C ′) > 1|. This means that there is
at least an agent which has not declared his preference onAC ′ and that such preference
cannot be induced by transitivity closure. We replaceA?C ′ with A > C ′ everywhere in
the profile, we perform the transitive closure of all the modifiedIPOs, and we applyf .
We will prove that such a procedure will never force to choose label< onAC. After the
procedure,rel(A,C ′) will contain exactly one label from the set:{>,∼, =}. Let us now
considerrel(C ′, C). We consider only the cases in which|rel(C ′, C)| = 1, since they are
the most restrictive and they imply all others in terms of transitivity. Let us assume that,
after the procedure,A = C ′. If rel∗(C ′, C) = {<}, then,C ′ < C in all results. Due to
monotonicity, we know that,rel∗(A,C ′) = {<, =} or rel∗(A,C ′) = {=}. By transitiv-
ity, this would forcerel(A,C) = {<}. However, this is not possible sinceA ∈ P . This
allows us to conclude that(rel∗(C ′, C) ∩ {>,∼, =}) 6= ∅ and any of such additional la-
bels together withA = C ′ can never forceA < C. Clearly, ifA > C ′ or A ∼ C ′, there is
no labeling ofC ′C which can forceA < C. It should be noticed that any available choice
on C ′C can always be made safely due to the fact that the function is IIA and that the
transitive closure of the profiles has already ruled out inconsistent choices. By iterating
the procedure until every ? in the incomplete profile is replaced, we can construct a result
of the function in whichA is a winner. Q.E.D.
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An example of a preference aggregation function which is both IIA and monotonic is
the Pareto rule, described in Example 2. Another example is the Lex rule, in which agents
are ordered and, given any two outcomesA andB, the relation betweenA andB in the
result is the relation given by the first agent in the order that does not declare a tie between
A andB. A third example is the approval voting rule, for which the tractability result has
been already proven in [8] since it is a positional scoring rule.

6 Preference elicitation

One use of necessary and possible winners is in eliciting preferences [3]. Preference
elicitation is the process of asking queries to agents in order to determine their preferences
over outcomes.

At each stage in eliciting agents’ preferences, there is a set of possible and neces-
sary winners. WhenNW = PW , preference elicitation can be stopped since we have
enough information to declare the winners, no matter how the remaining incompleteness
is resolved [6]. At the beginning,NW is empty andPW contains all outcomes. As pref-
erences are declared,NW grows andPW shrinks. At each step, an outcome inPW can
either pass toNW or become a loser.

Determining the winners. In those steps wherePW is still larger thanNW , we can
use these two sets to guide preference elicitation and avoid useless work. In fact, to
determine if an outcomeA ∈ PW − NW is a loser or a necessary winner, it is enough
to ask agents to declare their preferences over all pairs involvingA and another outcome,
sayB, in PW . In fact, any outcome outsidePW is a loser, and thus is dominated by at
least one possible winner.

If the preference aggregation function is IIA, then all those pairs(A,B) with a defined
preference for all agents can be avoided, since they will not help in determining the status
of outcomeA. Moreover, IIA allows us to consider just one profile when computing the
relations betweenA andB in the result, and assures that the result is a precise relation,
that is, either<, or >, or =, or ∼. In the worst case, we need to consider all such pairs.
To determine all the winners, we thus need to know the relations betweenA andB for all
A ∈ PW − NW andB ∈ PW . Again, there are examples where all such pairs must be
considered.

We can thus use Algorithm 2, which inO(|PW |2) steps eliminates enough incom-
pleteness to determine the winners. At each step, the algorithm asks each agent to express
its preferences on a pair of outcomes (via procedureask(A,B)) and aggregates such pref-
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erences via functionf . If function f is polynomially computable, the whole computation
is polynomial in the number of agents and outcomes.

Theorem 9 If f is IIA and polynomially computable, then determining the set of winners
via preference elicitation is polynomial in the number of agents and outcomes.

Using the results of the previous sections, under certain conditions we know how to
compute efficiently the necessary winners and the possible winners. Thus Algorithm 2
can be given in input the outputs of Algorithm 1.

Algorithm 2: Winner determination
Input: PW, NW: sets of outcomes;f : preference aggregation function;
Output: W: set of outcomes;
wins: bool;
P ← PW ; N ← NW ;
while P 6= N do

chooseA ∈ P − N ;
wins ← true; PA ← P − {A};
repeat

chooseB ∈ PA;
if ∃ an agent such that A?Bthen

ask(A,B);
computef (A,B);

if f(A,B) = (A > B) then
P ← P − {B};

if f(A,B) = (A < B) then
P ← P − {A}; wins ← false;

PA ← PA − {B};
until f(A,B) 6= (A < B) or PA 6= ∅ ;
if wins = true then

N ← N ∪ {A};

W ← N ;
return W ;

It should be noticed that deciding when elicitation is over, that is checking ifP = N ,
is hard in general since, in [6] such a result has been proven for STV.
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7 Related and future work

In [8] preference aggregation functions for combining incomplete total orders are consid-
ered. Compared to our work, we permit both incompleteness and incomparability, while
they allow only for incompleteness. Second, they consider social choice functions which
return the (non-empty) set of winners. Instead, we consider social welfare functions which
return a complete partial order. Social welfare functions give a finer grained view of the
result. Third, they consider specific voting rules like the Borda procedure whilst we have
focused on general properties that ensure tractability.

The results presented in this paper can be useful not just for combining preferences
from multiple agents, but also for combining multiple conflicting preferences from a sin-
gle agent. Recent work addressing the combination of multiple complex preferences is
presented in [4] and [7].

We plan to consider the addition of constraints to agents’ preferences. This means
that preference aggregation must take into account the feasibility of the outcomes. Thus
possible and necessary winners must now be feasible.

It is also important to consider compact knowledge representation formalisms to ex-
press agents’ preferences, such as CP-nets and soft constraints. Possible and necessary
winners should then be defined directly from such compact representations, and prefer-
ence elicitation should concern statements allowed in the representation language.

Finally, a possibility distribution over the completions of an incomplete preference
relation between two outcomes can be used to provide additional information when com-
puting possible and necessary winners.
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